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PREFACE 


This book contains all the material needed in a school course up 
to, but not including, Permutations, Combinations and the Binomial 
Theorem. It has been written to meet the requirements both of 
the ordinary pupil and of the pupil who will specialise later. With 
this end in view the number of examples is very large and they are 
so classified that the teacher will have no difficulty in selecting 
examples to suit any pupil. In Parts I and II parallel sets of 
examples of equal difficulty are provided, followed immediately 
by a harder set where necessary. Thus, Exs. 8a and 8b are parallel 
sets of equal difficulty, and Ex. 8¢ contains harder examples. It is 
suggested that the normal pupil should do the a exercises together 
with selected examples from the € exercises, and that the b exercises 
should be kept in reserve for extra practice. The weaker pupils may 
do both the а and the b exercises, and leave out the € exercises ; 
for really able pupils the number of б examples chosen may be 
considerably increased at discretion. In Part III the a and b 
exercises have been combined; thus, Ex. 96 contains straight- 
forward easy examples, and Ex. 966 is harder. 

The needs of beginners have constantly been kept in mind. In 
Part I great care has been taken to choose simple examples illus- 
trating the various principles ; all examples requiring skill in 
manipulation or involving heavy working have been postponed. 
In the early chapters the work is based on the pupil's knowledge of 
Arithmetic and great care has been taken to include only work with 
which the average pupil may reasonably be expected to be familiar. 
In particular, the work on symbolical expression, which usually 
proves so difficult to beginners, has been simplified by excluding 
all examples which involve the simplification of algebraic fractions. 
Harder questions of this type have been collected together in 
Ch. XX. This is an important chapter, which may be taken in the 
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middle of the course, as soon as the corresponding arithmetical 
processes have been mastered. 

Factors have been treated in great detail and special attention 
is called to the treatment of trinomials. All the standard methods 
have been given and the work has been so arranged that the teacher 
is free to choose which method to adopt, but it is strongly urged 
that the pupil should be taught to rely upon the method of splitting 
up the middle term. Almost all School examining bodies have 
commented on a widespread failure to factorise quadratics which 
occur in the solution of problems ; such quadratics often contain 
large numbers and it seems to be a fact that those who have only 
been taught to obtain factors of trinomials by inspection often fail 
when the numbers involved are large. Although it is reasonable to 
encourage factorisation by inspection in simple cases, it seems 
essential that a method should be adopted which can be relied upon 
to give the result. The method of splitting up the middle term is 
а sure and certain method, especially if the preliminary work (see 
рр. 184-186) is done thoroughly. It is also noticeable that pupils 
who are accustomed to factorise trinomials by splitting up the 
middle term very rarely have any difficulty in factorising by 
grouping terms; in general, such pupils acquire real confidence 
in factorisation. There is the further advantage that the method 
can be applied to the general expression of the second degree in 
х and y (вее p. 312). 

АП the sections covering Equations, Problems, Graphs, Function- 
ality and Variation are very thoroughly treated, and a choice of 
method is given in the Logarithm chapter. In the chapter on 
Series, general series have been introduced first and the traditional 
Special cases—the progressions—follow. In dealing with H.C.F. 
by the long method (see pp. 325 to 328) stress has been laid on the 
use of the remainders which occur at each stage ; it is very rarely 
necessary to complete the traditional Process. There are nine sets 
of Test Papers. Throughout the book stress has been laid on the 
importance of checking results. 

In deciding what work should be included beyond the stage of 
General Certificate (Ordinary Level), consideration has been 
given to the needs of the able pupil who will afterwards specialise in 


other subjects as well as to the needs of the future mathematical 
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specialist. At the Fifth Form stage it is more important to introduce 
all able pupils to new ideas than to anticipate Sixth Form specialist 
work; it has therefore been thought best to select questions in 
which the stress is laid on simple applications of new ideas rather 
than on skill in manipulation. It is hoped that the last chapter will 
prove a suitable introduction to the ideas of the Calculus, although 
the notation of the Calculus Баз not been introduced. 

Acknowledgements are due to Mr. Т. Grantley Powell, M.A., 
of the Cowley School, St. Helens, to Mr. Jacob Morgan, M.A., 
Headmaster of the Boys! County School, Brecon, and to my 
colleagues, Mr. C. Kingsley Dove, M.A., and Mr. T. Marsden, 
M.A., B.Sc., for most valuable assistance and suggestions at all 
stages of the work. 'ТҺапКз are also due to the Senate of the 
University of London, the Cambridge Local Examinations 
Syndicate, the Delegates of the Oxford Local Examinations, the 
Joint Matriculation Board, the Oxford and Cambridge Schools 
Examination Board, and the Central Welsh Board for permission 
to use questions from the printed papers set in their examinations. 
I also have to thank Messrs. Macmillan for permission to reproduce 
the tables of Logarithms, Antilogarithms and Square Roots which 
appear at the end of the book. 
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РАВТ 1 


СНАРТЕК 1 


THE USE OF LETTERS. GENERALISED 
ARITHMETIC 


1. Algebra in its simplest applications may be regarded as an 
extension of Arithmetic. In Arithmetic we deal with certain 
definitions and processes involving numbers, each of which has a 
definite value. Їп Algebra, besides the ordinary arithmetical 
numbers we use symbols which usually have not a single definite 
value. In some instances the symbols may stand for any numerical 
values we choose to give them ; in others the value or values of 
any symbol may be restricted by the conditions of the problem 
under consideration. The symbols generally used are the letters 
of our alphabet, a, b, с, ... A, В, ... х, Y, 2...5 the Greek letters 
x, В, у... are also occasionally used. 


2. In Algebra, in the initial stages, we use all the definitions and 
processes used in Arithmetic. In the later stages these definitions 
and processes are extended in such a way as to make them of more 
general use, so that they may be applied to numbers and quantities 
which have no place in ordinary Arithmetic. Letters should be 
used to represent numbers. They should not be used to represent 
quantities. Do not say that the length of a pencil is Z, but say that 
its length is Z inches or / cm., etc. 


3. Notation. 'Thesigns +, —, x, —, = have the same mean- 
ings as in Arithmetic. ‹ 

(i) 8+2=10 means that by adding the numbers 8 and 2 we 
obtain то as the sum. In Algebra a+ b—c means that the sum of 
the two numbers denoted by the symbols а and 5 is equal to a 
number denoted by the symbol с. Thus if с stands for 20, a and b 
may stand for any pair of numbers whose sum is 20, such as 18 
and 2, 15 and 5, 11 and 9, 8$ and 114, and so on 
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CHAPTER I 


THE USE OF LETTERS. GENERALISED 
ARITHMETIC 


1. Algebra in its simplest applications may be regarded as an 
extension of Arithmetic. In Arithmetic we deal with certain 
definitions and processes involying numbers, each of which has a 
definite value. In Algebra, besides the ordinary arithmetical 
numbers we use symbols which usually have not a single definite 
value, In some instances the symbols may stand for any numerical 
values we choose to give them; in others the value or values of 
any symbol may be restricted by the conditions of the problem 
under consideration. The symbols generally used are the letters 
of our alphabet, a, b, c, ... А, B, ... x, у, а... ; the Greek letters 
«, В, у... are also occasionally used. 


2. In Algebra, in the initial stages, we use all the definitions and 
processes used in Arithmetic. In the later stages these definitions 
and processes are extended in such a way as to make them of more 
general use, so that they may be applied to numbers and quantities 
which have no place in ordinary Arithmetic. Letters should be 
used to represent numbers. They should not be used to represent 
quantities. Do not say that the length of a pencil is /, but say that 
its length is Z inches or / cm., etc. 


8. Notation. The signs +, -, х, --, = have the same mean- 
ings as in Arithmetic. 

(i) 8+2=10 means that by adding the numbers 8 and 2 we 
obtain ro as the sum. In Algebra a+b=c means that the sum of 
the two numbers denoted by the symbols а and 6 is equal to a 
number denoted by the symbol с. Thus if c stands for 20, а and b 
may stand for any pair of numbers whose sum is 20, such as 18 
and 2, 15 and 5, 11 and 9, 83 and 113, and so on 

€ 


2 ESSENTIAI.S OF SCHOOL ALGEBRA (СНАР 


John has р apples ar.d Henry has q apples; they together have 
b apples +q apples. Ву inserting brackets we can abbreviate this 
to read (+g) apples. The contents of a bracket are regarded as 
a single number, 

The above siatement is an example of an algebraical result 
which has a general value, and is true for any values we choose to 
give to р and q. 

Thus if p=4, q—5, then Pt+q=4+5=9; 

if p=7, q=3, then p+q=7+3=10, 

From this we see that single definite values can be obtained from 
the general algebraic value. When we say “ let 5 —4."', we do not 
mean that р must always have the value 4, but that 4 is the value to 
be given to р in the Particular example we are considering. We 
may also work with symbols without giving them any particular 
value ; it is with such operations that Algebra is chiefly concerned 

Gi) 9-2=7 means that the difference between о and 2 із 7. In 
Algebra a—b—c means that the difference between the two 
numbers denoted by the symbols a and b is equal to a number 
denoted by the symbol с. As above, we may consider the case 
when c=20; then a and b may stand for any pair of numbers 
whose difference is 20, such as 28 and 8, 35 and 15, 531 and 333, 
and so on, 

(iii) 6x 5=30 means that by multiplying the numbers 6 and 5 
We obtain 30 as the product, In Algebra a x b=c means that the 


product of the two numbers denoted by the symbols a and b is 
equal to a number denoted by 


case when с= бо ; then a and b may stand for any pair of numbers 


signs. Thus and xxy to xy. But 
notice most carefully that 2 x 8 must not be written 23 (for this 
we must leave it as 2х3 or else write б. 
units digit is b and whose tens digit is a i: 
toa+b. In Arithmetic 65 means 6x 10--5 and 6$ means 6+2: 
but in Algebra 6№ always means “ six times №” ог“ М times six " 
We know that 7х8=8х7, that ттх 13=13 х ї1, and that, 
When any two numbers are multiplied together, it does not matter 
which is multiplied bywhich. InAlgebra letters stand for numbers; 
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hence t x 14— 14 x t, and each of these expressions is written 14t. 
The number is always placed first. Also xx y=y xx, and each 
expression may be written xy or yx. It is more usual to write ху. 

(iv) 122-43 means that by dividing 12 by 4 we obtain 3 as the 
quotient. The pupil will now have no difficulty in interpreting the 
statement a—b-—c. In Algebra “а divided by b” is usually 
written $ and not a~b. It issometimes written a/b. ‘The sign / 
is called the “ solidus ??. 


4. The following symbols are frequently used : 

> means “is greater than” ; 

< means “ is less than" ; 

~ means “ the result of taking the smaller number from the 
larger " ; thus 7~5=2, 8~13=53 

= means “ is identically equal to ” ; 

= means “ is approximately equal to ” 

== means “ is not equal to " ; 

>> means “ is not greater than ” ; 

4 means “ is not less than " ; 

.. means * therefore ". Do not confuse it with =; use the 
symbol — as a verb. 

Any collection of symbols denoting numbers and operations to 
be performed on them is called an algebraic expression. 


5. The pupil cannot make any real progress in Algebra until he 
has learnt to handle letters as confidently as he handles numbers. 
The following examples are designed to give the necessary practice. 
In working them the pupil should notice particularly 

(i) the way in which letters may be used just as if they were the 
ordinary numbers of Arithmetic ; 

(ii) the points in which algebraical usage differs from that of 
Arithmetic ; 

(iii) the way in which a symbol, or collection of symbols, may 
have different numerical equivalents according to the 
numerical values the symbols are taken to represent. The 
process of finding the numerical value of an expression, 
when the letters it contains stand for given numbers, is 
called substitution. 
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The following worked examples should be discussed orally : 

Example 1. Find a number which exceeds р by 1 5. 

If the answer is not immediately obvious, the pupil should first 
think of a few cases in which р is replaced by an ordinary number. 
The process of sólution in these cases will give the clue required, 
€.g., if 5 —2, 3, 7, 9, etc., it is easily seen that the required answer 
is 2115, 3-- 15, 7-- 15, 9-- 15, etc. In each case the required 
answer is the sum ої the chosen number and 15, so that the answer 
to the question is seen to be p+ 15. 


Example 9. How many pence are there in у shillings? 

First consider the cases y= 2, 4, 7, 1 т, ес. In each case it will 
be seen that the required answer is obtained by multiplying the 
given number by 12. The process is quite general, so that the 
required answer is 12y. 


Example 3. What is the meaning of sx —4? What is its value, 
if x stands for 22 
5x means “ multiply x by 5 ог“ multiply 5 Бух”, 


To obtain the value of 5х — 4, multiply 5 by x and then subtract 4 
from the result, 


If x stands for 2, 5¥-4=5X2-4=10-4=6 


EXERCISE 1. a 
Usk or бумвогз 


(Many of the following examples may be taken orally) 
State in words the following : 


1.5х3=15. 8.07, 8. 21-23. 4. r3«3il. 
~ 

5. х> 5. 6. y< 13. СЕ 8. 218. 

9. 150916. 10. х=у. 11. cd. 12. 1r~15=4. 
18. Lm 14. gh. 15. ab=c. — 18." 

Write in symbols the following : 

17. 9 is greater than 5. 18. Оз equal to 8. 
18. Y is not less than 7. 20. r is greater than 3. 
91. t is not equal to 3. 22. 


s * Р and q are identically equal. 
23. a is not greater than b, 


24, Three times У equals twelve, therefore y equals four. 
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25, Z plus four equals thirty, therefore Z equals twenty-six 
26. X minus twenty equals sixteen, therefore X equals thirty-six. 


Write, without multiplication or division signs, the followings 
27. 9X3, 3X0, 25 X €, CX 25, 25 X 5, XX y, ухх. 
28. 4:-3, 37-4, 257-6, 0-25, Х--У, у--Х. 

Correct, if necessary, the following statements : 
29. зох 4— 304. 30. xy x z—xya. 
91. 304 x 7 —2128. 32. 113x7- 1137. 

State in words the meaning of the following, and afterwards state 
their values if x=4, y 723, 2—2: 


88. эх. 84. х+7. 35. 5 36. х-т. 
87, 1х. as. 8. 39. 2 mpm 
2 * 4 х 
41. = 42. 2xz. 43. 2z x. 44. 2x - 32. 
45. xyz. 46. = 47. xy. 48. x-- yz. 
EXERCISE 1.b 


(Many of the following examples may be taken orally) 
State in words the following : 


1. 1179. 2. 5« 6. 3. бх4=24. 4. 32=34 
5. 26- z. 6. v& 19. 41.3 S XI 8. s— 14. 
9. 4+5. 10.84 Imon 18, eH. 
18. 5~8=3. 14. c#f. 15. ра. 16. «4-7. 
Write in symbols the following : 
17. z is not less than 4. 18. X is equal to 7. 
19. 2 is less than 7. 20. e is not greater than f. 
91. q is approximately equal to r. 
99. s is not equal to zero. 23. c is not greater than d. 


94. One-third of Z equals four, therefore Z equals twelve. 
95. Twice X equals eighteen, therefore X equals nine. 
26. Y minus twelve equals eight, therefore Y equals twenty. 
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The following worked examples should be discussed orally : 

Example 1. Find a number which exceeds р by 15. 

If the answer is not immediately obvious, the pupil should first 
think of a few cases in which p is replaced by an ordinary number. 
The process of sólution in these cases will give the clue required, 
e.g., if p=2, 3, 7, 9, etc., it is easily seen that the required answer 
is 2+15, 3-- 15, 7+15, 9+15, etc. In each case the required 
answer is the sum of the chosen number and 1 5, so that the answer 
to the question is seen to be pris. 

Example 2, How тапу pence are there in y shillings? 

First consider the cases y —2, 4, 7, 11, ес. In each case it will 
be seen that the required answer is obtained by multiplying the 
given number by 12. The process is quite general, so that the 
required answer is 12y, 

Example 3. What is the meaning of 5х-4? What is its value, 
if x stands for 2? 

5х means “ multiply x by 5 " ог“ multiply 5 Бух”, 


To obtain the value of 5x — 4, multiply 5 by x and then subtract 4 
from the result, 


If x stands for 2, 5¥-4=5xX2-4=10-4=6 


EXERCISE 1. а 
Ове or бумвогз 


(Many of the following examples may be taken orally) 
State in words the following : 


І. $x3- 15. 2. о>. 8. араа 4. тз<т-. 
+ 

5. xs. 6. у< 13. 7.5-7, 8. 21-8. 

9. 15:90:16. 10, х=у. 11. саа. 12. 1115-4. 

13. Im 14. gh, 15:09:22: н 


Write in symbols the following : 
17. 9 is greater than 5. 18. Q is equal to 8. 
19. Y is not less than 7. 20. r is greater than 3: 


21. t is not equal to 32 22. р and qare identically equal. 
23. a is not greater than b. 


94. Three times У equals twelve, therefore У equals four. 
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25. Z plus four equals thirty, therefore Z equals twenty-six 
26. X minus twenty equals sixteen, therefore X equals thirty-six. 


Write, without multiplication or division signs, the following 
27. 9X3, 3 X q, 25 ХС, CX 25, 25X 5, XXY, Y XX. 
28. 4--3, 3--4, 253-6, C525, XI, VM, 

Correct, if necessary, the following statements : 
29. 30 X 4— 304. 30. xy x z=xyz. 
81. 304 x 7— 2128. 32. 113 х7= 1137. 

State in words the meaning of the following, and afterwards state 
their values if x24, y=3, 2-2: 


33. sx. 34. x47. 35. 2 36. х-т. 
37. Ix. ag. 9. 89. 3*. до. 1°. 
2 x 4 x 
41. 2: 42. 2xz. 48. 25-х. 44. 2x – 32. 
45. хуз. 46. Ў 47. з~у. 48. х+ yz. 
EXERCISE 1.b 


(Many of the following examples may be taken orally 
State in words the following : 


1. 11 79. 9. 5« 6. 8. 6х4=24. 4. 3234. 
5. 2:6- 25. 6. оф од. 7, 3 « IL. 8. s— 14. 
9. 05. 10. Boy. 11. т=п. 12. cxd. 

13. 5~8=3. 14. e#f. 15. p=q. 16. «4-7. 
Write in symbols the following : 

17. z is not less than 4. 18. X is equal to 7. 

19. 2 is less than 7. 90. e is not greater than f. 


21. q is approximately equal to 7. 

22. s is not equal to zero. 23. c is not greater than d. 
24. One-third of Z equals four, therefore Z equals twelve. 
85. Twice X equals eighteen, therefore X equals nine. 

96. Y minus twelve equals eight, therefore Y equals twenty. 
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Write, without multiplication or division signs, the following : 
27. TX 5, 5x r, 23-4, 4--23, 21x3, p x s, хр. 
98. riS, 5-7, 23 xd, dx 23, ps, sp, 

Correct, if necessary, the following statements : 


29. 112X 3— 1123. 30. 207 X 5 — 1035. 
81. ab x c— abc, 82. 20 x 3—203. 


State in words the meaning of the following, and afterwards 
State their values, if p=6, q= 5, 7=4. 


88, 45. 34. 6+5. 85, T 86, 2. 

87. 5-4. 38. 3p+1. 89, 5р. 40. =. 

41. 3q+2r, 49, 15, 48. pr. 44. заг. 

45. ра. 46. 32-24. 47, д+2р. 48, 263 
EXERCISE 2.a 


GENERALISED ARITHMETIC 
(Many of the following examples may be taken orally) 


1. How тапу pence are equal to (4) 3 shillings, (b) 7 shillings, 
(с) a shillings, (4) shillings? 


2. How many inches are equal to (a) 3 feet, (b) 7 feet, (с) a feet, 
(4) x feet? 


8. How many feet are equal to (a) 24 inches, (5) 96 inches, 
(с) a inches, (d) Ф inches? 


4, How many pounds are equal to (а) 64 ounces, (b) 80 ounces, 
(с) х ounces, (4) f ounces? 


5. How many minutes are equal to (а) 4 hours. (5) 7 hours, 
(с) b hours, (d) 7m hours? Ў 


‚ 6. Ноу many hours аге equal to (a) 480 minutes, (b) 720 
minutes, (c) a minutes, (d) п minutes? 

Л, How many gallons are equal to (2) 16 pints, (5) 56 pints, 
(с) x pints, (4) 54 pints? 


*_ 10% many centimes are equal to (a) 7 francs, (b) 23 francs, 
(dq francs, (d) r francs? 

9. Part of a post, of length 3 feet, is painted black ; the rest is 
green. Find the length of the black Portion, if the length of the 
green 15 (a) 2 feet, (b) 9 inches, (c) a feet, where a< 3. 


10. Repeat Ех. 9 for a post of length x feet, where x >q 2. 


LJ GENERALISED ARITHMETIC 7 


11. There are two unequal weights in the scale-pans of a 
weighing machine, the heavier being on the left. 


| 


i ii iii iv у vi 


Weight in left pan | 7 1Ь. | 10 №. | 10 lb | y lb. | alb. | 2P lb. 


Weight in right рап | 3 Ib. | 6 Ib, | xIb. | 41. | b lb. | 3Q Ib. 


In each case find what weight must be placed in the right-hand 
scale-pan to make them balance. 

12. A man walks p miles and then q miles. How many miles has 
he walked altogether? 

18. Find a number which is (i) greater than 6 by 7, (ii) grea*er 
than р Буа. 

14. Find a number which (i) added to 13 gives 20, (ii) added 
to У gives s. 

15. Find a number which (i) taken from 30 leaves 19, (ii) taken 
from x leaves y. 
‚ 16. I£ s is any number, write down (a) three times the number, 


"(0 the number increased by 7, (c) the number diminished by 8, 


(4) the number less than s by 12, (e) half of the number, (f) two- 
thirds of the number. 

17. How many cauliflowers cost (1) two shillings, if each costs 
fourpence, (ii) C shillings, if each costs threepence, (iii) five shillings, 
if each costs D pence, (iv) x shillings, if each costs z pence? 

18. How far shall I travel (i) in 3 days, if I travel 24 miles a day, 
(ii) in 5 days, if I travel А miles a day, (iii) in N days, if I travel 
30 miles а day, (iv) in a days, if I travel b miles a day? . 

19. A man is 24 years old. How old was Бе (ij y years ago, 
(8) last year, (iii) х years ago? Answer the same questions, if the 


man is 2 years old. ч 
20. А farmer takes pigs to market and returns with 25 of them. 


How many has he sold? 

21. If x is any whole number, write down (i) the number next 
below x, (ii) the number next above x. 

99. If 12 is greater than a by 7, what is a? 

23. If 23 is less than b by 11, what is b? 

24. What number must be subtracted from x-- тт in order to 
"obtain x? If x-- 11— 19, what is the value of x? 

25. What number must be added to x — 4 in order to obtain x? 
If x - 4—7, what is the value of x? 
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Tf х stands for ап unknown number, state its value when : 


96. х+3=14. 27. 4+х=11. 28. x-3—13. 
29. 23-x—8. 80. 14=х+8. 91. 33-х-7. 
82. xx 5—30. 88, xx 7-7. 84. 8x х= 40. 
89. x-3-9- 3. 36. х+7=6+8. 87. х--4=6. 
38. 8=^. 89. 7-6, 

5 7 


40. A book costs three shillings. What are the receipts, in 
shillings, if (i) 80, (ii) 3000, (iii) р, (iv) 34 copies are sold? 

41 If N is any number, write down the results of the following 
operations : (i) halve the sum of N and 8, (ii) multiply N by 5 and 
then add з, (iii) divide № by 3 and subtract the result from 12, 
(iv) halve N and then subtract 6. 


1 42. А tram-ticket costs 2 pence ; what is the cost, in pence, of 
(i) 6 tickets, (ii) с tickets? 


48, І сап walk 4 miles an hour, How far can I walk in (i) 2 hours, 
(ii) х hours? 


44, What is the cost of the following: (i) 3 Ib. of cheese at k 
pence per lb., (ii) 2 oz. of rennet at 2 pence per oz., (iii) с yd. of 
calico at 3 shillings per yd., (iv) x gallons of milk at w pence per 
gallon, (v) W dozen pencils at 6 pence per pencil? 


45. Find the sizes of the unmarked angles in the following 
figures: [The arrowheads denote parallel lines.] 


46. A family uses 5 Pints of milk a day, Н i ill 
be used in (i) х days, (ii) y weeks? How бад "efe pets bac 
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47. A bookshelf is 4’ 6" long ; how many books, each 5 inches 
thick, will it hold? 

48. Write down expressions for the numbers whose digits in order 
from left to right are (i) 4, 6, (ii) р, а, (iii) 2, 3, 7, (iv) р, а, ". 


EXERCISE 2. b 
(Many of the following examples may be taken orally) 


1. How many feet are equal to (a) 36 inches, (5) 84 inches, 
tc) 5 inches, (4) k inches? 

2. How many ounces are equal to (а) 4 pounds, (b) 6 pounds, 
(c) А pounds, (4) 3j pounds? 

3. How many pounds are equal to (а) 8o ounces, (5) 128 ounces, 
(c) m ounces, (d) 1 ounces? 

4. How many shillings are equal to (а) 36 pence, (b) 96 pence, 
(c) e pence, (d) 7k pence? 

Б, How many hours are equal to (а) 360 minutes, (b) 540 
minutes, (с) g minutes, (4) А minutes? 

6. How many pints are equal to (a) 4 gallons, (5) 7 gallons, 
(c) h gallons, (d) 3p gallons? 

7. How many centimes are equal to (a) 6 francs, (b) 21 francs, 
(с) s francs, (d) w francs? 

8. How many francs are equal to (а) 400 centimes, (b) 750 cen- 
times, (c) x centimes, (d) 7n centimes? 

9. А man walks s miles and then £ miles. How many miles 
has he walked altogether? 

10. Find a number which is (i) greater than 3 by 9, (ii) greater 
than а by b. 

11. Part of a post, of length 5 feet, is painted blue ; the rest is 
red. Find the length of the red portion, if the length of the blue 
18 (а) 3 feet, (b) 11 inches, (c) b feet, where b< 5. 

19. Repeat Ex. 11 for a post of length y feet, where y>b>3. 

_ 18. A rectangular piece of cloth has its length and breadth given 
by the table : 


1 п Iv У 


Length - -| 6 ft. | 16 ft. | 5 yd.| mft. | d yd. 


Breadth - е | Ха в, | 4%. ү ота. 
Eo п 


Find in each case (i) its perimeter, (ii) its area. 
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14. How many cabbages cost (i) four shillings, if each costs three 
pence, (ii) G shillings, if each costs fourpence, (iii) six shillings, it 
each costs K pence, (iv) P shillings, if each costs О pence: 

15. Find the cost, in pence, of (1) 9 stamps at 4 репсе each, 
(1) c stamps at 2 pence each, (iii) 3 stamps at d pence each, (iv) 
1 stamps at n pence each. 


16. Find a number which (i) taken from 27 leaves 8, (ii) taken 
from e leaves f. 


17. Find a number which (i) added to тт gives зо, (ii) added to 
€ gives d. 


18. How long will it take to travel (i) 200 miles at the rate of 
25 miles a day, (ii) 250 miles at the rate of a miles a day, (iii) А miles 
at the rate of 35 miles a day, (iv) s miles at the rate of ¢ miles а day? 


19. A girl is 17 years old, How old was she (0 3 years ago, 
(ii) 2k years ago? Answer the same question, if the girl is ғ years 
old. 


20. Any even number may be represented by 2x, where х 
represents an integer. Write down (i) the even number next 
below 2x, (ii) the even number next above 2x. 


21. A farmer takes Z pigs to market and sells m of them. How 
‘Many has he left? 


22. If то is less than d by 14, what is а? 
28, What number must be added to х 
If x-11=23, what is the value of x? 


24. What number must be subtracted from X--17 in order to 
obtain х? Ifx4 17-29, what is the value of х? 


85. If 14 is greater than с by 3, what is c? 
If x stands for an unknown number, state its value when : 


. {. 3 
— 11 in order to obtain x? 


96. x--7— 15. 27. 3-- 5 — 10. 28. xx 112 r1. 
29. 43=х- 17. 30. 28-х-18. $1. xx3— 18. 
32. 18=х+3. 88, х-5-17 84. x- 5— 11-5. 
85. x-9— ro rr, 36. гох, 87. 4xx=32. 
38. 5=1а, 39. 8x=32. 


40. А family uses 8 ounces of sugar per da 
Ё Элл 1С У. How many ounces 
will be used in (i) & days, (ii) s weeks? How long will = ounces last? 


41. A train ticket costs 3 shillings : i (i 
tickets, iy oet 3 85; what is the cost of (i) 4 
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42. If Q is any number, write down the results of the following 
operations : (1) three times the sum of Q and 4, (ii) divide Q by 3 
and then add 7, (iii) multiply Q by 4 and then subtract 6, (iv) double 
О and subtract the result from 180. 

48. Reserved tickets for a football match cost five shillings each. 
What are the receipts, in shillings, from the sale of (i) 500, (ii) 2000, 
(iii) x, (iv) 3y such tickets? 

44, What is the cost of the following : (i) 4 lb. of grapes at 
с shillings per 1Ь., (ii) 6 cwt. of potatoes at ¢ shillings рег cwt., 
(11) т pints of lemonade at 4 pence per pint, (iv) X feet of торе at 
l pence per foot, (v) Z dozen nibs at е pence per dozen? 

45. A row of bungalows is 120 yards long; each bungalow is 
w feet wide. How many bungalows are there in the row? 

46. Find the sizes of the unmarked angles in the following 
figures: [The arrowheads denote parallel lines.] 
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47. Write down expressions for the numbers whose digits in 
order from left to right are (i) 9, 3, (ii) x, y, (ш) 7, 5, 8, 
(iv) x, y, s. 

48. A man motors at 25 miles perhour. How far does he go in 
@) 5 hours, (ii) v hours? 


CHAPTER II 
PRODUCTS AND POWERS 


6. When two or more numbers are multiplied together the result 
is called the product, In Algebra the product of two numbers 
* and y may be written in any of the forms x x y, yx x, х. VY k; 
xy or ух. The form xy is the most usual. Similarly the product 
of x, y and z may be written XYZ OF KAY or yxz or yzx or ZXY or тух, 
but it is usual to write the factors in alphabetical order, i.e. xyz. 

The beginner should Note carefully that this differs considerably 
from the usage in Arithmetic. In Arithmetic the product of 
4 and 5 is written 4 x 5 ОГ 4. 5, but not 45, which means 4 * 10+5. 
The pupil should also note carefully the difference between 2 .3.% 
and 23x. The former means 2X3 x x, the latter means twenty- 
three times x, 

When symbols are multiplied by a number, the number is 
usually placed before the Symbols, with no sign of multiplication 
between, "Thus 7b means 7 times the product of р and 4, or 


7Хрха. Also 253xyz means 253 times the product of x, y and 2, 
OF 253 хххухз, 


7. Each of the quantities multiplied together to form a product 
is called a factor of the Product. Thus 3, 5, р, q are the factors of 
the product т 594. 


not write rx, but simply х, 


9. The product obtained by multiplying together several factors 
all equal to the Same number is called a bower of that number. 
12 
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Thus 3 x 3 is called the second power (or square) of 33 5X5X5 is 
called the third power (or cube) of 5; xx xxx xxx x is called the 
fifth power of x, and so on. 

The following notation is used 3x3=32; 5х5х5=53; 
кхххххххх=х?; and the small figure which indicates the 
number of equal factors is called the index of the power. 

Thus in 4°, 73, x5, the indices are 2, 3, 5 respectively. 3? is 
usually read “3 squared”; 53 is read * 5 cubed”; х5 is read 
* x to the fifth " ; and so on. 

The first power of a number is the number itself. We do not 
usually write хЪ but simply x. Thus x, 1x, xl, 1x1, all have the 
same meaning. It should be noted that every power of 1 is 1. 

The pupil must distinguish between coefficient and index. 


10. Fractional coefficients which are greater than unity are 
usually kept in the form of improper fractions. Thus 5°ху is 
written more frequently than ху. d 

If one factor of a product is equal to 0, the product must equal 0, 
whatever values the other factors have. It follows that every power 
of 0 is 0. А factor 0 is usually called a zero factor. 


11. Any collection of numbers and symbols connected by the 
signs +, —, x ‚ — is called an algebraic expression. 

Parts of an expression separated by the signs + or — are called 
terms. The signs x and — do not separate terms 

Thus 3a + дс x p — 7k + gr-+s+2t is an expression of five terms, 
It should be noted that 4c x pis a single term. So are gr and sr. 

When no sign precedes a term the sign + is understood. 


12, An expression which consists of one term, e.g. 8b, is called 
. Simple (ог monomial} expression. Ап expression which consists 
of fwo or more terms is called a compound expression. An ex- 
Pression of two terms, ав 3c-- 4d, is called a binomial expression ; 
one of three terms, as 3x-- 4y - 22. a trinomial; one of more than 
three terms a multinomial, or polynomial. 

А term which consists of the product of a number of letters or 
numbers, so that only multiplication and neither addition nor sub- 
traction nor division occurs, is called an integral term. Ап ex- 
Pression containing a number of integral terms separated only by 
the signs + and – is called an integral algebraic expression. 
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An expression in which the letters occur under a root sign 
(e.g., Vx, Уху) is called an irrational expression. If the letters do 
not occur under a root sign, the expression is called rational. We 
shall be chiefly concerned with expressions which are both rational 
and integral. 

18. In the case of expressions which contain more than one term, 
each term can be dealt with singly by the rules already given, and 
by combining the terms the numerical value of the whole expression 
is obtained, as in Example 4 below. When brackets are used they 
have the same meaning as in Arithmetic, indicating that the terms 
enclosed within them are to be considered as one quantity. 


Example 1. If а=2, b=3, c=7, find the value of (i) 2abc, 
(ii) 24ab, (iii) 2 . 4ab. 

(i) гас —2xaxbxc-2x2x3 х7= 84; 
(ii) 2448 —24xaxb =24х2х3 =144; 
(iii) 2 -4ab=2x4xaxb=2x4x2x3=48. 

Example 2. What is the difference т meaning between 5x and x5? 

By 5x we mean the product of 5 and x. By х5 we mean the fifth 
power of x; that is, the product of the quantities x, x, x, x, x. 
Thus, if 3—2, 5x=5xx=5x2=10 2 

хб=хххххххха=2х2х2х2х2=32. 

Example 3. What is the difference in meaning between бх? 
and (6x)? ? 

By 6x? we mean the product of 6 and 22, or the product of 6, 
x and x. 

By (6х)? we mean the product of 6x and 6x, or the product of 
6, x, 6, x, which is the same as the product of 6, 6, x, x, and is 
equal to 3642, 

Similarly ху=ххуху; (ху#=ххххуху; 

2728 —2xyxagxaxz; 
(2х) =2 хухах2хухах2хухд, 
which is the same as 8у322, 

The pupil should be very careful to notice this difference, 

Example 4. If a=2, b=3, c—o, find the value оў 3a?bc + 2ab*. 

3a°bc + 2а =3 xaxaxbxe+2xaxbxb 
эз хахах хотахах3 х3-0-46-146, 
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Example 5. Write in its simplest form x x 3 x x2x2xy. 

The expression equals x x 3 X X X x x 2X y. 

Аз in Arithmetic, we may take the factors in any order we please 
when multiplying. We therefore write the expression 


зхахиххххх у= бху. 


EXERCISE 9.4 
(Many of the following examples тау be taken orally) 
А 1. Explain the difference between (i) 54 and 5 . 4, (ii) 635g and 
4394. 
2. Which is the greater, 345 or 3.4.5? 


3. Write down the product of а, b and c in six ways, without 
using the sign of multiplication. 


4. If a day’s work consists of 7 lessons, what is a boy’s total 
mark for the day, if in each lesson he obtains (i) 9 marks, (ii) 
© marks, (iii) s marks? 


5. Explain the difference between (i) 4c and с, (ii) 3с and 28. 


6. Express algebraically the result of multiplying together 
(3) 6 factors each equal to h, (ii) q factors each equal to n. 


7. Write in their simplest form: (i) ххЗха, (ii) cxex7, 

(iii захза, (iv) (29, (v) nxnx gn, (vi) (39, (vit) xx (2x). 

) 8. What is the difference between 3/2 and (3k)? when (i) k=2, 
üi) А=о? 


If a—3, b=4, c2 1, g=0, Х=5, y —6, г = 1o, find the values оѓ: 
9.42. 10. 6 11. ас. 19.4. 18, 248. 14. 22. 


15. ibc. 16. $by. 17. за. 18. Захул. 

19. за?. 20. act. ОЕ ТАС 22. 543. 

28. 422. 24. 722. 25. тоа“. 26. (2c). 

27. зас. 28. 44°. 29. 52-5ха. 80. 22—22. 

#1=2, m=}, n=}, find the values of : 

81. [-m- n. 82. Imn. 88. J- 1- n. 

34. 312 + 21. 35. бил”. 86, Im+n. 
EXERCISE 8.5 


(Many of the following examples may be taken orally) 
1. Which is the greater, 724 or 7 .2 . 4? 
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9. Write down the product of р, q, 7 in six ways without using 
the sign of multiplication. 
3. Explain the difference between (i) 72 and 7 . 2, (ii) 85rs and 
8.5rs. 
4. Express algebraically the result of multiplying together 
(i) 5 factors each equal to k, (ii) x factors each equal to v. 
5. Explain the difference between (i) 54 and d, (ii) 4е? and зе. 
6. How many pints of milk does a man buy in a week, if each 
day he buys (i) 3 pints, (ii) Е pints, (iii) © pints? 
7. Write in their simplest form : (0) yx4xw, (ii) 4схдс, 
(iii) m x mx mx 3, (iv) (34), (v) tx tx 4t, (vi) y x (ЗУ), (vii) (51). 
8. What is the difference between 23 and (2k)® when (i) k=1, 
(ii) k= 3, (iii) R= 0? 
If a=2, b=3, c- 1, 1-0, m=4, n=5, p=10, find the values of: 
9. am. 10. т. 11. 4. 12. sa. 18. тр. 
14. №. 15. Ви. 16.12. 17 m, 18:18 
19. ба. 20. 31%. 21. 4т?. 99. заА. 23. 226171, 
24. 12", 95. 1410. 26. n?+b?. 97, n3- 1191. 
28. ron®, 29. (4c. 80. sm’. 
If r=3, s=}, t— 1, find the values of the following : 


91. 7-25-1, 82. 277+ 4st. 88. rt- 25. 
34. 87?st. 85. r-s- t. 36. 37st. 
EXERCISE 3. с 


Ifa=3, b=4, c=1, q=0, x=5, y=6, z= то, find the values of: 
1. (х-у). 9, 2?- xy. 8. зс -4bq. — 4. 33— sbx. 
5. b^ +0, 6. (3b-2aP. 7. (b - зс), 8. 68+ 43. 


9. 3с°а®, 10. 3abe+ ах? + 5фух. 11. 2ах+ 22. 
12. 553, 18, 52442432, 14. 69-26, 15. 32° +4925. 
16. 5y^—32?. 17. izabeqxyz. 18. 5748. 19. 3, 

2 b bra 
20. 5°, 150805 2 2522 3x 
obi 21 зой 92. E 28. P3 24. > 

If 1-2, m=}, n=, find the values оғ: 
25. I*- n? - 92, 26. 12+ гт? + 352. 87. 12lm?n. 
28. 6lm?n?. 29. 5 - 12+ тп. 30. + on. 

1 т 3 3 2 
31. EE 82, SER: 33. yi 3т. 84, т я 


СНАРТЕВ Ш 


LIKE AND UNLIKE TERMS. ASCENDING AND 
DESCENDING POWERS 


14, When the terms of an algebraical expression either do not 
differ or differ only in their coefficients they are called like; other- 
wise they are called unlike. 

Thus sa, 9а; 3а, 8a? ; 4ab?, 7ab* are pairs of like terms ; and 
5a, 9b ; да?, зас are pairs of unlike terms. 

An expression consisting only of like terms can be reduced to a 
single term. 


Example 1. Simplify the expression 6x — 3x + 4x. 

The beginner will find it helpful to consider first similar expres- 
sions such as the following : 

6 baskets —3 baskets +4 baskets, 
6 eggs -3 eggs +4 eggs 
6 shillings – 3 shillings +4 shillings. 

The process of reasoning is the same in each case. 

Thus 6 baskets—3 baskets--4 baskets—3 baskets+4 baskets 
=7 baskets. Similarly the other expressions equal 7 eggs and 
7 shillings respectively. Likewise 6x — 3x + 4x — 3x -- 4x — 7X. 

The argument may be more generally stated as follows : what- 
ever number x stands for, if we take 6 times the number and then 
subtract 3 times the number, we get 3 times the number, just as 
6 tens less 3 tens equals 3 tens. If we then add 4 times the number, 
we get 7 times the number. 

Similarly 8у+ 7y + 11y 2 15y + 11y — 26y, 

33243 + дауа — sxty= тау? - 54)? = ahy 


When simplifying always work from the left, unless brackets or 
x and + signs show that operations must be performed in a 
different order. 
17 
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EXERCISE 4.a 
(Many of the following examples may be taken orally) 
Simplify the following expressions : 


1. х+х+х+х. 2. y+ytytyty. 8. 4х+2х. 

4. бр+р. 5. 3m -- 3m. 6. 3m x 2. 

7. 3т x s. 8. 45x 3. 9. Three times 42. 
10. Five times 21. 11, Half of 4h. 19, One-quarter of 12X. 
18. One-third of 2Y. 14, 3x +4. 15. 5:0--5:0. 

16. 5o 7v. 17. 544. 18. ¢+72. 

19. 34-24. 20. 4d - d. 21. 6r - 6r. 

22. 2w — w. 98. x-F x 4x. 24. 22+ 4x - 52. 

25. 8r - ar бу. 26. 4w - o - 2w. 97. 3x 4- 7x - 5x. 

28. 4b+7b-2b-2b 29. 3d 64 — 4d 24. 30. 2p — ip. 

91. h- jh. 82. 2k - Rx s. 33. 3n x 4— 5n. 

84. 10x 17- 8x17. 85. 2x 4d & d. 36. arx — 5r 4. 
EXERCISE 4. b 


(Many of the following examples may be taken orally) 
Simplify the following expressions : 


1. 3t 4t. 2. p+pt+p. 3. wiwiwtw. 
4. 51х2. 5. 75+. 6. 4n+4n. 
7. Half of 6c. 8. 3k x 4. 9. 5vx 3. 
10. One-fifth of 10Z. 11. Four times зи. 12. Seven times 3$. 
18. One-sixth of 5X. 14. e+. 15. 2х + ох. 
16. 4+ 13d. 17. 41+ gl. 18. а+за- sd. 
19. 3x - 2x. 20. 8: — 8s. 21. 8d - d. 
22. sd — 4d. 23. 7c - зс. 24. 7m — 3m - 4m. 
25. 310 — to -- 4ш. 26. 35 + 6b — 8b. 87. sh-o- h. 
28. 3x - jx. 29. 14--34. 30. 3t tx 4. 


91. 3t+9t-4t-4t. 99. 50-40+30-0. 88. З0х4-40Х3. 
84. 4022-56-20, 85. 7х 53+3х53. 86. 4sx 5 - 6s. 


EXERCISE 4.с 
Simplify the following expressions : 
1. 47x 647 x 4. 2. 6x? + зх? + 2x2, 
8. 4т-Їт, 4. 2са+ зас. 
5. Зи? + 4u? — уц, 6. злу + 4yx?, 
7. азийн аа + gab? 30°, 8, 4c8d +6c8d — 8534 + roc. 
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9. 7abcd + 11abcd — даса. 10. 4ху2 + зузх + 2zyx. 
11. There were 20x people in a train. At successive stations 2x, 
3x, 5x, 2x people got out. How many were left? 
12. A basket contains 4s apples. How many apples are con- 
tained in 6 baskets? 
18. What is the total bill for d Ib. of tea at 2/- per Ib. and 2d lb. 
of coffee at 3/- per Ib.? 


14. А man does no work on Sunday ; he works for # hours on 
Saturday and for 2t hours on each of the other days of the week. 
How many hours does he work each week? 


15. There are 18 forms in a school. In each of the 10 junior 
forms there are 3x boys ; in each of the remainder there are 2x boys. 
How many boys are there in the school? 

16. A man walks 42 miles East, then 22 miles West, then again 
7z miles East. How far is he then from his starting point? 


17. A man bought five books costing 2n shillings each, four 
costing зи shillings each and eight costing n shillings each. How 
much did he spend? 

18. A man bought 144 pencils at 3x pence per dozen, and one 
dozen blue pencils at x pence each. How much did he spend? 


19. A line is divided into 5 pieces measuring respectively 2a in., 
3a in., 7a in., sa in., 44 in. What is the length of the whole line? 


20. A man receives during a week 3x shillings, 5x florins and 
2x half-crowns. He then pays out 7x shillings and 4x half-crowns. 
How much money has he left? Give the answer in shillings. 

15. Addition of unlike terms. When two or more like terms 
are to be added together we have seen that they may be collected 
and the result expressed as a single term. If, however, the terms 
are unlike, this cannot be done. Consider the sum of the quantities: 
4 plums, 5 pears, 3 plums, 2 bananas and 7 pears. We can say that 
we have 7 plums, 12 pears and 2 bananas, but we cannot carry the 
process of simplification any further. Similarly in Algebra, the 
sum of the quantities: 4a, 56, За, 2c and 76 may be written 
4a+3a+5b+7b + 2c, or 7a + 12b + 26. 

There is no shorter way of writing this expression, if a, 6, c 
represent any numbers whatever. 

Similarly 6c--2--c4-7b - 2c - 3b-- 5 may be written 

gb -3b+ 6c c- 2с+21+5= 40 + 5с +7. 
This process of simplification is called “ collecting like terms М4 


IS + 
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EXERCISE 5. a 


Simplify, if possible, the following expressions. If it is not 
possible, say so: 


1. a+b+a. 2. at+b+2b+3a. 8. x+3 +30. 
4. х+у+у+х+у. 5. 2е+3-с. 6. a+3b+3a+1, 
7. 2ct+d+3d-c. 8. 1+т+1. 9. Im t [т + ml. 
10. Im 2. 11. cd- c. 12. xy - x^ y. 
18. 1*-a-b- 1. 14. a+4+b+5+a. 15. 54 3e. 
16. 4x-- 3x 4 2. 17. d- 4d 2d 3.18. s+t—s+at. 
19. 8k - sk- 3. 20. 45—Е+25. 21. 2+3- 2. 
22. 7m - 3m - 2. 98. 2b--4--3b--4b. 94. Ax - 2y - 2x *- y. 
25. 3u - 3v. 26. 4s--7t-2s— 4t. 97. 4x x 5- sy x 4. 
28. 2x2s-3x2t-s-4xt. 29. a-b*-c-a- bc. 
80. L-- 4m - 44 4m - 3. 31. 2ху + 2х2. 
82. 4xy+3yz-2yx. 33. 5ab+4ba. 84. ху+у+у. 
85. 3ab--3b—2ba. 36. 4ab + 3ba — ac — zab. 

EXERCISE 5.b 


Simplify, if possible, the following expressions. If it is not 
possible, say so : 


І. 2c d c t 2d. 9. за+4-+2а. 9. и+о+ 2u. 

4. rct 4s-- 2r 5. 5. Im 2m 21m. 6. 3x+4-% 

7. rs YS o sr. 8. 3u+ 2 - 4v – 2и. 9. р+2а+Р. 

10. Imm - I. 11, 5q- 4. 12. Im — m. 

18. m- msn 4m. 14, 74 sh. 15. 7k 3k 4. 

16. u+5+2v-2+3u. 17.3-2x-y-3. 18. 22-45-22. 

19. 7u4 7v. 20. 9k — 6k - 5. 21. 5m - 2n - 3m. 

22. 2m n -2m- 4n. 88. 31+ gm — 2l — sm. 24. 2u- 3v - 2и. 

95. х 6- 65x 7. 26. 4m-- 3n m - 2n. 27. 4x — 4y. 

98. r+s+t-r+s+t. 29. 3cd - 3ce. 30. scd + 4da – 34 

81. 2u-- 3v - 4 5v - x. 82. r-s-t-r-s- t. 

33. 3ml + бт – Is – slm. 84. scd 5c - зас. 

85. тга? - 5а?. 36. bc+cd+ db - dbc. 
EXERCISE 5.c 


Simplify, if possible, the expressions in Nos. 1-20. If it is not 
Possible, say зо: 


1. ху+уг+ах+ худ. 2. 14x" - 7x4, 
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3. 5x2-+ зх? но – 2x. 4. 35? - 2. 
5. zu? — 74%. 6. 20? + зи? — su. 7. 7X - ax. 
8. ги+®. Кол 10827. 
3 4 22 
11. 4x3- 4x. 12. 2x 5st—- 3 x 3ts. 
13. 4x44 4 2x24-3x34. 14. 1223 — 2°, 
15. x?y + 2xy? + yx?. 16. 3st-- 2s 4 3t 2ts. 


17. ab - bc -ba-- ca - cb - ac. 18. 4be—3ac+ cb - ab. 

19. 4pqrs + 12rsqp — 13976. 20. хуху + xxyy + yxxy. 

21. There were 8а + 65 people їп а train. At successive stations 
2a, a, 4b people got out. How many were left? 

99, What is the total bill for a Ib. of tea at 2|- per lb. and b Ib. 
of coffee at 3/- per Ib.? 

93. A man does no work on Sunday ; he works for c+ d hours 
on Saturday and for 2c hours on each of the other days of the week. 
How many hours does he work each week? 


24. A man walks за miles East, then z miles West, then again 


2b miles East. How far is he then from his starting point? 

25. A man bought four books each costing 2l shillings, seven 
each costing 3m shillings and nine each costing 47 shillings. How 
much did he spend? 

26. A man bought 144 pencils at 2/ pence per dozen, and two 
dozen red pencils at m pence each. How much did he spend? 

97. A man receives during a week 3x shillings, 6y florins, and 
8: half-crowns. Не then pays out x florins, 3) shillings and 6z 
half-crowns, How much money (in shillings) has he left? 

98. What is the length of a fence formed by 8 hurdles each 
2r feet long and то hurdles each 35 feet long? 

99. Subtract 5x pence from 2x shillings. Give answer in pence. 

30. The sides XY, YZ, ZX of a triangle are respectively 2x in., 
yin, 3 in. What is the perimeter? А 

31. The two adjacent sides of a rectangle are (а+4) in. and 
(6-2) in. What is the perimeter? 

‚89, A box, weighing X Ib. when empty, contains 5x Ib. of sugar ; 
if 3x Ib. of sugar are sold, what is the weight of the box and the 
remaining sugar? What is the answer if X=6, х=24? 

‚33. How many pence have I left, if I spend (i) 8 pence out of 3/-, 
(ii) 7 pence out of х shillings, (iii) t pence out of х shillings? _ 

34. By selling a table for (22+ 7) shillings I gain 2 shillings ; 
how much did it cost me? 

М.А. в 


А 
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$5. A taxi-driver is paid 3c shillings a week and receives in tips 
dshillings a day. Out of this he has to pay for oil etc. с + 24 shillings 


а week. If he works each day except Sunday, how much has he 
left each week? 


86. How much change is there out of a ten-shilling note, if 
$ cakes, costing 2 pence each, are bought? 


DIMENSION AND DEGREE. ASCENDING AND 
DESCENDING POWERS 


16. The number of times that any particular letter occurs by way 
of multiplication in any term is called the dimension (or degree) of 
the term in that particular letter; and the degree of the term in 
any specified letters is the sum of its degrees in each of these letters. 
Thus the product «yz is said to be of three dimensions or of the 
third degree in x, y and z, but it is also considered to be of one 
dimension or of the first degree in x or y or z considered separ- 
ately. Similarly, x?y* is said to be of six dimensions or of the sixth 
degree in x and y. It is also of two dimensions or of the second 
degree in x, and of four dimensions or of the fourth degree in y. 

Notice that a numerical coefficient is not counted ; 4x?y? and 
x*y are each of the same degree. 


17. The degree of an expression is the degree of the term of 
highest dimension contained in it; thus хї+ 3x9-- 43? 7 is an 
expression of the fourth degree, for x* is of the fourth degree, зх? 
is of the third degree, 4x" is of the second degree and 7 is of degree о. 

A term which does not contain x is called the constant (or 
absolute) term or the term independent of x. 

Similarly ax* — 4а3х3 is an expression of the sixth degree. But 
We sometimes speak of the degree of an expression with regard to 
some one of the letters it involves. Thus the expression 

ax? + bx? + cx +d 
is said to be of the third degree in x. So 3x3y + 2x?y? is of the third 
degree in х ог of the second degree in y. 


18. Different powers of the same letter are unlike terms ; thus 
the result of adding together 23? and 5х cannot be expressed by а 
single term, but must be left in the form 232 + 5х. Similarly the 
sum of 345, 2ab and 4b? is 3a? +2ab+4b?. This expression is in its 
simplest form and cannot be written in any shorter way. 
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19. Itis usual to write algebraic expressions either in descending 
powers of one of the letters, i.e. beginning with the highest power, 
then the next highest, and so on, or in ascending powers, i.e. be- 
ginning with the constant term (if any), then the term of the first 
degree, then the term of the second degree, and so on. Thus 
x84 7x2 — 2x + 5 is arranged in descending powers of x. And 
5 — 2% + 7x2 + 5x? + 30 is the same expression arranged in ascending 


powers of х. 


Example 2. Simplify 333 4x7 - 30 - 2x 3 and arrange it in 
ascending powers of x. 
The expression = 33? + 4x 4-7 — x*-2x43 
заде ax + 32 - а, placing the like terms 
together, beginning with the terms of lowest 
degree 
—10-- 2x 4- 2x?. 
Example 9. Simplify ду®+ 5y 4 8-20! - y +1 and arrange it in 
descending powers of y. 


The expression = 4? - 2у%+ 5y -Y + 8+1, placing the like terms 
together, beginning with the terms of highest 


degree 
—2y*!t 4y t 9. 


EXERCISE 6.a 


, Simplify, where possible, the following expressions, and arrange 
in descending powers : 


1. 4x +x + 2x7, 9. 218 -3t - ё. 3. sa? - 2a? a. 
4. 4+6m+3m+ тв. 5, 7c ®+3. 6. 5-314 3 - a. 
7. srt+7—artr. 8. 5+ 6t 3P - 52. 


_ Simplify, where possible, the following expressions, and arrange 
in ascending powers : 


9. 2x?-- 5x4 + 3x. 10. 6nà-- 4m 5 - т. 
11. -2n4 3-4 7?. 19, 48.72 «3 - 2 t. 
13. 2t 3 54 7t. 14. gr*8- r7. 


15. sd?-- 7 gd - 44 d. 16. 43- à *5c* 3- 3с. 
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EXERCISE 6. b 


Simplify, where possible, the following expressions, and arrange 
in descending powers : 


1. 7b? - 3b? + 2b. 9. 3t+ t - 222. 
8. 45-75 - s*. 4. 54+ 24+ 48. 
5. 4n* + 6n 5 – 21. 6. 2+3Ё%+Ё+ 43%, 
7. 752+ 558—425. 8. 7m-- 5 - 3m 4 m?. 


Simplify, where possible, the following expressions, and arrange 
in ascending powers : 


9. — 4x - 5 352. 10. 222+ 034+ 322. 
11. 52+3t+8- 2. 18. 2c 5c? - 3 - 4с. 
18. 5n-7 - 2n 39. 14. 503+ 6x? +2 за? 4x 
15. 663 — 262 + 13b+7- 8b. 16. 442+2+7h-1+2h. 
EXERCISE 6.с 


Simplify, where possible, the following expressions, and arrange 
in descending powers : 
І. 3#+2%—3+. 9, 2x x 13 X3 (2x 5-333 - x — 3. 
3. 5а? 12a +3 + 3a? - 4a 5 - 2a? 3a — 4. 
4. t5 1-209 2 3t - (9. 
Simplify, where possible, the following expressions, and arrange 
in ascending powers ; 
5. 3? + 3y* + бу®+7у-4у+8+у%+у?+т. 
6. 7--2a - 3a? — 2 + а +а*-5-+а5- а%-а%+ 2а. 
7. Write down (1) in ascending powers, (ii) in descending powers : 


(a) 4s*-- 11 - 2s? s, (b) 82 -- 8--2-- st, 

(с) x*- 1 + 1333, (d) 3+3 + x132— 4x, 
(е) 587 3c 7 * 28, (f) зу 3 8y? — zy, 
(а) 313+4+218, (А) 5 — 7x + 3x1- 2x2. 


8. Write down (i) the coefficient of x2, (ii) the constant term, 
(iii) the coefficient of the highest power of х in 
(a) 4+2х+ 30? +73 +454, (Б) 2544248 + 1233 — 7х, 
(с) хї++7х%+тт, (d) 723 + 4x, 
(e) за? + 3x9 + 2х?а– sxa?, (f) 2x9 + 6.26 + 559+ 3x82, 
(e) х9--д4324-355--11-55, (h) 2x5 + 7x3 + 5х. 


CHAPTER IV 
SIMPLE EQUATIONS 


20. We have seen that in Algebra letters are used to represent 
numbers. It is sometimes possible to obtain two different ex- 
pressions to represent the same quantity. This enables us to use 
Algebra to solve problems, 


Example 1. Think of a number, double it and add 3 to it ; the 
result is 17. Find the number. 

We might say 

(Twice the number thought of) - 3-17. 

The pupil will probably have no difficulty in guessing the answer, 
but in more difficult questions we shall see that such statements 
have to be written several times. It is rather tedious to write " the 
number thought of ” every time it is necessary to use it, and it is 
more convenient to represent the number by a letter, "Thus if we 
denote the number by л, we have, in this example, 

2хп+3=17, ог 21+3=17. 

The form in which this statement is now written is called an 
equation and л is called the unknown. The process of discovering 
the unknown number is called solving the equation ; and the value 
of the unknown number is called the root or solution of the equation. 
The parts of an equation separated by the sign of equality are 
called sides of the equation ; in the above equation 27 + 3 is called 
the left-hand side of the equation. Similarly 17 is called the right- 
hand side of the equation. 


21. Let us now consider the equation 25-3 = 17. The two 
sides of the equation represent numbers which are equal; if we 
subtract 3 from each side the expressions во obtained represent 
numbers which are equal. We then have 

20-14. 

If we now divide each side by 2, the expressions so obtained 
represent numbers which are equal. We then have 1—7, which 
means that the unknown number is 7. 

25 
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It is easily verified that the answer is correct ; thus, Ёл — 7, the 
left-hand side is equal to 2 x 7-- 3— 14-- 3 — 17, which is the same 
as the right-hand side. 

In the equation 27 +3 = 17, the value 7, which when substituted 
for n makes both sides equal, is said to satisfy the equation. The 
object of this chapter is to show how to solve equations in which 
the quantity whose value is sought (e.g. x) occurs only in the first 
degree (i.e., simply x, not x?, yx etc.), when reduced to its simplest 
form. Such equations are called simple equations. 

Many of the easier types of equation may be solved by inspection 
or mental calculation. Thus, 

if x+3=9, x must stand for 6, 
if s-4=7, smust stand for Il, 
if 3% = 15, x must stand for s, 
if 42—0, z must stand for o, 


—2, п must stand for 8, 


л 
4 
t 
225 t must stand for o. 

The pupil has already had instances of such examples without 
any knowledge of the formal definition of an equation. [See 
Exercises за and 2b, №5. 26-39.] 


EXERCISE 7.а (Oral) 


In the following equations the letters stand for unknown 
numbers ; find the numbers and check the result : 


1. n+5=8. 2.4+p=13. 8, 2x=8. 4. 5x=30. 
br 71= 21. 6. 14+t=25. 7.т-10-4. 8. у-8=о. 
Ree -p= E tor 

9. rhe 10 x55 11; = 8. 12. = P 
18. зх=о. 14. 1+7=7. 15. sw=3. 16. 11k=77. 


17. e 18. 9+x=25. 19. 2t+3t=10. 20. 7X — 5% =3- 
21. 50+7u=25 +11. 22. oy - 3y- 2y 2 18- 2. 
98. 4x 2x - 3x—9 - 3 4. 24. 5+4=6. 


ту] SIMPLE EQUATIONS 27 


EXERCISE 7.b (Oral) 


In the following equations the letters stand for unknown 
numbers ; find the numbers and check the result : 


1, 3:9. 2. 11+w=16. 8. 9k=36. 4, w+3=11. 
5. 7--5—13. 6. 11m=55. 7. h-3=8 8. ie 
9.4-11=3. 10,253, Ш, 2-8. 12. s-15=9. 
13. x+3=3. 14. 15n=7. 15. 8u=0.. 16. 5=0. 
17. k-6—17. 18. 7v=105. 19. 91-51-4. 20. 5t 9t-7- 7. 
21. 2t-- 111-26. 22. ТАБ. 

2 2 
28, 7u-3u+u=7-5+3. 94. тїх-3х-6х=1ў-1т. 


22. General methods for solving simple equations. In most 
of the above examples the unknown number has been easily guessed, 
but in harder examples it is necessary to work more methodically. 
The solution of a simple equation depends upon the following 
axioms : 


1. If to equals we add equals, the sums are equal. Thus, if 
x=y,x+2=y+2, огх+а=у+а. 

2. If from equals we take equals, the remainders are equal. 
Thus, if x=y, х-2=у-2, orw-a=y-a. 

3. If equals are multiplied by equals, the products are equal. 
Thus, if x=y, xx 5=y x s, огхха=уха. 

4. If equals are divided by equals, the quotients are equal. 
Thus, if x=), «+s =у--5, or х--а=у--а (provided that ао). 

5. The order of an equation may be reversed. Thus, if 5—5, 
We can at once say that y —5 without using any of the axioms 1-4 
above. Similarly, if o—3x — 15, we may write at once 3X - 15=0 ; 
or if 12 - r—6, we may write at once 6—12- 7. 
' In the early stages of the work the number a in the axioms 1-4 
аБоуе always means а number whose value is known. Later it will 
be necessary to discuss the result of multiplying or dividing both 
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sides of an equation Бу ап expression containing the unknown. It 
will then be shown that axioms 3 and 4 above have only a restricted 
application. 

We now give examples of the use of each of the above axioms. 

Example 2. Solve x — 5 — 16. 

Since the numbers x- 5 and 16 are equal, if we add 5 to each, 
the sums are equal; .. х-5+5=16+5, 

‘, X-—2I, 

Check. If х= 21, the left-hand side equals 21 - 5 = 16, which is 

the same as the right-hand side. 


Example 3. Solve y+13=35. 
Since the numbers y + 13 and 35 are equal, if we subtract 13 from 
each, the remainders are equal ; 


quotidien 1S 3n c 19У 
©. У=22, 
Check. If у= 22, the left-hand side equals 22-- 13 735, which 
is the same as the right-hand side 


Example 4. Solve : =19. 


Since the numbers : and 19 are equal, if we multiply each by 5, 


the products are equal; .. x S=10 X5; 


г. t=95. 
Check. If t—95, the left-hand side equals s — 10, which is the 
same as the right-hand side. 


Example 5. Solve 111—88. 
Since the numbers 11/ and 88 are equal, if we divide each by 11, 
the quotients are equal; .. 117--11-:88--11, 
12:21:48: 
Check. If 1—8, the left-hand side equals 11 x 8=88, which is 
the same as the right-hand side. 
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Note 1. In future we shall usually write L.H.S. for the left- 
hand side, and R.H.S. for the right-hand side. 

Note 2. The pupil is reminded that it is necessary to distin- 
guish between the symbols = and .. Itis wrong to put = instead 
of 2, at the beginning of each fresh line in the working of an 
equation. 

Example 6. Solve 14—3X- IO. 

Add 10 to each side, 


* 
"o =+14+10=3x%- І0 10, 
" T 24=3% 
"95 


Subtract 5 from each side, 
х 


EA -®=зх- 
й Aog 3 


3 
: t b 
[Since x represents a number, so does a Hence we are sub- 


tracting the same number from each side, even though we do not at 
Present know what the number is.] 
х 
‚ 24-3Х- = 
Multiply each side by 3, 
и. 72=9N— x, 
2072: 8x. 
Divide each side by 8, 
5722782828, 
и". 9=х, 
' ХЕ9 (reversing the order of the equation), 
Check. When x=9, LHS.=3+ 14=3+14=17! 


К.Н.5.=3х9-10=27-10=17; 

' when х= о, L.H.S.=R.HS., i.e. х= 9 satisfies the equation. 

Note. When checking your results substitute for the unknown 

in each side separately, as in Example 6. It is essential to substi- 

tute in the equation as it is given, not in any simplified form of 
it, for in simplifying a mistake may have been made. 
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EXERCISE 8.a 
(Nos. 1-4 may be discussed orally) 
1. What must be done to get rid of the term containing the 
unknown on the right-hand side of each of the following equations? 
(i) 4x —2x4 6, (ii) 3x — 16 - 5х, 
(iii) t=30- 2t, (iv) 7x +13 =33 2x. 
2. What must be done to get rid of the term containing the 
unknown on the left-hand side of each of the following equations? 
(1) 15 +2x=5x, (ii) 24- 5x —3x, 
(iii) 17 - 2t— 3t, (iv) 10+2у=4у- 8. 
8. What must be done to get rid of the term not containing the 
unknown on the left-hand side of each of the following equations? 
(i) 8x + 17252 3x, (ii) 11х+4=49- 4x, 
(iii) 8t— 15 =9 +21, (iv) 7p - 8-20 ^ 35. 
4. What must be done to get rid of the term not containing the 
unknown on the right-hand side of each of the following equations? 
(i) 5х+12=7х+6, (ii) 3y - 1524y - 25, 
(iii) 12t+ 18= 17t- 12, (iv) 13 -3t=2+4 8t. 
Solve the following equations. Explain every step of your work, 
as in Example 6 above, and check your answers. 


5. 7-2x-5-x. 6. 2t -- 5— 11 - t. 7. 24-7 —27 – 3t- 
8. 4x - 28— 12. 9. 43 - W 2 2W - 5. 10. 8x—x. 
inte уке. 12. 5+3=12, 18. 38+с=2+ sc. 
14. х+5=8, 15. 2-16-э. 16. 8x-9—33 - 4%. 
EXERCISE 8.b 


(Nos. 1-4 may be discussed orally) 
1. What must be done to get rid of the term containing the 
unknown on the right-hand side of each of the following equations? 
(i) 5x=3x+8, (ii) 6x — 64 — тох, 
(iii) 8x + 23 238 + 3x, (iv) 2t=119 - st. 
9. What must be done to get rid of the term containing the 
unknown on the left-hand side of each of the following equations? 
(i) 125 — 7x — 18x, (ii) 25-* 4x —9x, 
(iii) 12 - 3y —4y — 9, (iv) 22 - 4t—7t. 
8. What must be done to get rid of the term not containing the 
unknown on the left-hand side of each of the following equations? 
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(i) 12x 7 112 5x +24, (ii) 3x 7-28 - 4x, 
(iii) 12x 4- 11 =60+4 5x, (iv) 6z- 3=z +22. 
4, What must be done to get rid of the term not containing the 
unknown on the right-hand side of each of the following equations? 
(i) 3x—1125x—-37; (ii) 2% -+17=5x- 10, 
(ш) 14-4¢=1+4 9f, (iv) 11х+42 = 19x + 10. 
Solve the following equations. Explain every step of your work, 
as in Example 6 above, and check your answers. 
5. 3y-7=8-2y. 6. 42-5=22-1. 7. х+3=39- 3%. 
8. 7y=3y. 9. 3x - 18—24. 10. 13- 3у=2у-7 
1. 
5 
14. ї-ах-аах-ад. 15. 27+ =33. 18. 2=35-2. 
4X — IIX — 19 Уу 5 33 5 s 


+2=7. 12. 44+4с=6+7с. 13. Z- 5-9. 


EXERCISE 8.c 
Solve the following equations and check your solutions : 

1. 8a=2a+ 18. 9. 24-5х=х. 8. 5r* 42 124 3r. 
4. 8c-7—21-6c. 5. 11-R=29-7R. 6. 7X- 5-4X +13, 
7. 3] - 3y 2 111. 8. ga- 572a 4 7 ^ 3a. 
9. 18-4у-2у-7-5у-1. 10. 5x+3=2+5x+ 3x - 8. 
w 2-4-15-4544. 12. Z- 24 4Z - 4-8 - 22. 
18. o=5L-7-8- 2L. 14. 33 =2х t 7x t 2x. 
15. x- 2:3 r- 3e PES 

: 213122) 16.32 25 Men = 

oye НИЗ t. 
18. в 19. Us О 20. 5x+3=57 
#1. 4b 2 99, 36-1. 23. 5х0, 

53 7-18 6 
24. 7-5Х, 25. в, 26. Sic 
87. гаж 10. 88. 2477 99. 8-2-0. 
80. st—2=2. 31. Eta 32. =at 
88, цн 84. во. 


3 
35. 55-37. 36. 1 ats. 


СНАРТЕВ У 


EASY PROBLEMS LEADING TO SIMPLE EQUATIONS 


23. Many problems may be easily solved by the use of Algebra. 
In the general method we first represent the unknown quantity by 
a symbol, e.g. x or t, and then use the data so as to obtain two equal 
expressions containing the unknown. We thus obtain an equation 
which, if simple, can be solved by the methods already given in the 
previous chapter. It may happen that the equation so obtained is 
not a simple equation. The solution of such equations will be 
considered later. 


24, The method of solving problems will best be learnt by 
considering the following worked examples. 'The chief difficulty 
is in translating the words of the question into the language of 
symbols ; the beginner should observe the following instructions : 

1. Read the question carefully. Маке sure that you understand 
what you are given and what you are asked to find out. 

2. Choose a letter to stand for some unknown number which 
the problem involves. Do not use letters to represent quantities. 
The letter chosen is usually connected with what you are asked to 
find out, e.g., if you are asked to find a number satisfying certain 
conditions, it is natural to choose a letter to represent the number 
sought ; if you are asked to find the cost of an article, it is natural 
to choose a letter to represent the number of pence or shillings or 
pounds in the cost. 

3. In any problem which involves quantities, state your units 
clearly. Carelessness with units is one of the most frequent causes 
of failure to solve problems. 

4. Always state clearly in words what is represented by the un- 
known letter, e.g. “ Let the cost be Дх”, ог“ Let x pence be the 
cost of a dozen eggs ”, or “ Let the length of the room be / feet”, 
or “ Let the required number be л”. 

5. If you can find two different expressions for the same thing, 
you can form an equation by equating these two expressions. If 
you have difficulty in forming the necessary equation, read through 
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the question again and make sure that each statement in the question 
has been translated into symbols. 

6. Check the answer by using the actual data of the preblem. 
It is not sufficient to check by substituting in the equation, because 
you may have made a mistake in obtaining the equation. If your 
check shows that your answer is wrong, try to find your mistake. 
In particular, make sure that you have not made an error in units, 
and check carefully all signs. 


Example 1. Find two numbers whose sum is 65, and whose 
difference is 15. 

Let x be the smaller number. Since the difference between the 
numbers is 15, the larger number must be x+15. But their sum 


is 65. Hence, x+x+15=65, 
"n. 2x3 - 15 — 65, 
‚ 25—50; 


22085525: 
so that the smaller number is 25. It follows that the larger 
number is 40. 
The required numbers are therefore 40 and 25. 
The solution should always be tested to see whether it satisfies 
the conditions of the problem or not. In this instance we have 
40+25=65, and 40 — 25 = 15, so that the conditions are satisfied. 


Example 2. The weight of a box and its contents is 25 lb.; the 
box weighs 7 Ib. more than the contents. Find the weight of the box. 
Let W Ib. be the weight of the box. Since the box weighs 7 Ib. 
more than the contents, the contents weigh (W — 7) 1b. 
But the total weight is 25 lb, ~. W lb.+(W- 7) Ib.—25 lb. 
This is a relation between quantities ; from it we obtain the 
relation between numbers ; 
W+W-7=25; 
'. 2W-7=25, 
2 =22, 
* W163 
*. the weight of the box is 16 Ib. 
Check. If the weight of the box is 16 lb., the weight of the 
contents must be 16 lb. —7 Ib., i.e. 9 Ib. Thus the total weight is 
25 lb. and the solution is correct. 
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Example 3. A newsagent sells a certain number of magazines at 
6d. each and three times as many newspapers at 1d. each. How тапу 
of each has he sold, if his receipts amount to £3? 


The student should at once notice that two different units for 
money have been used in stating the question. He must therefore 
express pence in pounds or vice-versa. In this instance it will be 
more convenient to replace £3 by its equivalent, 720 pence. 

Let x be the number of magazines sold. Then the number of 
newspapers sold is 3x. 

The newsagent receives from the sale of magazines 6x pence and 
from the sale of newspapers 3x pence. Hence 

бх pence + 3x pence = 720 pence, 
/. 6х +3х=720, 
". 9x — 720, 
x=80, and 3x=240; 
-. 80 magazines and 240 newspapers are sold. 

Check. For 80 magazines at 6d. the newsagent receives 480 
pence, or £2; for 240 newspapers at 1d. he receives 240 pence, 
ог Дт. His total receipts are £3. Thus the necessary conditions 
are satisfied. 


In some problems the solver has to supplement the data by 
making use of his own knowledge. Thus, in the following question 
a knowledge of the elements of Geometry is required. 


Example 4. The largest angle of a triangle is 20° larger than the 
smallest. The third angle is xo? larger than the smallest. Find the 
angles, 

Let the smallest angle be х°. Then the largest is (x + 20)°, and 
the other angle is (x + то)°. But the three angles of a triangle are 
together equal to 180°, 

Ce x° + (x +4 20)? + (x + 10)? = 180°, 
^ X+*%+20+x+10=180, 
". 3х +30 = 180, 
5 dX ISO; 
VIDA I 5075 

^. the smallest angle is 50°, the largest is 70° and the other is 60°. 

'The pupil will have no difficulty in verifying mentally that the 
solution is correct. , 
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Note. It will sometimes be found easier not to put the unknown 
equal to the number directly required, but to some other number 
involved in the question. 


Example 5. A woman spent 55. 9d. in buying eggs, and finds that 
10 of them cost as much over one shilling as 14. cost under two shillings ; 
how many eggs did she buy? 

If we take х to be the number of eggs bought it will be found 
that a rather inconvenient equation is obtained. It is better to 
obtain the required number indirectly. 

Let the price of one egg be x pence. 

‘Then то eggs cost тох pence, and 14 eggs cost 14x pence ; 

4 тоў-12=24- 14%, 
^ 24х=36, 
"eqs 
Thus the price of an egg is 124., and the number of eggs 
—69--11-— 46. 
The pupil will have no difficulty in checking the result. 


EXERCISE 9.a 


It is suggested that the part of the question which is in brackets 
should be discussed orally before any written work is done. 
1. One number exceeds another by тт, and their sum is 37 ; 
find them, 0 
[Suppose that the smaller number is и. What is the larger? 
hat is the sum of the two numbers in terms of 7?] 
. 8. A number is multiplied by 7 and then 4 is added ; the result 
is бо. Find the number. 
8. I think of a number, divide it by 6 and subtract 3; the 
result is 9. What is the number? 
4, І think of a number and add to it one-quarter of itself ; the 
result is 30, What is the number? 
5. The result of adding 48 to a certain number is the same as 
multiplying that number by 5. What is the number? 
6. Find two consecutive integers which add up to 85. 


(If 24 is the larger of two consecutive integers, what is the 
Smaller? If л is the larger of two consecutive integers, what is 


(1) the smaller, (2) the sum?] 
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7, Find two consecutive even integers which add up to 118. 
[If 34 is the larger of two consecutive even integers, what is the 
smaller? If n is the larger of two consecutive even integers, what 
is the smaller?] 


8. Three consecutive integers add up to 117 ; find the middle 
one. 
[If 13 is the middle of three consecutive integers, what are the 
other two? If n is the middle of three consecutive integers, what 
are the other two?] 


9. 'ТҺе sum of three consecutive even integers is 54 ; find them. 
10. The sum of four consecutive integers is 42; find them. 


EXERCISE 9.b 


It is suggested that the part of each question which is in brackets 
should be discussed orally before any written work is done. 
1. One number is smaller than another by 17, and their sum 
is 49 ; find them, 
[Suppose that the smaller number is n. What is the larger? 
What 18 the sum of the two numbers in terms of 22] 


2. A number is multiplied by 9 and then 5 is taken away; the 
result is 49 ; find the number. 


3. A number is divided by 7 and then 5 is taken away; the 
result is 2. Find the number. 


4. The result of subtracting 24 from a certain number is the 
same as dividing that number by з. What is the number? 


5. I think of a number and subtract from it one-fifth of itself ; 
the result is 12. What is the number? 


6. Find two consecutive integers which add up to 77. 
[If 15 is the smaller of two consecutive integers, what is the 
larger? If n is the smaller of two consecutive integers, what is 
(1) the larger, (2) the sum ?] 


7. Find two consecutive even integers which add up to 106. 
[If 28 is the smaller of two consecutive even integers, what is the 


larger? If n is the smaller of two consecutive even integers, what 
is the larger?] 


8. Find two consecutive odd integers which add up to 144. 
[If 33 is the larger of two consecutive odd integers, what is the 
smaller? If; is the larger of two consecutive odd integers, what 15 
the smaller?] 
9. Тһе sum of three consecutive integers is 66 ; find them. 


10. The sum of four consecutive odd integers is 96 ; find them. 
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EXERCISE 9.c 


It is suggested that the part of each question which is in brackets 
should be discussed orally before any written work is done. 

1. What number exceeds 25 by the same amount as it falls 
short of 49? 

2. I£ I divide a certain number by 3 and add 2, the result is the 
same as subtracting four from the number ; find the number. 

3. One number is twice another, and five times the smaller 
added to three times the greater amounts to 143; find the 
numbers. 

4. Divide £79 between А, B, and C, so that A may have £15 
more than B, and B £8 more than C. 

[Suppose C has Дх. How much has B? How much has A? 
How much have all three together?] 

5. A sum of £135 is divided between А, B, and C, so that B 
has £10 more than А, and C has three times as much as А; find 
the share of each. 

. 6. A batsman scores 5x runs. He hits seven times as many 
singles as fours. If he scores 18 by his other hits, find how many 
fours he hit. 

.7. А has 15 shillings more than B. "Together they have 25 
guineas. How much did each have? 

8. The perimeter of a rectangular table is r3 feet, and the 
length is 18 inches more than the width ; find the width. 

[Fill in the blank: Let the width of the table be ——.] 

‚9. x return and зх single tickets cost £9. A return ticket is 6s., 
asingle 4s. Find x. 

‚ 10. £1 is divided between two boys A, B so that twice A’s share 
is sixpence more than B's share. How was the money divided? 

11. The base angles of an isosceles triangle are 2x? and (x + 26)°; 
find the angles of the triangle. 1 

12. Two angles of an isosceles triangle are x° and (х+15)°. Find 
the angles of the triangle. [Notice that there are two сазез.] 

18. In a triangle ABC, 2 А is three times as large as LC and 
16° more than / B. Find the angles of the triangle. 

14. Three straight lines meet at a point О. The three angles 
formed are (6x + 12)°, (4x - 20), (sx — 17)". Find the angles. 

15. A train starts from X to go to Y, 234 miles away; at the 
Same time a second train starts from Y to go to Ж by the same 
route, he first train travels at 56 miles an hour, and the second 
at 61 miles an hour. After how many hours will the trains 
meet? 
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16. An express train starts at 8 a.m. and travels at the rate of 
бо miles per hour. At 12 noon an aeroplane sets out from the 
same place to overtake it, travelling at the rate of т5о miles an 
hour. Where will it overtake the train? 


17. Two cyclists starting at the same time from two towns 147 
miles apart meet in 7 hours. Find their rates of riding, given that 
one rate is three-quarters of the other. 


18. At a concert 450 people were present; z paid 2s. and the 
rest 1з. The total receipts were £25 ; find n. 


19. Divide £94 between 4, B, and C, so that B may have £37 
more than 4, and C's share may be £13 more than twice Al's 
share. 


20. In an isosceles triangle the base angles are each four times 
the vertical angle. Find the angles of the triangle. 


TEST PAPERS I 
A 


1. If x — 4, find the values of (1) = (ii) е, (iii) 2x2- 7x, (iv) 2” 


9. Simplify, if possible : 


(i) 3a x2, (1) saxo, (ш) 39-57, 
(iv) 32 +о, (v) 3с--1, (vi) o x 4d, 
(vii) о--44, (viii) 5x4- o, (ix) o4 7t. 


$. Solve the equations (i) 7x - 3x —42 + x, (ii) 3x—-5-—x- 3. 


4. In the figure, which is not drawn 
to scale, the border is everywhere the 
same width. The perimeter of the 
outside rectangle is 36”. Find the 
width of the border. 


< ---к----- 
ЕЗ 


5. There are 84+ 35+ 15c people ас 
a meeting. ба + 2р are men, 2a+6+5¢ 
аге до and the rest are children. How many children are 


there 
6. (i) A camp has provisions for x men for y days. If = more 
men arrive how long will the provisions last? 


D aiy many shillings must I pay for y pens at x shillings a 
score 


| 
1 
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B 


1. А boy is now a years old, and his father is ба years old. How 
old will the father be when the boy is 3a years old? How old was 
the father when the boy was born? 


2. Simplify (i) sx x 3xy, (ii) sa-a, (iii) 7a— 3 — 2a +6. 
8. Solve the equations (i) 17 - b=4 + 2b, (ii) uirum nu 


4. Find the value of x in the figure, 


АВ and CD being parallel. A ЕЗ E 
5. The bus fare for a journey is 

s pence ; what is the cost in shillings 

of р journeys? How much change 2х-20)° 

would there be out of a ten-shilling 

note? c D 


6. In Rugby football a goal counts 5 points and a try 3 points. 
In a match one side scored a certain number of goals, but the other 
side scored three times as many tries, and won by 12 points. 
What were the scores? 


С 

1. If a=6, b —o, c=4, find the values of 

 2a+b 0-1 36-09 

(i) 29: (ii) Ser (ш) p 
9. Write in a shorter form, if possible : 
à) $72, (ii) ex ex exd, 
(iii) sx t--£x s, (iv) и+0 – зи, (у) 24 23, 
(vi) аха, (vii) бху - 3x - 5y +79 + 4x - 2xy. 


8. Two angles of a triangle are 23 — х and 67 +x degrees. What 
Sort of a triangle is it? 

4. Solve (i) 10- A cén- TARGI) nce ^ 25 

5. If the acute angles of а right-angled triangle are 5x° and 
(42 -- х), find x. 


6. A man left 1750 to be divided among his two daughters and 
four sons. Each daughter was to receive three times as much as 
ason. How much did each son and daughter receive? 
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1. (i) If I can type x words а minute, how many hours will it 
take me to type 7y words? 


(1) А train travels а miles in b hours, how many minutes does it 
take to travel one mile? 


9. Simplify, and write in ascending powers of x : 
558 — 2 *-- 2x тах sx 47 + 14x3- 5, 
What is (1) the coefficient of x°, (ii) the term in x? 


8. When the day is a hours long, the night is two-thirds as long. 
Find a. 


4. The angles of a triangle are 237, 557, and 19°. Find them. 


5. The length of fence required for a square field is 8а yards. 
What is its area (i) in square yards, (ii) in square feet? 


6. The adjacent angles of a parallelogram are (2a 26)? and 
(3a- 6)". Prove that it must be a rectangle. 
E 
1. Simplify (i) 542-3а-2 +4а- 2а?, (ii) 4-35-1. 
9. Solve the equations (i) 3x- So, Gi) з= = 


8. (i) How many minutes are there between x minutes past 
5 p.m. and 8 p.m. the same day? (ii) A clock loses л seconds a day. 
How many minutes will it lose in a week? 


4. The angles of a quadrilateral taken in order are «°, 3x°, 5x°, 


759. Find х. Show also that two sides of the quadrilateral must 
be parallel. 


5. What is the cost, in shillings, of 3a Ib. of sugar at b pence a Ib., 
and 5a Ib. of tea at 2b pence a Ib.? 


6. I buy a house, and spend one-twentieth of the cost on repairs. 
I pay altogether £735. How much did I pay for the house? 
F 


1. (i) Square 3y and double the result. (ii) Add 7x- ДУ +22 to 
зх+5у- 25. 


2. Prove that 4? + 3B?= A2p2 + 3, if d=3, and B=2, 


8. Two adjacent sides of a square have lengths (3х — 5) in. and 
(55-11) in. Find x. 


4. How many packets of tea costing тз. 6d. each can be bought 
for (i) one guinea, (ii) х guineas? 
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5. The expenses of a journey are made up of bus, train and taxi 
fares. The train fare is 5 times the bus fare, and the taxi fare is 
twice the bus fare. The total expense is £2 4s. What is the train 
fare? 


6. For what value of P is sz. 2 equal to 5 — sf 


G 
1. (i) How many eggs at 5 for sixpence can I buy with N half- 
crowns? (ii) If х apples cost W pence, how much will z apples cost? 
2. (i) Simplify, and arrange in descending powers of a, 
да- 543+ 2a* — за+2+7а3. 
(ii) Subtract 57 feet from бу yards and give the answer in inches. 
8. If р=5 and q=3, find 
the values of 
б) p+q (25, 
(1) 25--4,, (у) 35-29. 
4. Find the angles of the 61° 3x? 
figure. 


5. A boy gets as much pocket money in four weeks as his younger 
brother gets in eleven weeks. If the elder gets 334. a week more 
than the younger, what does each get each week? 


6. A boy starts the term with ro shillings, He spends in the 
second week three times as much as he spends in the first week, 
and finds that he has then 2s. 4d. left. How much did he spend 
in the first week? 5 


1. A man’s salary is £x the first year, and increases by y shillings 
each year. What will it be in pounds the eighth year? 

2, Simplify 

(i) за? - 2a? + 2b + sa?, 

(ii) да- 48+ 2а? - 3a + даз. 

8. In the figure, which 
not accurately drawn, find x. 
4. If a=3, b=2, c—o, find 
the values of 

(i) 30° — 6abc + 25%, 

(ii) a? — b. 
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5. Solve the equations 
0) 5x=7x, (і) 8+ roa- 3a = 18 - 8a. 


6. A bag contains some shillings and three times as many six- 
репсез. The value of the money in the bag is £1 123. 6d. How 
many shillings are there in the bag? 


I 


1. If a=2, b=3, c=1, 1=0, m=4, n=5, p=10, find the values 
of (i) (4n – 500), (ii) дса, (iii) a" + po + 72526412, 
2. I cycled 2a miles and walked 4b miles before lunch. After 


lunch I cycled three times as far and walked half as far as I did 
before lunch. What distance did I travel in the whole day? 


8. Solve the equations (i) 7x- = +x, (ii) = -5=х+ 3. 


4. Simplify, where possible, the following expressions, and 
arrange in descending powers : 


(i) 668--7с-26-4, (ii) 4 +8 420-3 - 322-24 424 gx. 


5. A purse contains £1 made up of shillings and sixpences. The 


umber of sixpences is six times the number of shillings. Find the 
number of coins. 


6. Three sides of a rectangle taken in order are (3x — 6) cm., 
(3х — 15) cm., (2x + 1)cm. Find the numerical value of (1) itslength, 
(ii) its breadth, (iii) its area 


J 


1. The sides PO, OR, RP of a triangle are respectively 3x in., 


2xin. yin. What is (i) the perimeter, (ii) the excess of РО+ RP 
over OR? 


9. Simplify, where possible, the following expressions, and 
arrange in ascending powers : 


(i) 30° +8+4n-7n2, (ii) с+3с+ тїї +20 5c- 6-309 - c - 3. 
3. Solve (i) I8 — 4t - 1114-18, Gi) 7+2a= %4, 


4. A motorist travelled for 3 hours at his normal speed, then for 
ЗО min. ас 5 miles per hour above his normal speed. Find his 
normal speed, if the total distance travelled was 9o miles. 


5. A man left £433. He directed that £21 was to be given to 
local charities and that the remainder was to be divided between his 
son and daughter, so that the daughter got £62 more than half the 
son’s share. How much did the son receive? 
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6. Two angles of an isosceles triangle are (x+ 10)? and (x — 5)°. 
Find the angles of the triangle. [Notice that there are two cases.] 


K 


1. If r=3, => =} find the values of the following : 
ун ЦЭ ИЙ ӨР 
(i) zy (ii) o--s:—7?, (iii) m 

2. Solve (i) 6—3z--z--8—0, (ii) fe 


3. A parallelogram has adjacent sides 9a cm. and 5a cm. long. 
Find the area of a square whose perimeter is the same as that of 
the parallelogram. 

4. In the first half of a football match Ireland scored a goals and 
Scotland scored b goals. In the second half Ireland did not score, 
but Scotland scored c goals and won the match Бу 2 goals. Write 
down an equation connecting a, b and c. 

5. Simplify, if possible, the expressions (i) 3 X 419 — 5 X 20u, 
(ii) 4Im + sl 47m 4-3ml, (iii) 7yz — 5xz-—xy. 

6. Four straight lines meet at а point О. The four angles 
formed are 90°, 25°, (x + бо)°, (6x — 105)?. Find the angles. 


it 


1. A taxi-driver is paid 12k shillings a week and receives in tips 
lshillings a day. Out of this he has to pay for oil etc. (3k-- 4D) 
shillings per week. If he works each day except Sunday, how 
much does he make each week? 

9. (i) Subtract 11x pence from 3x florins. Give the answer in 
pounds. (ii) What is the length of a fence formed by 16 hurdles, 
each a ft. long and го hurdles, each 20 ft. long? 


8. Solve the equations (i) 2+27=с+6, (il) ae 2-6. 


4. The base angles of an isosceles triangle are 3x? and (2% + 15)?. 
Prove that the triangle is right-angled. 

5. In an election there were 3 candidates and the ‘successful 
candidate received twice as many votes as the bottom candidate 
and 712 votes more than the second candidate. The total number 
of votes was 7968, How many votes did the successful candidate 
obtain? 

6. Three sides of a rectangle taken in order are (8x - 56) ftu 
(x-5) ft, (3x — 11) ft. Find the numerical value of its area. 


СНАРТЕК УТ 
BRACKETS 


Note. In the work of this chapter it is assumed that each 
operation is arithmetically possible. All other cases will be соп- 
sidered later in Chapter IX. 


25. Meaning of Brackets. It was pointed out in Art, 3 that the 
contents of a bracket may be regarded as equivalent to a single 
number. 

Thus, (8 + 6) means the number obtained by adding 6 to 8, and 
(x+y) means the number obtained by adding y to x. 

Similarly (8-5) means the number obtained by subtracting 
5 from 8, and (x — y) means the number obtained by subtracting 
y from x. 

The product of 7 and (8 +6) is written 7(8 +6). 

The product of 7 and (x +y) is written "(xt y). 

The product of (р —4) and (x+y) is written ( p— 4) (x4-y) or 
(x y)Cb - a). 

Similarly (а-5)--5 means “ subtract b from a and divide the 
a-b à 


result by 5 ". It is usually written or $ (a – Б). 
The pupil will have no difficulty in attaching meanings to the 
expressions 24 (с+а)?, (x-y)? etc. 


26. Brackets show the order in which operations must be 
performed. Thus 7-- 3(8.— 5) means “ subtract 5 from 8, multiply 
the result by 3, add this result to made. 

7+3(8- 5) =7+3х3=7+0=16. 

But (7+ 3)8 - 5 means “ add 3 to 7, multiply the result by 8 and 
from the answer subtract 507716. 

(7 +3)8- 5 =10х8-5=80-5=75. 

Also (7 +3) (8 — 5) means “ add 3 to 7, subtract 5 from 8, multiply 
the two results together ”’, i.e. 

(7 +3)(8-5)=10 x 3=30. 
44 
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87, Use of brackets. The use of brackets is illustrated by the 
following example. 
Example 1. доз. of sweets are packed in a tin which weighs k oz. 
when empty. What is the weight of (a) хо tins, (b) х tins of sweets? 
One tin when full of sweets weighs (844) oz., 
*. то full tins weigh 10(k+ 4) oz. 
Similarly x full tins weigh «(k+4) oz. 


EXERCISE 10.a 


(Some of these may be taken orally) 


State in words the meaning of the following; and afterwards 
find their values, if a=7, b=5, c=3. 


1. 3(b 4-2). 2. (с+ 3)a. 8. 8(a— 4). 

4. 2(b4 3). 5. (2c - 4)b. 6. b(a— c). 

7. (a - b)c. 8. (3a - 4с)5. 9. e 

10. шэн 11. Te 18. (a - b)(25 - 9. 
Find the values of the following, if a=1, b=2, c=4, d—o. 
13. a+c(b+d). 14. (a--c) (b 4- d). 15. (a c)b 4d. 
16. a+b(c+d). 17. at bc d. 18. с+а-5. 
19, c-r (db). 20. (с-5)-(а-4). 91. c- (6-а) - d. 


29, c--b--2(a- d). 98. c—b+a2(at+d). 24. а? x (с 5)?. 

Use brackets when answering the following questions; do not 
attempt to remove the brackets. 

25. I have 12 coins; t of them are shillings and the rest are 
Sixpences. What is their value in pence? 

26. A grocer's store contains и jars of jam. One gross of them 
contain 2 Ib. each and the rest contain 1 Ib. each. What is the total 
Weight of the jam in the store? 

27. P в a point between A and В on the line AB. AB is 10 
inches, and BP is c inches long. AP is divided into five equal parts. 
What is the length of each part? 

28. A taxi-driver receives xs. yd. per day on six days of the week, 
If he pays out £z per week for petrol and rent of garage, how much 
has he left (in pence) for himself? 

29. A man travels by car for 7 hours. For x hours his average 
speed is 40 miles per hour and for the remainder of the time it is 
18 miles per hour. How far does he go? 


* 
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80. A jar full of jam weighs Р Ib., and when empty weighs O Ib. 


What is the weight of the jam in x jars? What is the weight of a 
jar half-full of jam? 
81. What is the result 
(а) of multiplying a — b + 2c by 7? 
(b) of subtracting Р+ 3T from 28+ 5? 
(c) of dividing x+ 2y bya- b? 
(d) of subtracting 2a from x and dividing the result by 7? 
(е) of squaring r+ s? 
(F) of reducing (8-1) yards (2r +) feet А inches to inches? 


EXERCISE 10.b 
(Some of these may be taken orally) 


State in words the meaning of the following, and afterwards find 
their values, if x=8, y-3,2—2. 


1. (х-5)а. 9. 7(y-2). 8. 3(z+7). 

4. (sy - 12)x. 5. z(y- 2). 6. 5(2+»). 

9. (х-з)з. 8. (2x - 72)y. 9. эсш, 
Е 11. сы 18. (x +2)(3y- 3). 
Find the values of the following, if p~2, 9= 3, 7=5, #=0. 

18. q+p(r+t). 14. (g-- p)r-t t. 15. (g--p)(r- 1). 
16. 35 - qt - y, 17. 5 r(g- p). 18. (r- д) р. 
19. z — (4-р). 20. (2r-5)—-(r-q). 91. 2r- (5—7)- 4. 


92.r-p-(aq-1). 88, *Ttq—(b-12). 94. (р+а+т- 2). 


Use brackets when answerin; 


g the following questions; do not 
attempt to remove the brackets 


25. A store contains л packets of exercise books 3 three dozen 
of them have 68 Pages each and the rest 136 pages each. How 
many pages are there altogether? 


26. I have 30 coins ; x of them are shillings, у are sixpences, and 
the rest are pennies, What is their value in pence? 


27. A cask of butter when empty weighs c Ib. and when full 
weighs d lb. What is the weight of the butter? How many casks 
must be bought to obtain а Ib. of butter? 
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28. A man travels by train for r5 hours. For the first t hours 
the train goes at an average speed of 55 miles per hour. It then 
runs into fog and the average speed for the remainder of the 
journey is reduced to 15 miles per hour. What is the length of the 
journey? 


29. A workman receives £r рег week wages. He pays £x ys. zd. 
for his board and lodging and 1s. 4d. for his insurance. How much 
has he left (in pence) for himself? ; 


80. A store contains и boxes of chocolate. ‘Two dozen of them 
contain 1 lb. each, one gross contain 3 Ib. each and the rest contain 
4 Ib. each. What is the weight (in ounces) of the chocolate in the 
store? 

81. What is the result 

(a) of multiplying 2a - b by 3c? 

(5) of taking three-fifths of the sum of X and 3Y? 

(c) of subtracting 3c from 4d and dividing the result by 5? 
(d) of cubing the result of taking ¢ from 2d? 

(е) of reducing (a +b) quarts (c — d) pints to pints? 
(f) of subtracting (x— 3y) from (sa – 2c)? 


28. Removal of brackets. In evaluating an arithmetical ex- 
pression containing a bracket, the first step is to obtain the contents 
of the bracket as a single number. In Algebra it is not usually 
Possible to do this. Thus we can simplify the contents of the 
bracket 

іп 70+3(4+7) but not in 7o «- 3(x 4- y), 
in збо – (117-- 123) but not in 360- (x+y). 

It is therefore necessary to obtain rules for removing brackets 

from algebraical expressions. 


29. The expressions (x +y) +2, (х+у) - Z, (Xy) +z, (X- y) - z. 
"The expression (25 + 12) 8 means that we are to add 12 to 25 and 
then add 8 to the result. Itis clear that this is also the meaning of 
25-- 124-8, 

'Thus (25 +12) - 8-25 t 12-- 8. 

Similarly (x-y)tz-xtycz. 

It is easily seen that (x+y)-2=x+y-2, 

(=у)+а=х—у+ 2, 
(к-у)-т=х-у-. 
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80. The expressions x + (у +z) and x-(y—-z). The expression 
25+(12+8) means that 12 and 8 are to be added and their sum 
added to 25. It is clear that we get the same result by adding 12 
and 8 to 25 separately. 

A man travels 25 miles in the morning and (12 +8) miles in the 
afternoon ; he travels the same distance if he goes 25 miles in the 
morning, 12 miles in the afternoon and 8 miles in the evening. 

Thus 25+(12+8)=25+12+8. 

Similarly ЕН HRY е. аа (1) 

Again 25 + (12 — 8) means that to 25 we are to add 12 diminished 
by 8. It is clear that, if we first add 12 to 25, we have added too 
much by 8, and must therefore take 8 from the result. 

A boy has 25 pence in his pocket and sells an article for (12 — 8) 
pence. He can receive (12.— 8) pence or Һе can receive I2 pence 
and give 8 pence change. In either case he has the same amount 
of money when the transaction is completed. 

Thus 25+(12-8)=25+12—8, 

Similarly (а) туа... (2) 


81. The expressions x – (у +2) and х-(у-2). The expression 
25 - (12+ 8) means that from 25 we are to subtract the sum of 
12 and 8. It is clear that to take the sum of 12 and 8 from 25 is 
the same as to subtract them separately from 25. If we first 
subtract 12 from 25, we have subtracted too little by 8, and must 
therefore take 8 from the result. 

A man has 25 shillings in his purse ; he has the same amount of 
money left whether he spends (12--8) shillings in one shop or 
12 shillings in one shop and 8 shillings in another. 

Thus 25- (12 +8)=25- 12-8. 

Similarly oo суа) soy aha ay ee ENS (3) 

Again, 25— (12— 8) means that from 25 we are to subtract 12 
diminished by 8. It is clear that, if we first subtract 12, we 
have taken away too much by 8, and must therefore add 8 to the 
result. 

If a boy has 25 pence in his pocket and buys an article worth 
(12 - 8) pence, he can рау (12— 8) pence or he can pay r2 pence 


and receive 8 pence change. In either case he has the same amount 
of money left. 
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Thus 25-(12-8)-25-12-8. 

Similarly О (4) 

By considering the results numbered (1), (2), (3) and (4) we have 
the following rule : 

In removing brackets, if the sign before the bracket is + ‚ the + 
and — signs inside the brackets are unaltered ; if the sign before 
the bracket is —, the + and - signs inside the brackets are 
changed to - and + respectively. 


Note 1. If no sign is placed before the bracket, as in the 
expressions in Art. 29, a + sign is understood. 

It will easily be seen that the results obtained in Art. 29 obey the 
rule stated at the end of Art. 31. 


Note 2. The rules may be applied when the bracket contains 

more than two terms. 

Thus t+(x-y-2)=t+x-y-2, 
t-(w-y-s)=t-x+y+2, 
t-(x-ytz)-t-xty-z. 

Note 3. In the results of Arts. 30 and 31, put у= 5a, z —2a. 


Then х+ (5а+2а)=х+5а+2а, 

ie. X-F 7a is the same as x+ 5a-- 2a. .................. (т) 
Also х+(5а-2а)=х+5а-2а, 

ie. X-F3a is the same as xt 5a — 2@................... (2) 
Again х- (sa-- 2a) =х- 5a — 2a, 

ie, %— 7а is the same as 2- 50-20. «eren (3) 
Lastly, x- (ба-2а)=х-5а+2а, 

ie. х – За із the same as х- ѕЅа 2а. зз. (4) 


These results should be carefully noted. The first two have 
already been used in simplifying expressions containing unlike 
terms. The pupil should now master the third and fourth. He 
Should convince himself of their truth by considering several 
concrete examples, similar to those discussed in Arts. 30 and 31. 


Example 2. Simplify 4a — 3b -- 2c 5a -- b — 4c. 
The expression equals 4a + 5a — 3b - b - 2€ — 4с 
= да ~ 2b — 2c, using (т) and (4). 
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Example 8. Simplify 7х-зу-22+3х-у- 52. 
The expression equals 7х + 3x — 3) - y - 22 - 5z 
= 10x — 4y — 72, using (1) and (3). 
Example 4, Simplify 5p - 4q-- 7r — 3q — 9r. 
The expression equals 5p- 4q— 3q-- 7r - or 
7 5p – 7q - 27, using (3) and (4). 


4 


EXERCISE 11.a 
(Many of these may be taken orall ly) 
Simplify : 
1. 16- (8+2). 2. 16- (8 - 2). 3. 16+ (8- 2). 
4. 16+ (8-2). 5. а- (6+0). 6. a- (b - c). 
7. a t (2b - с). 8. а+ (26+ 3c). 9. (9-7) - (s +3). 


10.(9-7)-(5-3. 11. (9+7)- (5-3). 12. (9-7) +(5-3)- 
18. (1+т)- (7+5). 14. (1+т)- (7-5). 15. (l-m)+(r-s). 
16. (-»)-(/-5.. 17. (c+3)-(c-2). 18. k- (k - 5). 
19. 5a-- 3b (22+). 20. (c-- 2d) – (c — 2d). 91. x (х +35). 


22. 3p-(p+Q). 28. 35+ (#- 25). 24. (h — k) - 2h. 
25. sb -- (11 - 3b). 26. (2m-- зп) - (m - sn). 
27. a - (2b — за). 28. 4х + (зу - x). 

29. 4с-(с--24). 30. 42--54-(34-0). 

$1. 2а+36-(а+45). 32. 6a — (8a — 45). 


88. sa- b-- 2c - (2a 4 b - 3c). 34. sx 2у - zx (2x - 3y — 72). 
85. 5х-2у)-2-(8х-3у-70. 36. (c4- 3) - (2c - 7). 


EXERCISE 11.b 
(Many of these may be taken orally) 
Simplify : 
1. 25 - (8- 7). 2. 25 -- (84-7). 8. 25- (8+7). 
4. 25+(8-7). 5. а+ (b- с). 6. а-(Ь+ 2с). 
7. а+(Ь+зс). 8. a- (35-20. 9. (0-6)-(4-1). 


10. (9+6)- (4-1). 11. (9-6)- (4-1). 12. 9+0 - (4+1). 
18. (c-d)-(h-k). 14. (с-4)-(7-). 15. (c d) — (h+k). 
16. (ct d)-(h-k). 17. 3t- (3t - 8). 18. 7x+ 5y- (ax - 35) 
19. (3h-- 4k) - (3h — 4А). 90. (21+ 5) - (12-2). 
21. (r4y)-(r-y). 22. k-(al-2m). 93. (V 47) - (+3). 
24. (4x 7y) - (x+y). 25. (8u +90) - (Jo +u). _ БЕ 4 


divided into two smaller rectangles, 


vL] REMOVAL OF BRACKETS 51 
26. зх - (5у - бх). 27. 45+ (76- 35). 28. би- (12- 3u). 


29. (2c - за) + (за- 2с). 80. (тза- 202) + (402 — тоа). 
91. 5а – (9а – бс). 82. 3a — 2b – (a+ 3b). 
88. (+ 5,5) - (3R4- S). 34. 3x - 2y - 42 - (2x - 3y +2). 


85. 7x —3y - 42 - (5x 5y +32). 86. 7x 3y — 42 + (5x — 5y + 32). 


EXERCISE 11.c 

Simplify : 

І. 2h - (sk 25). 2. sa*- b — (2a 3b). 

8. (3c + 2d) - (c4- 7d). 4. 3у+ (2x – бу). 

5. 4p — (22-9). 6. 25+ (2t — 35). 

7. (h — k) - (2h – ok). 8. 3+ (17 - 71). 

9. 3#- (17-78. 10. (2m + зп) - (m+ sn). 
11. а+ (2b — за). 12. (4c +3d)- (с + sd). 
18. 7а+ (a — sb). 14. 7c- (b - 20). 


15. (a-- 2b -- 3c) - (a 2+ 36). 16. (a+ 2b+ 3c) - (a - 2b 4 7c). 
17. (а-25-30)-(а-25-46) 18. (a-- 254-30) - (a — 2b — зс). 
19. (a - b) - (b — c) 4 (c — a). 20. (3x у) + (2y - z) - (x - 22). 
91. (7a- 4) - (2a- b) - (3b - a). 22. (44-2) - (a - 3) - (2a 1). 
28. (5а? — 352) + (76? — 26?) - (gc? — a?). : 

24. (322 – 25?) — (38 — 499) — (2? +3? — 73°). 

25. From (3x — 2y + 42) take (v — 4y-- 32). 

26. From (3x – zy + 42) take (x--4y — 32). 

27. Take (x — 32) from the sum of (5x — 2y – 32) and (3y + 52 — 2x). 
28. Take (3p — q) from (7p = 34 + 47) - (25 - 44 - 7). 

29. What must be added to (c — 2b) to make (3a + 2b + 4c)? 

80. What must be added to (x — y) to make (2x 2у – 32)? 


32. The expressions x(y--z) and ^ 2 
X(y-z). Consider the area of the 

figure, which represents a rectangle ул 

of length (y--2)" and breadth x", 


as shown in Fig. т. The areas of 
the two smaller rectangles are xy Й 
84. in. and xz sq.in. The area of the whole rectangle is (y+2)x 


Or x(y +2) sq. in., 
: 2. ху+ха=(у+з)х ог х(у-2). 
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І. 14(t+u)+5(t-u). 2. ox - 4(x — y). 

8. 3(a - b) - 2(a 4 b). 4. 3(x —- 2y) - (x— y). 

5. 3(a - b) 2 (a 4 D). 6. 3(x-35) - 5 (x y). 

7. 3a (4a ^ 5) — s (a — 2). 8. sa(4a — 36) +36(5а — 20). 
9. 4(1-4 4.4?) + 42(2- А). 10. 5(8 — 3m) - 27. 

11. 6(5 — 2x) - 4(4 4-3). 12. 5(7 — 3a) - 3(2 - 4a). 

18. 2а(а– 3b) - b(3a — b). 14. 2а(а - 36) + b(3a — b). 
15. $(8- M) - (4 - M). 16. $(x—12) - $(18 - х). 

17. 2(3 +2) - 2(3 — 2t) - 2 (x — 2t). 18. а(1+а) - a(1 - a). 


83. It is sometimes convenient to use more than one set of 
brackets. 


Example 8. А book costs x shillings and the discount is y pence. 
A customer orders 5 copies to be sent to him by post (postage 94.). 
Express, in pence, the change he will receive out of £2. 

We must express each sum of money in pence, 

Each book with the discount taken off costs (12x — y) pence, 

^. the parcel of 5 books with postage will cost (5 (12x — y) +9) 
pence, 

^. the change he receives is (480 - (s (12x — y) + 9)) pence. 

To avoid confusion, when different sets of brackets are needed, 
it is better to use brackets of different shapes. 

Thus it is better to write the above expression 


[480 - [5 (12=—5)+9]}. 
It is sometimes convenient to write 12x — y instead of (12x — y). 


The line above I2x-y is called a vinculum, which means а 
“ bond ”, and serves to bind together everything underneath. 


Similarly the line in a fraction, e.g. = У, serves as a bracket. 


When simplifying an expression that has several sets of brackets, 
it is best to remove the innermost brackets first, 


Example 9. Simplify (480-15(тах-э) +9]}. 
The expression = {480 - (бох – у) + о]} 

= {480 - [60x - sy + 9]} 

= {480 — бох+5у-9} 

7480 - box + sy - 9— 471 — box + sy. 
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Example 10. „Simplify a-- 3b — (b — 3a) - (a 4- 2b — (2a — b)}. 
The expression —a 4- 3b - b -- 3a — (a -- 2b — 2a - b) 
=a+3b-b+3a-a-2b+2a-b 
=5a~-)b, collecting like terms. 


EQUATIONS AND IDENTITIES 

34. The equalities which we have written down in this chapter 
when removing brackets are true for all values of the letters which 
occur. Thus the statement 6 (x + 2) = 6x + 12 is true for all values 
of x. Such statements are called identities. ‘They must be care- 
fully distinguished from equations, or statements which are true 
only for certain values of the letters. Thus the statement 

6(х+2)=18 
is true only when х=т, and is called an equation. 

The correct link between the two sides of an identity is =, 
which may be read “ is identically equal to ??. 

Thus 4x —y(a-b)=4x-ay+by. 

If two expressions are identically equal, either can be trans- 
formed into the other by application of the laws of algebra. 

It is recommended that a small selection only of the examples in 
Exercises 13 а, b, c should be done at this stage. The remainder 
may be postponed. 

EXERCISE 18.а 


Simplify by removing brackets and collecting like terms : 


1. 3(2х-3) + 4[x + 8(х + 1)]. 2. 8а— [4+ %(а- 6)]. 
8. 15x - 2[x - 5(2— x)]. 4. ct 3 2(c 4) - 3 (2c * 3). 
5. c3 - 2(c-- 4) + 3(26-- 3). 6. с+3+2(с-4) - 3(c - 3). 
7. 2x — {3% — (т + 2x)]. 8. 2x - [3x-* (1 - 2х)]. 

9. 2x-- [3x - 1 + zx]. 10. 2х+ [3x - 1 - 2x]. 

11. 7a -- 3(4 - (a - 1)). 12. 7a - [4 - 2(1 - aJ]. 

18. 3(2x-3)--4[3x - 8(x- 1). 14. 8c- [4d - 1 (c - 84)]. 

15. 49+ 3[x — s (y – x)]. 16. 5+4- 2(2- 3d) * 3(3 - d). 


17. 7u-- 6v - 2(u-4- 20) + 3 (u — 40). 

18. 7u-t 6o + 2(u-- 29) + 5 (v — 3u). 

. Some of the following statements are equations and some 
identities, Find which are which. 

19. 3(x--2)- 3(x—2)— 12. 20. 3(х+2) - 3(x - 2) =12. 

21. х(у+а)+зх=ху+хе+5. 22. c(c- 2) - 2(c- 2)—0. 


56 ESSENTIALS ОЕ SCHOOL ALGEBRA [СнАР. үг] 
28, x? -3(x— 2) =x2 + 3 (х+2) - 6x, 

24. у(у+2)+5(у+3)=у#+7у+15. 
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EXERCISE 13. b 

Simplify by removing brackets and collecting like terms : 
E 7€ —- [5+3 (с-4)]. 2. х+5+3(х+2) +5 (3x 4 1). 
3. 4(32 8) - 3[22-- 6(z 4 2]. 4. х+5+3(х-2)-2(х- 5). 
5. 12: -2[#-3(3-1]. 6. х+5—3(х-+2)+5(3х+ 1). 
7. 2a — [sa -- (3 — 44)]. 8. sa-- [7a - 1 + ga]. 
9. За - (8a - (2-- 7a)}. 10. 5a 407 - (a - 2)). 

11. 23a - 2[s — 3 (1 — 24)]. 12. 8а+ [sa — 4 - 3a]. 

18. 6x - [sy-&1(x oy]. 14. 5(4t— 7) + 3[2t- 9 (1 — 3)]. 


15 8-2x-3(3 * 4X) + 4(7— 2x). 16. 4¢+ 7[d — 3 (c 54)]. 
17. 2a- 35 2 (2a - b)+ s (a — 3b). 
18. 2a + 3b— 2 (2a +b) -- s (a — 35). 
Some of the following statements are equations and some 
identities. Find Which are which, 
19. A(x- 3) - 3 (v — 4) — x. 20. 4(x-3)- 3 (x--4) x. 
21. a+ 4(a— 3) - à? — 4(a+3) 4 8a. 
92. 3r(s- 1) +77 = 37$ — 3rt +21, 
28. (24-3) - 4 (zx *3)-2x* + 113 + 12, 
94. С(с-3)--3с(с- 3) +9(c-3)=0. 


EXEROISE 18. 
Simplify by removing brackets and collecting like terms : 


1: 3a - {5а- (3 +a)}. 9. 3c - [7с - (2c + 5b)]. 
8. 2t [5s — 3(s - 28]. 4. 2t — [5s — 3(s + 22)]. 
5. 9c * s[4d — 3c d]. 6. 9c — 5[44 — 3c d]. 
7. k+l- {5k-4(k+1)}. 8. 48-5-0)-7(а-). 


9. € * 70+ (50 -(зс-2)), Mw 
10. 1+2т - (1- 2n) - @т+1-2-1. 

11. @+ 36+ (5 за) - [2a — b — (a — 25]. 

12. 3+2- (s (s-8— 1). 18. dc(c - d)- d(c - dy]. 
14. x[x (x — y) + » (ax — х+ уу]. 15. 2x - {3х - x(3 -x)). 
16. (2+5) - [42 — x (2 — уу], 17. 7a c a(4b - 8 - a). 
18. 8х1 — x[4y — 3 (x+ 2)]. 


СНАРТЕВ УП 
EQUATIONS AND PROBLEMS INVOLVING 


BRACKETS 
85. Example 1. Solve the equation 7(3x — 2) -3(5x-3)=7. 
We have (21x — 14) - (15x - 9) 2 7. 
Removing brackets, 2IX— 14 — I5X 4 9— 7, 


^ бх-5=7 (this step should be carefully noted), 
-. 6x=12 (adding 5 to each side), 
х=2 (dividing each side by 6). 
Check. When х=2, 
L.H.S.=7(6 - 2) - 3(10-3)=28 ~21=7=R.HS. 
2. the solution x —2 is correct. 


EXERCISE 14.a 
Solve the following equations : 
1. 5(x-3)—3(x— 1). 9. 7(х+4)=4(х+ то). 
8. 6(14x-3)-13(7x-2)—1. 4. 5(5 — 2x) -3(8- 3x). 
5. 4(2x- 3) 27 (x — 1). 6. 5-x—-4(x—-3) - 2(x— 1). 
7. 10- (34- 2y) 2 1. 8. 9t- 5(3t- 8) -4. 
9. 1- {2x-(3x-5)-1}=0. 10. 5(x-1)=3(x+3). 


11. 4x- [7 - 2 (v - 3] 23 (v - 1) - 2(x — 4). 
12.3[3(4-3)ex]o-7[4(3-3) 11. — 18. 20-(5+42)=3. 
14. 5{3(3x 16) - 2) 2 (3 (w+ 1) - (х+ 5)). 

15. 28 - (sx — (3x + 2) +24} =о. 

16. 2(x+ 1) - [3 — (x+ x)] = 10x + 4 — 3 (4x - 2). 

17. 36 - 3[2 (s — 1) - 8] 2 4(x - 10) - 4. 

18. 2(x - 1) - [s - (x- 2] 9x - x - 5 (x — 3). 


EXERCISE 14.b 
Solve the following equations : 
I. 3(x- 7) - s (x — 4) 15. 8. o(x+2)=2(x+ 16). 
8. 18- 5(x- 1) -3(x - 1). 4. 6(4x 7) = 1o(2x — 1). 
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5. 8(7-33)-4х. 6. 32-5(х-4)-3(х-2). 
7. 7t- 3(£ 5) 2 17. 8. 18- (5 +37) 2 4. 

9. 2x- [s - (x 3)] 2x 2 - 3(x — 2). 

10. 25 - {7x – (sx — 11) -8) o. 11. 9t-7(t- 2) = 60. 
12. 6[2x – (x + 8)] =4х— 3 (x — 9). 18. 26—-(3+5у)=8. 
14. 72—3[2(х-4)-2]=4(х-2). 15. 5(9—х)=4х. 


16. 5x-[3- 2(x- 3] 27 (x * 3) - s (x 2). 
17. 3[4(3 - x) + x +x] =7[2 (6 - x) - (1 +2х)]. 
18. s[3(3x - 8) - 1] - [3 (x+ 1) - (s —х)]. 


EXERCISE 14.c 
Solve the following equations : 
1. 5(7-x)—3(10- x). 2. 16(2x- 3) 2 s(sx-- 10). 
8. 9—2(10- 2(3 - 2x)). 4. 7(8-3x)—5(7 – 2x). 
5. 2(4-2)+3(7-t)-1=16t. 86. 21 — 7{2x 3 (3 —x)}=0. 
РА HECE T= Sa 8. 26-43(с-3)-(20-5). 


9. $7 23972- 3». 


10. 8[3(x— 1) 3] -8x—^7(o- x) - (x - 1). 


11. P 3(3t- s) = t(24 0. 12. 2t(3 - 20) -4t(5 - 2) - 7. 

13. stator. 14. за+2- 2(a- 3) -2. 

15. 3(n-7) - 4 18. 4(1- s) - 31-2. 
Seu Mice 
LX ma as cara (es ee 

‚17. 279 «(t 3 18. 3- в(1+=) =" 

19. 12(x- 2) 57 (x 4- 5). 20. 3(8- 3x) - s(3 - x). 

91. 4(6-- 3x) 26 (4 4- 33). 92. 12- 4(2n 13) 2 2n x. 


98. 6(y-1)--7—3(y--3) +2. 
24. 3x - 4[1 * 2(4- 2)] 22(5x +8). 


95. 28-1-(8-0. 86. 2(a 3) 2-7. 

87. чи чет. и 30 
29. х®+5(2х- 7) =х(4+х). 30. у(у+7)=3—у(т-у). 

31. чаи. 32. k+- s(k-2)=14. 
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atm Цэрүү 28 a 
88. ju-g- e 84. 2(r- 7 CES 
Uu cgi eam 1_.(л_2) 22, 
85. "9-8 (w 3) 36. 21 з (л 2)-= 
PROBLEMS 


36. No new principles are introduced, but the equations ob- 
tained contain brackets. The pupil should revise Art. 24. 


Example 2. A father is now three times as old as his son. Five 
years ago he was four times as old as his son. Ета their present ages. 
Let х years be the present age of the son. 
Then 3x years is the present age of the father. 
Five years ago the age of the son was (x — 5) years, and the age of 
the father was (3x — 5) years. 
Hence we have 4(x- 5) years = (3x — 5) years, 
*, 4(Х— 5) =(35— 5), 
o фХ-20-43Х-5, 
2. 4%=3%+ 15, 
8218: 
Thus the present age of the son is 15 years, and of the father is 
45 years. 
The pupil will have no difficulty in checking the result. 
Example 8. A bag contains shillings and half-crowns. There 
are 18 coins and their value is 30s. How many shillings are there? 
[In this question the choice of unit is important. Sixpence is 
the most convenient unit. Why?] 
Let x be the number of shillings; then the number of half- 
crowns is (18 – х). We have y 
2х sixpences + 5 (18 — x) sixpences = 2 х 30 sixpences, 
* 2x4 5 (18 - х) =60, 
2x +90 — 5x = 60, 
*, go -3x=60, 
^. зо 3x, (adding зх — бо to each side) 
"^ 10-55, їе. х=10: 
The number of shillings is therefore то. 
Check. ТЕ there are то shillings, there are 8 half-crowns, i.e. the 
value of the coins in the bag is 10s. + 208. — 305. 
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Example 4, А man rode a distance of 61 miles in 7 hours; for 
part of the time he rode at 8 miles an hour and for the rest he rode at 
то miles ап hour. For how long did he ride at 8 miles an hour? 

Let х hours be the required time at 8 miles an hour. Then he 
rode at ro miles an hour for (7-х) hours, 

". the distance he rode is 8x miles + r0 (7 — x) miles, 
<. 8x miles + 10(7 – x) miles— 61 miles, 
2. 8x+10(7 =A= bI, 
n 8х--70- тох = бт, 
/. 70-2х= бт, 
9=2x, (adding 2x — 61 to each side) 
^o 4f-7x, be x—4l 
/. he rode at 8 miles an hour for 41 hours. 


Check In 4$ hours at. 8 miles an hour he rode 36 miles. 
In 2$ hours at то miles an hour he rode 25 miles, 1 
^ the total distance he tode is 61 miles and the solution is 


correct. 
EXERCISE 15.a 
1. If 4 be taken from а number, and the result multiplied by 7, 
the product is 49. Find the number, 


2. I thought of a number, trebled it, then added 4. The result 
multiplied by 5 came to 200. Find the number. 


8. Find three Consecutive numbers such that four times the 
greatest added to five times the least amounts to 98. 


4. Divide 40 into two parts so that twice the greater equals 
three times the less. 

5. Divide 96 sheep into two flocks, so that one-fifth of one 
flock may be equal in number to three times the other flock. 

6. A father is now three times as old as his son ; in 15 years’ 


‚7. Three years 280 a man was 8 times as old as his son. Their 
united ages at present total 51 years. How old is the son now? 


8. In 17 years а man’s age will be twice his age 13 years ago. 
What is his present age? 


„ 9. А man is 30 years older than his son ; in 4 years’ time he 
will be four times as old as his son. Find his present age. 


уп] PROBLEMS INVOLVING BRACKETS 61 


EXERCISE 15.b 

1. I£ 7; be added to a number, and the sum multiplied by 3, the 
result is 54. Find the number. 

9. Find three consecutive numbers, such that five times the 
middle one added to three times the greatest amounts to 43. 

8. I thought of a number, trebled it, then subtracted 5. The 
result multiplied by 6 came to 186, Find the number. 

4. Divide 72 into two parts, so that seven times the greater 
equals eleven times the less. 

5. Divide 92 into two parts, so that one-seventh of one part 
exceeds the other part by 4. 

6. A is 16 years older than B; 16 years ago he was twice as old 
as B then was. How old is B now? 

7. In 15 years a woman’s age will be three times her age 
15 years ago. What is her present age? 

8. In 6 years’ time a boy’s age will be twice his age 4 years ago. 
How old is he now? 

‚9. А man is 28 years older than his son ; in 5 years’ time he 
will be five times as old as his son. Find his present age. 
10, A man is 32 years older than his son. In six years’ time his 

son’s age plus one-third of his age will be 40 years. How old is 


he now? 
EXERCISE 15.0 


1. The cost of 24 books is £3 7s. Some cost 3s. 6d. each ; 
the rest cost 2s. 6d. each. How many of the latter are there? 

2. А man spent £16 14s. in buying turkeys at гэв. each and 
us at 53. each. He bought зо birds ; how many of each did he 

uy? 

8. In a shop there are 128 bags of flour, of total weight 3 cwt. 
Some hold 2 Ib. and the rest 7 Ib. How many 2 lb. bags are 
there? 

4. А man bought го tickets for £4 16s. Some cost 4s. cach ; 
the rest cost ss. 4d. each. How many were 4s. tickets? 

5. A man cycled 75 miles in 7 hours, partly at the rate of 
12 miles an hour, and partly at the rate of то miles an hour, For 
how long did he ride at the former rate? 

6. A man spent £1 in buying 36 stamps. Some were insurance 
Stamps costing rs. 2d. each; the rest were 2d. receipt stamps. 

ow many of each kind were bought? 
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7. А tramp set out to walk 71 miles. After he had walked a 
Certain distance at the rate of 4 miles an hour he was given a lift by 
a lorry travelling at 24 miles an hour. His time for the whole 
journey was 4 hours, How far did he walk? 


8. А man rode а distance of 57 miles in 51 hours ; for part of 
the time he rode at 9 miles an hour, for the rest at 12 miles an hour. 
For how long did he ride at 12 miles an hour? 


9. A has £72 and B has £12; how much must А give B so 
that B may have three times as much as A? 

10. Two boys, 4 and B, start on a day’s outing together, A with 

5s., В with 4s; During the day A spends rod. more than B and 


A then has twice as much money as В. How much has each 
spent? 


in the first division, 50 in the Second, and 400 in the third, and the 
total subscriptions аге £300. What is the subscription for each 
division? 

12. The £s 4, B, C of a pentagon are equal and so are the 


480 and E. The 24 is 20° greater than the ZE. Find the 
angles, 


18. Twenty books cost £3 133. Some cost 7s. 6d. each, and the 
Test cost 2s. each. How many are there of the latter price? 

14. A man covers 130 miles in 5 hours. For part of the way he 
travels at 40 miles an hour, for the rest at 20 miles an hour. For 
how long does he travel at the former rate? 


15. The д5 ЧС, E, F of a hexagon are equal, and so are the 


28 В and D. The 23 is 12° greater than the LA. Find the 
angles, 


16. 'T'he price of oranges having risen 14. each, it costs 4d. more 
to buy 32 oranges than it cost to buy 36 oranges before the increase. 
What was the original price of an orange? 

17. A has £45 and В has £18; how much must 4 give B so 
that B may haye Six times as much as EH 


.19. А man is 23 years older than his son. In four years’ time 
Ps топ 3 age plus two-fifths of his age will be 19 years. How old is 
е now? 


20. Thirty books cost £5 195. Some cost 43. 6d. each, and the 
Test cost 23. 64. each How many are there of the former price? 
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21. Red, green and white tickets are sold for an entertainment. 
A red ticket costs 3s. more than a green ticket, and a green ticket 
costs twice as much as a white ticket. ‘The total receipts from the 
sale of 50 red, тоо green and 400 white tickets are /42 10s. Find 
the price of a green ticket. 

22. One hundred oranges cost 8s. 11d. Some were bought at 
four for sd., and the rest were bought at five for 4d. How many 
were bought at the latter price? 

23. A man covers 237 miles in 5} hours. For part of the way 
he travels at 48 miles an hour, for the rest at 36 miles an hour. 
For how long does he travel at 48 miles an hour? 

24. The 18 A, C, Е, Е of a hexagon are equal. The 4B is 24° 
greater than the 2 4, and the / 2) is 54? less than the LE. Find 
the angles. 

25. A man is 35 years older than his son. In five years’ time 
his son's age plus three-tenths of his age will be 3o years. How 
old is he now? j 

26. A scout set out to walk 4} miles. After he had walked а 
certain distance at the rate of 32 miles ап hour he was given a lift 
in a car travelling at 35 miles an hour. His time for the whole 
journey was 18 minutes. How far did he walk? 

27. А has £342 and B has £186; how much must А give B 
so that B may have three times as much as A? 

28. Two men, X and Y, start on a holiday together, X with 
£13, Y with £13 15s. During the holiday X spends £1 15s. more 
than Y and Y returns from the holiday with three times as much 
money as X. How much has each at the end of the holiday? 

29. The 25 А, C of a pentagon are equal and so are the 25 B, 
E. The / А is 67° greater than the 2D, and the 4D is half the 
LE. Find the angles. 

30. Tickets for an international football match were sold as 
follows: tickets for reserved seats in the grand stand cost twice 
as much as tickets for reserved seats in the enclosure, and four 
times as much as tickets for unreserved seats in the enclosure; 
tickets for unreserved seats in the enclosure cost rs. 6d. more 
than tickets for admission to the ground. The total receipts from 
the sale of sooo grand stand tickets, 4000 reserved enclosure 
tickets, 2000 unreserved enclosure tickets and 40,000 tickets of 
admission to the ground were £5750. Find the cost of an un- 
reserved enclosure ticket. 


СНАРТЕК УШ 
THE CONSTRUCTION AND USE OF GRAPHS 


(The examples in the text are for class discussion) 
87. The following table gives the average maximum temperature, 
to the nearest degree (in degrees Fahrenheit), at a certain town 
during the first six months of 1935 : 


Month - - - | Jan. | Feb. | Mar. | Apr. | May | June 


Average maximum 
temperature - |. 44 48 52 56 64 72 


It is usually easier to grasp the meaning of such a set of figures, 
if they are shown in the form of a picture, or graph. The figure 
(Fig. 3) shows them as a column graph. 


AVERAGE Maximum 'TEMPERATURE JAN. TO JUNE 1935 
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The graph is drawn as follows : 

(1) Two lines called axes are taken, along which measurements 
may be made. The intersection of the axes is called the origin, 
and is usually denoted by the letter O. It is usual to take lines at 
right angles as axes. 

(2) The axes are labelled, to show what quantities are measured 
along them. 

(3) The axes are graduated, in one case to show the various 
months, and in the other to show the temperature. 

(4) Along the first axis the months are represented at equal 
intervals. 

(5) Along the second axis the temperature is represented by a 
certain scale ; in this case 1 small division is taken to represent 4°. 

(6) On the first axis, at each point which represents one of the 
months, a line is drawn parallel to the second axis, the length of 
this line representing the temperature. 

(7) The graph is given a title. 

Note 1. It is usual to draw graphs on “ squared paper ” ruled 
in inches and tenths, or centimetres and millimetres. Such 
“squared paper ” is not essential and, at a later stage, the pupil 
should be encouraged to draw rough sketches on ordinary paper. 

Note 2. It is not essential to show the zero mark on the axes. 
In the above table all the temperatures lie between 44° and 72°, 
and there was no need to graduate the scale to show all the numbers 
from o? to 80°. The alterations in temperature would have been 
as clearly shown, if along the second axis we had shown only the 
range from 40° to 80°. Had we done this, we could have taken a 
larger scale, say 1 small division, to represent БҮС 

When the range of values to be shown is small, it is very im- 
portant to choose a large scale. Consider a graph which shows 
that a man’s temperatare during a certain day moves between the 
limits 98:5? and тот:3°; if we were to show all values between o* 
and 102°, the scale would be so small that it would be difficult to 
derive any accurate information from the graph. 

88. Sometimes the tops of consecutive uprights are joined by 
Straight lines as an aid to the eye. 

When two sets of measurements are drawn on the same diagram 
it is very desirable to draw these connecting lines. 
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Example 1. The number of persons killed in road accidents in 
Great Britain during еа... week of the last quarter of the years 1934 
and 1935 is given in the following table : 


Number | 
of week| т | 2 13 1415 16| 7 |8 [о | то | 11 | 12 |13 
1934 - lraa|a 153169 178143 149146] 4155 167160 157 


1935 - |127 тат 123 


156/134 164 td ras a7 ras o8 ra 


Draw the graph and use it to find 
(i) during which weeks the deaths in 1934 were less than in 1935, 
(ii) in which consecutive weeks the increase or decrease in the number 

of deaths was the same. 
(11) in which weeks the number of deaths in 1934 differed (a) most, 
(5) least from the number of deaths in 193 5. 
DEATHS FROM ROAD ACCIDENTS IN Great BRITAIN 
1935 is represented by a thick line === 
1934 is representea by a dotted line 
0 


5 
© 


Number of deaths 


Ў: 8 
Number of week 


Fig. 4. 
The help given by the joining lines will be readily appreciated. 


Note that only the range roo to 190 has been shown along the 
second axis. 


E ТЕТЕ 
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89. There is no need to draw the uprights. It is sufficient to 
mark with a cross the points where their ends would be, as in the 
following example. 


Example 2. The following table gives a boy’s temperature (in 


degrees Fahrenheit) at intervals of 2 hours from 7 a.m. to 7 рт. 
Draw the graph. 


Time - - |7a.m. | 9 a.m. |11a.m.| I p.m.| 3 p.m.| 5 рла. 7 p.m. 
Temperature | гоо:2 | 99 98:3 | 99:5 | 100°2 | 1008 | тог 
| 
Describe in general terms the changes in the boy’s temperature. 
TEMPERATURE CHART 
101 
100 
х 
E 
$ | 
B 
$ 
> 
Я 99 
98 
7a.m. 9a.m. 1l a.m. 1 рт. 3 p.m. p.m. 7pm. 
Time of Day 
Fig. 5. 


(Nos. т and 2 іп Exs. 18a and 185 may now be done.) 
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LOCUS GRAPHS 


40. The last graph differs in one important respect from the 
first two. If the boy's temperature had been taken at intermediate 
times, we should have intermediate points on the graph. If we 
took the boy's temperature at very small intervals of time, the points 
on the graph would be very close together. If it were possible to 
keep a continuous record we should get a curve which passed 
through all the points plotted in the above figure. 

Whenever the intermediate points have a meaning, it is usual to 
draw a smooth curve through the marked points in the figure. This 
curve is not as a rule quite accurate, but it represents fairly closely 
the locus of the marked points which correspond to the intermediate 
readings. Thus, in the above graph, if we draw a curve through 
the marked points, we can find approximately the boy’s temperature 
at any time between 7 a.m. and 7 p.m., e.g. at 8 a.m. the tempera- 
ture is nearly 99°5°. Such a graph is called a locus graph, and the 
process of getting intermediate values from a graph is called 
interpolation. 

It is most instructive to compare the readings obtained from a 
barometer at various times during the day with the continuous 
reading obtained from a barograph. The pupil should draw the 
best curve he can from the barometer readings given below, and 
compare his own readings for intermediate values (say т am., 
5 a.m., 9 a.m., 11 a.m.) with those given by the barograph. It is 
clear that greater accuracy can be obtained by taking readings at 
more frequent intervals. 


BAROMETER READINGS 


Mid- 
Time - - | night | зат. |да. | б a.m. | 8 a.m. |10 a.m.| Noon 


Height їп mm. |752:0 | 749:0 |746:6 |746:6 |749°4 |7505 | 7595 


'The barograph readings are shown by the curve on p. бо. 
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BAROGRAPH 
752 
H H 
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. 750 [| 
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? 1 
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747 
| inm 
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Ги 


745 
Midnight 2am. 4am бат 8am 10ат. Noon 
Time of Day 
Fic. 6. 
\ Note. The pupil should consider what the graph would look 
like on the same sheet of paper, if readings were shown from o to 


752 instead of from 745 to 752. 
(Nos. 3 and 4 in Exs. т8а and 18 6 may now be done.) 


CHOICE OF AXES AND SCALES 
41. Choice of axes. It will be clear from the examples studied 
above that most graphs represent in picture form the alterations 
which changes in one quantity produce in the values of a second 
quantity related to the first. 
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One of these quantities is represented by distances measured 
from left to right along an axis drawn across the page; the other 
is represented by distances measured in a direction perpendicular 
to the first axis. 

In each of the examples studied above the quantity marked 
across the page has been the quantity which would be entered first 
in the given table of values. In general there is no choice—one of 
the quantities must be obtained first and the second depends upon 
it. Both quantities are called variables. The second quantity, 
which depends upon the first, is called the dependent variable ; 
the first is called the independent variable. It is a convention in 
drawing graphs that the independent variable is always measured 
across the page from left to right. 

If we wish to represent a table of values by a graph, the first 
thing to be done is to decide which variable is the independent 
variable. 

The pupil should always consider whether it is more convenient 
to place the paper so that the long edge or the short edge runs from 
left to right. 


(Exercises 16 a and 16 b may now be done.) 


42. Choice of scales. Next, it is most important to choose à 
suitable scale. In choosing a scale it is necessary to take into 
account the range of values of the data, the size of the paper avail- 
able, and the information to be derived from the graph. If the 
scale chosen is too large, it is impossible to show all the values of 
the variables ; if the scale is too small, only a part of the paper is 
used, it is difficult to plot the points accurately, and the results 
obtained from the graph are not sufficiently reliable. 

It is also important to choose a scale which makes plotting and 
reading easy. Тһе most convenient scales for this purpose are those 
in which т inch represents т, 10, 100... or œI, O'OI, ... units. 

If such a scale is inconvenient, г inch may be taken to represent 
2, 20, 200... OF 02, 0°02, ... units, or 5, 50, 500, ... OF 0:5, 0°05; + 
units. 

It is advisable to avoid scales in which т inch represents 3, 30, «+ 
7,70, ..., 11, IIO, ... units, unless all the readings given or required 
are multiples of those numbers. 
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It has already been pointed out that it is not necessary to show 
the zero graduation. Thus, if we wish to represent along an axis 
numbers ranging from 117 to 198, we should show the range from 
110 to 200 only. 

(Exercises 17 а and 17b may now be done.) 


EXERCISE 16.a (Oral) 

Graphs are to be drawn to show the connection between the 
following pairs of quantities. State (i) which is the independent 
variable (which must be measured across the page), (ii) whether the 
intermediate points have any meaning. 

1. Date and population of Wales. 

2. Number of metres equivalent to 10, 20, 30, ... yards. 

3. Time of day and height of tide. 

4. Day of the month and lighting-up time on that day. 

5. Amount of tax of a motor-car of 8, то, 12, ... H.P. 

6. Amount of premium for £100 Life Assurance for males aged 
30, 35, 40, ... years. 

7. The distance d yards in which a train running at v miles per 
hour can be stopped. 

8. Day of the month and number of hours' sunshine on that day. 


EXERCISE 16.b (Oral) 


See instruction at the head of Exercise 16 a. 
1. Date and number of candidates for the Cambridge School 
Certificate. 


2. Time of day and number of hours' work done. 

8. Number of francs equivalent to 10, 20, 30, --- shillings. 

4. Price of a motor lorry of 12, 15, 18, ... H.P. 

5. Compound Interest on £100 at 5 per cent. for 1, 2, 3, ++. years. 
6. Day of the month and time of sunrise. 

7. Date and National annual expenditure. 

8. The time of a complete oscillation for pendulums of lengths 


2, 4, 6, ... ft. 
EXERCISE 17.a (Oral) 
With a sheet of paper 63 in. broad, choose scales for readings 
ranging from : 
1. oto rr. 2. 15 to 78. 8. 42 to 167. 
4. 336 to 948. 5. 18:35 to 18:97. 6. 0:678 to 0°74. 
7. 4350 to 10,550. 8. 284 to 400. 
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EXERCISE 17b. (Oral) 


With a sheet of paper 6$ in. broad, choose scales for readings 
ranging from : 


1. o to 58. 9. 417 to 470. 8. 8о to 320. 
4. 168 to 474- 5. 17:02 to 18:23. 6. o'313 to 0'434- 
7. 2170 to 5300. 8. 1801 to 1921. 

EXERCISE 18.4 


1. The following table shows the average rainfall at Cherra- 
punji : 


Feb. | Mar. | Apr. | May | June 


Month - - - | Jan. 


Rainfall in inches - | 05 | 2:8 96 | 314 | 50:5 | 929 
| 


Month - - - | July | Aug. | Sept. | Oct. Nov. | Dec. 


Rainfall in inches - | 99:4 | 82:6 | 354 | 217 28 | 04 


Draw the graph. By looking at the graph, find 
(1) which are generally the wettest months of the year, 
(ii) which months have an average rainfall of less than 3", 
(iii) which months have nearly the same average rainfall. 
Have the intermediate points any meaning? 
9. The following table gives the value of the diamonds produced 
in the Union of South Africa in millions of 48. Draw the graph- 


Year - - 1926 | 1927 1928 | 1929 | 1930 | 1931 | 1932 | 1933 


Value -  -|107 |124 |167 |106 | 83 | 42 | 17 16 


By looking at the graph, find 

(i) in how many years the value of the diamonds produced 
exceeded £10,000,000, 

(ii) which was the most prosperous year for the dfamond 
industry, 

(iii) the two years in which unemployment in the diamond 
industry was most severe. 5 

3. The following table gives the population of India (in 

millions). 
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Year  - - | 1881 1891 Тагт 1921 | 1931 


Population -| 254 | 287 | 294 | 315 | 319 | 353 


Draw the graph. Estimate the population of India in the years 
1897, 1920, 1925. 

4. The cost of fuel (С) per week of 54 hours, for an engine of 
brake-horse power (P), is given in a certain price list as follows : 


Р - то 20 50 80 | тоо 


39s. 64. 


С - 53. 98. 21s. 6d. | 31s. 6d. 


Draw the graph. What is the probable cost for engines of 15, 
30, 70, 85 horse-power ? 
5. The following table shows the average rainfall at Winnipeg : 


Month - - - | Jan. | Febe | Маг. | Apr. May | June 


Rainfall in inches - | 0:9 o8 13 1:6 273 33 


Month- - - | July | Aug. | Sept. | Oct. | Nov. Dec. 


Rainfall in inches - | 32 | 23 rg jud c EO 


Draw the graph. By looking at the graph, find 
(i) which is generally the wettest month of the year, 
(ii) which is likely to be the best month for a holiday. 
6. The following table gives the annual premium £P payable 
during 20 years by a man aged A years next birthday for a whole 
life assurance of £1000 (without profits) : 


4- -| 30 | 33 | 36 | 49 | 42 | 45 | 48 | 59 
P- --| 25 |205 267 | зо |325 |35:5 (38:5 | 41 
1 


Draw the graph. In the table from which the figures were taken 
there was a misprint, which is reproduced above. Find from your 
curve which entry is wrong, and estimate the correct entry. Have 
the intermediate points any meaning? Estimate the annual 
premium for men aged 32, 40, 46 years next birthday. 
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7. The following table shows the average temperature at Milan : 


Month - - - | Jan. | Feb. | Mar. | Apr. | May | June 
Temp. in degrees Е. | 32:2 | 379 | 461 | 551 62:4 | 70:2 
Month - - - | July | Aug. | Sept. | Oct. Nov. | Dec. 


Temp. in degrees Е. | 751 | 72:9 65:8 | 55:4 | 440 | 353 


Draw the graph. From the graph find 

(i) the months in which the average temperature exceeds 70° F., 

(ii) the three coldest months, 

(iii) the months in which the average temperatures are most 

nearly equal. 

8. In an experiment with a certain pulley the effort P Ib., 
required to raise a load W Ib., was found to be as follows. 'The 
efficiency e is also given. 


W то | 20 | 30 | 40 | 50 | бо | 70 | 80 | до |тоо 


P| 34 4$ | 64 |7 | о | то} | 124 | 132 | 15 16$ 


е |12:8 |тт°т |200 |22'2 | 23:1 | 23.8 |23:8 |242 |25°0 |253 


Draw graphs on the same sheet, showing Р апа е аз W alters. 
Find P and e when W —25, 53, 88. 
Find W (i) when P= то, (ii) when e— 22. 


EXERCISE 18. b 


1. The following table shows the average temperature at 
Vladivostok in a certain year : 


Month- - -| Jan. | Feb. | Mar. | Apr. | Мау | Тапе 


ажыны Sar am 


‘Temp. in degrees Е. 8 13:8 | 27:2 | 396 | 491 56:8 


Month-  - - | July | Aug. | Sept. | Oct. | Nov. | Dec. 


— 


Temp. in degrees Е. | 64:9 | бол | 617 | 49 | 307 | 138 
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Draw the graph. From the graph find 
(i) the three hottest months, 
(ii) the months in which the average temperature is between 
30° F. and 50° F. 
What do you notice about the temperatures of the three coldest 
months? Have the intermediate points any meaning? 
2. The following table shows the average rainfall at Durban: 


Month - - - | Jan. | Feb. | Mar. | Apr. May | June 
Rainfall in inches - | 45 44 45 го | 20 | o8 

Month-  -  -|]ul | Aug. Sept. | Oct. | Nov. | Dec. 
Rainfall in inches - | o9 | r9 | 36 38 АЗЕ 


Draw the graph. By looking at the graph find 
(i) which month has the highest and which the lowest average 
rainfall, 
(ii) which months have an average rainfall of less than 2 inches. 


3. The following table gives the population of U.S.A. in millions. 
Year - - | 1830 1840 1850 1860 1870 1880 
Population - | 12:9 171 23:2 | 314 | 398 | 502 
Year - - | 1890 1900 | 1910 1920 1930 
Population - | 62:9 | 760 | 920 | 1057 122:8 


Draw the graph. Estimate the population of U.S.A. in the 
years 1845, 1875, 1925. ^ 

‚4. The price ДР, of certain engines of brake horse-power H is 
given as follows. Draw the graph. 


Н-|: 4 Цог 14} 


| 


129 1бо 183 211 247 259 


12} horse-power. If the 


Estimat Я ines of 5, 9, 
ate the price of engi 5, robable horse-power? 


Price of an engine is £225, what is its p 


== 
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5. The following table gives approximately the amount ДР of 
Дт at compound interest for п years at 22 per cent. 


п - 5 то 15 20 25 зо 35 40 


P -| 1-13 | 1:28 | 1-45 | 1°64 | 1°85 | 2:10 | 237 | 2°60 


Draw the graph. Estimate (i) the amount of £100 in 18 years, 
Gi) in how many years Дт will amount to £2, reckoning 2$ per cent. 
Compound Interest in each case. 

6. The following table gives the annual premium £P payable 
during life by a man aged A years next birthday for a whole life 
assurance of £1000 (without profits), Draw the graph. 


А - | 20 25 30 35 40 45 50 55 


О та оту 21 25:5 | 315 40 


In the table from which the figures were taken there was а mis- 
print, which is reproduced above. Find from your graph which 
entry is wrong and estimate the correct entry. Estimate the 
annual premium for men aged 24, 42, 53 years next birthday. 

7. The following table shows the average rainfall at Seathwaite : 


Month- - -| Jan. | Feb. | Mar. | Apr. | May | June 
Rainfall in inches - | 13:5 | rr | 105 | 6:8 76 то 


Month - - - | July | Aug. | Sept. | Oct. | Nov. | Dec. 


Rainfall in inches - | 8:8 11:6 


ЇРА | a2:38.| x3: | 1:5" 


Draw the graph. By looking at the graph, find 
(i) which is generally the wettest month of the year, 
(ii) which is likely to be the best month for a holiday. 


8. The following table gives the immediate annuity £I which 
can be purchased for Дтооо by a man aged A years next birthday : 


4 -| 45 | so | 55 | бо | 65 | то | 75 | 80 


I -| 596 | 65-6 | 73:8 | 848 | 998 | тат 152:6 | 192°4 
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Draw the graph. Estimate the annuity which can be purchased 
for £1000 by men aged 52, 63, 77 years next birthday. 


TEST PAPERS II 
A 
1. If a—2, b=4, c=6, find the values of 
@) а+Ь(а+с), (1) (a+date, (їй) at+bate. 
2. Solve the equations 
@) 3(5x-2)-2(34-1)-4(8-2), (ii) $(®—3)=т. 


8. Two base angles of an isosceles triangle are ах” and («+ 36)°. 
Find all the angles of the triangle. 


4. А has 3 times as much money as В. If A gives B5 shillings, 
he will then have twice as much as 5 
В. What had each originally? 


t 

5. The length of wire required to * 

make the grid in the diagram is & 

26”. Find the length and breadth Ü 

of the grid. Y 
4—---c (x4 7 АЎ 


6. (i) Add. за-4р+6с to ке 
2a+3b-3c, and take the result from ба - 6c. (ii) Simplify 
5х — 3[2у + 3 {42 — бх) – 52] +. 


B 
1. If x—4, у=о, 2=3, find the values of 
(i) #(2y-+2), (ii) (3x- 22)”, (ii) 3x" - 222. 
9. Solve the equations : 
(i) (34-7) =4, 
(ii) A(x - x) -4(2 — 33) +. 
\ (3x-35)° 3. Find х in the diagram, 


© and hence prove that РОО 
is a straight line. 


4. Simplify 


(05-4-2, (ii) 158-429) 32 +): 
5. А cup and saucer cost 3$. 7 CUPS cost 3d. less than 10 
Saucers, Find the price of each. 
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6. In a cricket match one side scored x runs and (х + 71) runs: 
the other side scored (3x — 7) and (2x — 50) runs, and lost by 2 runs. 
What were the scores? 


€ 
1. Simplify, and arrange in descending powers of а: 
(а? — да - 2)за* - (2a - т+а*)за. 
What is (i) the coefficient of a^, (ii) the term in a. 
2. Их=5, y—2, find the values of 
GQ)sx-2(x-yP, ()4(x45) -3(x-5*. 
3. What value of { makes Fer. 
equal to 5 - 2t? i 
* 4. In the figure 4C — BC ; find 
(122-10) L АСВ. 


Е Me 5. If a greengrocer buys 15 dozen 
cauliflowers at x shillings a dozen, and sells тт dozen at (x— 1) 
shillings a dozen, and the rest at (х + 31) pence each, what is his 
profit 


6. The following table gives the number of years E that a male 


о years may be expected to live (1.е., the expectation of 
е”): 


А - | 20 25 зо 35 40 | 45 5° 


Е -| 44-2 4о 35:97 |317 277. | 239 | 203 


Draw the graph. Have the intermediate points any meaning? 
Estimate the expectation of life of males aged 28, 36, 49 years. 


D 
1. (i) What must be added to 3 (4x — 2y + z)tomake 5 (3x +y — 22)? 
(ii) Simplify 35 — [5a — (6a + 2(10a – Б). 
2. Solve the equations : 
: ZrO УЛ 
(i) 5-(3 ~22)=——, (ii) 3 (2-3) - 5(12-2х)=5. 
8. If x—7, y=3, verify that (x – у) = х3 — 3x2y + 3xy2 - 9%. 


4. By riding a part of a journey at 32 miles per hour and walking 
the rest at 3 miles per hour, I travel 60 miles in 5j hours. How 
far do I walk? 
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5. In the figure, AB, CD are parallel. Find x, and show that 
LBAC —9o*. 


6. (i) A boy was a years old 9 years ago. How old will he be 
in (a — b) years? 

(ii) Find the cost of 2a apples at (за - 2) pence each, and 4 pears 
at (2a - 3) pence each. 

E 
І. If x— 15, y=4, 2—3, t— 1, find the values of : 
G)(x-y)—(z-2, (1)х-у-1(8-0, ()(x-5)—2-t. 
2. Simplify (i) 2(x- y +2) +3(х+2у – 38) - 4(2y +z- 33), 
(ii) a(3a2 - та + 5) - à? 2— a(7 - 3a) * 7 +24. 
8. Solve the equations : 
(i) 302+ 5=x(3x+2), (И) 5(3x- 1)=4(2x + 2) +5 


E In the diagram the marked angles are equal. Find the other 
angle. 


E A р 
5. Ais 6 times as old аз В, and A’s age 32 years ago was the 
same as B’s age will be 28 years hence. Find their ages at present. 
6. A man, aged A years next birthday, wishes to obtain £1000 
(without profits) on attaining the age of 65 years or at death, if that 
should occur previously. The following table gives the annual 
premium ДР payable : 


Draw the graph. Estimate the premium payable by a man aged 
28, 42, 53 years next birthday. 
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1. Find the sum of 6x-(2y-x) and y-(3x-2y) and sub- 


tract it from 2(2x + y). 
BEL T 2. The diagram represents a rec- 
tangle andits diagonals. Find x. 
шар 8. If a=4, b=2, сет, find the 
values of 


(i) (a- B? - (b-c) +(a-0)*, (ii) 4(a- b + 3(b- 2 - 2(a - с). 
4. Solve the equations : 
(0 5a-- (7 — за) + (6a — 3) - (4 - 2a)) = то, 
(1) $(x— 16) = 2 (x - 23) - 65. i 
5. If the area of the walls of a room is denoted by A sq. ft., its 
length by / ft., its breadth by b ft., and its height by А ft., it is known 


that A=2h(1-+b). What will be the height of a room whose length 
is 18 ft., breadth та ft., and the area of whose walls is 650 sq. ft.? 


6. Some of the following statements are identities and the 
others are equations. Find which are the equations, and solve them. 
(i) «(x 3) - 3 (x 4) — x, (0) 4(x-- 3) - 3(x - 4) - 30 

(Ш)а8-х(5-3)-58-5(5-3), (iv) a? -x(x-y) =y?-y(y-4)- 


G 


1. If c" is the length of the longest side of a triangle, and a” and 
b" are the lengths of the shorter sides, it is known that the triangle 
is right-angled, if c?=a?+b?. Find which of the tr'angles whose 
sides are the following lengths will be right-angled : 


@) 3", 4", s"; (ii) 6^, 15”, x7"; 
(iii) 25", 247, 7”: (iv) 5”, 6", 7”. 
9. Solve the equations (i) 34—5 
E т 
—o, (ii) 1 - 2(3 - x) - (%2), 
(ii) 437% 19-72 


8. I buy a cwt. of sugar for £c. 
I sell 4 cwt. at c shillings a pound, 
and the rest at ос pence a pound. 
What profit in pence do I make? 


4. Find an expression for the 
perimeter of the diagram. If the 
perimeter is 22”, what is x? What 
is then the area of the figure? 


—---- A л... 
я 


=> 


< 
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5. In an audience of 546 people, there are 52 more men than 
women, and 163 more women than children. How many are there 
of each? 

_6. In catering for a dinner the following scale of charges was 
given. 


Number of 
guests - 50 тоо| 150 200 |250| 300 350 

| 

Charge per | 
head — - | 7s. 6d. | 6s. | 5s. 6d. | 58. 3d. | 53. | 45. od. | 4s. 8d. 

| 


Draw the graph, and estimate to the nearest penny, the charge 
per head for 130, 275, 315 guests. 


н 
MESA 
1, If XZ - 4YZ, find х. es 


2. Simplify (i) 7х- s[(3 - 2 (2% - 2)) + 2x] - 2, 
(ii) (за®)8 + (20°), 
$. Solve the equations : 
(i) 11b+3[2(2b + 5) - 3b] =4 (8-4), 
Gi) 2g¢-19- [3 + (5 - 49] =зс- (6с- 5). 
4. (i) If paraffin costs Дх ys. for K pints, what is its price in 
shillings per gallon? Í 
(ii) Find five consecutive odd numbers whose sum is 155. 
5. If a number of half-crowns and one less than twice that 
number of florins make 3 guineas, how many florins are there? 
6. In a factory the men get 10s. a day and the women 8s. a day. 
200 people are employed and the wages are £92 a day. How 
many men are employed at the factory? 


I 


1. Write down the number represented by ЗА + 53? +2 when 
X—10; and the number represented by DE when у=о'т. 
2. Solve the equations : 
(i) 3(3x— 1) - 6 (w+ 1) 2 12 (x t 1) - 2 (se +3), 
(ii) A(4t-- o2) - 3(1 - 20) =1°4(t + 8) + об. ! 
8. А man buys (50+ 3v) lb. of tea at 1s. той. per Ib. and (7u — v) 
Ib. at 2s. id. per lb. Не sells the whole for 28. per ib. What is his 
gain in pence? 
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4. Twenty-two books cost £4 14s. Some cost 6s. 6d. each, and 
the rest cost 3s. each. How many are there of the latter price? 


5. Simplify by removing brackets and collecting like terms: 
© 8p+3l4q-sp+a), (i) 2B(3- B 2B?) - 5B'(1 +B). 
6. Of three brothers, each was three years older than the next 


younger and the eldest was four times as old as the youngest. 
What were their ages? 


J 


1. А man walks at the rate of c miles an hour for x hours; he 
then rides for y hours at the rate of d miles an hour. How far has 
he travelled, and how long would it have taken to ride the same 
distance at 2 miles an hour? 

9. Solve the equations : 

0) x5(3x —4) - 4(7x —9) 2 4 (x 17), 
(ii) -4(6-9+3(-4)=-4(5-Э+3(#-2) - (3t - 2). 

8. If x 27, у= 5, find the values of 

0) (ху) Gi) (2 +92)? - xy (x? — xy + 9”). 

4. Two men, C and D, start on a holiday together, C with £34 
апа D with £30. During the holiday D spends £4 more than С 
апа at the end C has twice аз much as D. How much has each 
‘spent? 

5. Simplify by removing brackets and collecting like terms : 


(i) 8-3[4q-sp+al, (ii) k(5 +21)—[8k-k(x+3))]. 
6. The following table gives the weight of an infant during the 
first year of life : 


Age in months -| о 2 | 4 6 8 то | 12 


Weight in pounds -| 8 II Е 163 | 184 | 20$ | 23% 


Draw the curve, and estimate the infant's weight at 3, 7, 1! 
amonths. 


K 

1. (i) Simplify (429)? – (ac2)®. 

(ii) What must be added to 5(3a – 2b — 7c) to make 

8(a-- 3b — 2с)? 

2. Simplify by removing brackets and collecting like terms : 

(0 4a+ (76 -2(6+за)}, (ii) x[3x(zx-- sy) - sy (3x — 49]- 
8. Solve the equations : 

(i) 9x-29-3(7-3)-5(2x-8), (ii) о-3х+4-7(*-2)=2'6 


——— ee 
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4, A dealer buys р tons of coke at а shillings per ton. If he sells 
it at r pence per cwt. without gain or loss, prove that 39 = 5r. 

5, Some of the following statements are identities and the others 
are equations. Find which are the equations and solve them. 

(i) x-3[x- 2(3 - 9] 72, 

(ii) 5(x—2)- 2(x - 5) =3% 
(iii) за? — a(3a — 2b) = 5b? - b(sb за), 
(iv) 38 - t(3t- s) - 4t- 2(2t - 5). 

6. In a subscription library the members are divided into three 
divisions, the second division paying half the subscription paid by 
the first, and the third 7s. 6d. less than the second. 'There are 
30 members in the first division, тоо in the second and 240 in the 
third, and the total subscriptions are £210. What is the sub- 
scription for each division? 


L 


‚1. А cricketer finds that when he has played a completed 
innings his average is t runs, and that when he has played Ь com- 
pleted innings more, his average is s runs. What was his average 
for the last b completed innings? 
2. (i) From (ба - 5b+9¢) take (га + 9b + 40). 
Gi) What must be added to (4x+3y) to make (7x +y- 22)? 
$. The angles А, C, E of a hexagon are equal, and so are the 
angles B, D and Е. The angle B is 42° greater than the angle A 
Find the angles. 
4. Solve the equations : 
(i) 2(4- 5D - 5(3t- 2) - 3t +2, 
(ii) 7[3 (2 - &) - 4] = 7e - 28(2 - 0). У ) 
5. The perimeter of a rectangular playing field is half а mile. 
Twice the width is 160 yards more than the length. Find the 
length of the field. 
6. A rifle sighted at 1200 yards is fired from a point x йд 
height of the bullet above the horizontal through X is given below. 


Horizontal distance 
from X in yards - | тоо | 200 | 400 | 500 | боо |700 | 99° ое 


Height of bullet in 
fect 8001) | то | 19-7] 3571 493] 43°5| 44-2 373| 28-7] 1655 
Б. ^зе шэн зална E 


Draw the graph, and estimate the height of the bullet at (1) 300 
yards, (ii) 800 yards from X. 


CHAPTER IX 
DIRECTED NUMBERS 


43. In the previous chapters the signs + and — have stood for 
orders to add or to subtract, as in Arithmetic. Thus, the expression, 
8+5, means “То 8 add 5”. The expression, 12-07, means 
* From 12 subtract 7 ”. The numbers 8, 5, 12 and 7 are the ordi- 
nary numbers used in Arithmetic. For many purposes these 
numbers are all that we need. But there are occasions when it is 
convenient to use a different kind of number, called a directed 
number. Consider, for example, a town lying on a road running 
East and West. If a car passes through at a speed of 25 miles per 
hour, where will it be two hours later? We cannot answer this 
question unless we know whether the car is travelling East or West. 
The answer may be either 50 miles west of the town or 50 miles 
east of the town. 

When quantities which involve the idea of direction occur, it is 
a convenience to extend the meaning of the symbols + and -. 
Thus, in the above example, we may agree to attach the + sign 
to all distances measured east of the town, and the — sign to all 
distances measured west of the town. If the car is travelling East, 
the answer will be + 50 miles from the town; if the car is travelling 
West the answer will be - 50 miles from the town. 

The numbers +50, -50 are called directed numbers. The 
number +50 is called a positive number, the number – 50 8 
called a negative number. The number 50 used in Arithmetic is 
called a signless number. To avoid confusion we shall, for the 
present, enclose directed numbers in brackets, e.g. (+50), (- 50). 

The symbol o means that there is no change either way. Thus 
(+0) is the same as ( — о) and, as there is no possibility of confusion, 
each is denoted by o. 

Time may be reckoned forwards or backwards from a fixed date. 
Thus A.D. 1860 may be called (+1860) and в.с. 65 may be called 
(- 65). 

Temperature may be measured by the amount above or below 
zero. In the Centigrade system freezing point is represented by o^ 

84 
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a temperature of 30° above freezing point is represented by (+ зс)°, 
a temperature of то? below freezing point by (— то). 

If a man has £20 to his credit at the bank, we may say that he 
has £(+ 20), if his account is overdrawn and he owes the bank £15, 
we may say that he has £(-15). 

It should be noticed that the choice of the signs + and - is 
quite arbitrary. Thus in the first example it would have been 
equally convenient to denote distances measured West by +, and 
distances measured East by =. The choice is merely a matter of 
convention. 

EXERCISE 19.4 (Oral) 
1, What аге the meanings of (- x), when (+2) has the following 
Meanings : 
(i) “ put £x in the bank” ; 
(ii) “ a fall in the temperature 0”; 
(iii) “ x minutes after midnight ?? 

2. What are the meanings of (+2), when ( — p) has the following 
meanings : 

(i) “ а fall in the temperature АЯ 
(ii) “ put the clock on р minutes 85 
(iii) * go back р yards ” ? 

3. If the hours of the day are reckoned positive from noon 
onwards, 2 p.m. would be written (+ 2) and 9 a.m. would be written 
(-3). Express similarly : 

0) 6p.m.; (ii) 4a.m.; (iii) 10 p.m. 5 (iv) 2 a.m. 

4. In contour maps, if heights above sea-level are reckoned 
Positive, depths below sea-level would be reckoned negative. 
Express in directed numbers : 

(i) 3650 ft. above sea-level; (ii) 1300 ft. below sea-level ; 

(1) 2840 „ „у 3003025030 EL AN 

5. What meaning is to be attached to the following statements? 

(i) Bradford is (- 10) miles East of Leeds ; 
(ii) The clock is (- 5) minutes fast ; 
(iii) The barometer has risen (- 2) mm. 


EXERCISE 19.b (Oral) 
1. What are the meanings of (-9), when (+y) has the following 
Meanings : 
(i) “ put the clock back y minutes ” ; 
(ii) “ go y miles West ” ; n 
(iii) “ an increase in salary of Ду”? 


MA. D 
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9, What are the meanings of (+), when (— 1) has the following 
meanings : 
(i) * take £t out of the bank ” ; 
(ii) * buy £ Ib. of sugar ” ; 
(iii) * I owe my employer Zur 
3. In using the Centigrade scale, temperatures above freezing 
point are written +, temperatures below freezing point are 


written —. Express in directed numbers : 
(i) зо? above freezing point; (ii) 20° below freezing point; 
їн) rrol dies 50) GVA 05 3 ” 


4. If velocity vertically upwards is reckoned positive, velocity 
vertically downwards would be reckoned negative. 
Express in directed numbers velocities of: 


(i) до ft. per sec. upwards; (ii) 8 ft. per sec. downwards ; 
(iii) 2455 ” ” ; (iv) 336. 5, » » » 
5. What meaning is to be attached to the following statements? 
(i) The school is ( — 42) feet below sea-level. 
(ii) The price of tea has gone down ( — 2) pence per lb. 
(iii) The population of England has decreased by (— 2) per cent. 


ADDITION AND SUBTRACTION 


44, Consider the figure on p. 87, which represents part of the 
scale of a Centigrade thermometer. 

If the initial temperature is (+ 2°) what is the result of rises of 
(5°), (739), (- 8°), CF 4^) respectively? 

A rise of (+ 5°) takes us up 5 steps from (+ 2°) and brings us to 
(+7°). А rise of (- 3°) takes us down 3 steps from (+ 2°) and 
brings us to ( — 1°). 

Similarly rises of ( — 8?) and (+ 4°) bring us to (— 6°) and (6°) 
respectively. 

Again, if the initial temperature is (-- 1?) and the final tempera- 
tures are (+ 6°), ( — 7°) it is easily seen that the rises of temperature 
are (+ 5?) and ( — 8°) respectively. 

More generally, consider the expressions : 

(+3)+(+4), (+3)+(-4), (-3)+(+4, (-3)+(- 9 
(i) To add (+ 4) to (+3), start at (+ 3) on the scale and move мр 
4 steps, reaching (+7). Thus (+3)+(+4)=(+7). 
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(ii) To add (— 4) to (4-3), start at (+ 3) on the scale and move 
up (— 4) steps, ie. move down 4 steps, reaching (—1). 
Thus (--3) (- 4)=(- 1). 
Gii) To add (4-4) to (- 3), start at (- 3) on the scale and move 
up 4 steps, reaching (4-1). "Thus (= 23-427 1). 
(iv) To add (— 4) to (- 3), start at (-3) on the scale and move 
up (—4) steps, i.e. move down 4 steps, reaching (-7). 
Thus (-3)+(-4)=(-7. +7 
For subtraction, since 
G (+3) Co) C we have (+7) - (+4)=(+3)3 
(i) (+3) (- 92 C- 2, we have (-0- (097 (63); +5 
(iii) (—3)- (4) = (+ т), we have (+ -(+4д=(—3); |4 
v) (-3+(-4=(-7), we have (-7)-(-4=(- 3): 
Thus to subtract (+ 4) from (+7), start at (+7) on the 
scale and move down 4 steps, reaching (+3). 
To subtract ( — 4) from ( - 1), start at (-1onthescale һы 
Э хн down ( — 4) steps, i.e. move up 4 steps, reaching б 
+3). 
To subtract ( + 4) from (4-1), start ас (+1) on the scale 
and move down 4 steps, reaching (— 3). -2 
To subtract ( — 4) from (— 7), start ас (—7) onthe scale |; 
and move down ( — 4) steps, i.e. moye up 4 Steps, reaching 


1453). -4 
In general + (+ а) ог — (— а) means move пр asters, о 

and +(- а) or - (+ а) means move downasteps. |6 
We thus obtain the rule of signs : э S 
Whenever + (+ а.) or -(- а) appears іп an expression, о : 


we may write it as +а. 1 
Whenever + (— а) ог — (+) appears in an expression, we may 
write it as — a. 


45. In Arithmetic we should say that the expression 3—4 has 
no meaning; but, if the numbers are understood to be directed 
numbers, ie. (+3)- (+4), it has been shown above that the 
expression is equal to (- 1). 

Once this is clearly understood the use of brackets to denote 
directed numbers may be dropped, and the symbols + and. - may 
be used to denote either addition and subtraction ог direction. 
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'Thus we may write 
3-4= 75 -15+7+6=-2, 
3х-4х=-%, - 15a + 7а + 6a — - за. 

In Art. 31 we stated certain rules for dealing with brackets, but 
these rules were restricted, because every expression had to be 
arithmetically intelligible. The above work shows that with 
directed number the same rules still hold, and the restriction is no 
longer necessary. 

We therefore have as a general rule : 

In removing brackets, if the sign before the bracket is +, the + 
and — signs inside the bracket are unaltered ; if the sign before 
the bracket is —,the + and — signs inside the bracket are changed. 


46. Consider again the scale in Art. 44. Take the expression 
471555235 ie. start at +4, 80 down 7 steps, go up 5 steps, 89 
down 3 steps, finally arriving at - 1. Thus4-7*5-3— — I. 

Now take the same steps but in a different order, e.g. 4^ 5 ^7 ^ 3; 
i.e. start at +4, go up 5 steps, go down 7 steps, go down 3 steps, 
finally arriving at — 1. Thus the two results are the same. The 
pupil should verify that the same result is obtained whatever order 
is taken. 

In general, in an expression consisting of numbers connected 
by + and - signs, the numbers may be re-arranged in any order 
without altering the value of the expression, provided that the signs 
in front of the numbers are moved with them. 

The pupil is reminded that if no sign stands before a number, the 
sign + is understood. 


Example 1. Simplify (3a — 7a - 12a + 15a — да). 

The expression equals 3a- 15a — 7a — 12a — 9a 
= 18a - 28a = - 10a. 

Example 2. Simplify — 5x 4 7x — 11x t 3x t 4x. 

The expression equals 7x-- 3X + 4x — 5x — IIx 
=14х-16бх= -2x. 

Example 8. Simplify (2х — sy) - (4x — 99). 

The expression equals 2x — 5y — 4x t 9y 
—2x—-4X-9y-5y— -2х-4у 
=4у-2х. (See Note 2, below.) 
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Note 1. In performing the calculations it is simpler to group 
together like terms having the same sign. This may be done 
mentally, if preferred. 


Note 2. If positive and negative terms occur in the final result, 
it is customary to write the positive term first. 


Note 3. In the expression 4y - 2%, the coefficient of y is 4 and 
the coefficient of x is – 2. The terms of the expression are 4y 
and - 2x. 

EXERCISE 20.4 
(Many of these may be taken orally) 

1. The temperature (Centigrade) is (412?) What does it 
Ex after (i) a fall of (+ 18°), (ii) а rise of ( — 8°), (iii) a fall of 

9. The temperature (Centigrade) is (— 12°). What does it 
become after (i) a rise of (+ 18°), (ii) a fall of (+ 18°), (iii) a rise of 
(— 8°), (iv) a fall of (— 8°)? 

8. I have (+ 6a) shillings at the beginning of the day. How 
much have 1 at the end of the day, if during the day : 

G) І earn (+ га) shillings and spend (+ 9a) shillings, 
(ii) І earn (+ 2a) shillings and borrow (+ 4a) shillings? 

4. А man has а bank balance of £21 ; he deposits £30, with: 
draws £10, withdraws £50. What is his balance now? 

5. A man starts the year with a deficit of £40, and ends the 
year with a deficit of £10. Whathas he (a) gained, (6) lost during 
the year? Express each answer as а directed number. 

8. A train is moving with a speed of 50 miles an hour. What 
are the speeds relative to this train of others moving 1n the same 
direction at 66 miles an hour, and at 30 miles an hour; also of one 
moving in the opposite direction at 28 miles an hour? 

. ?. Find the values of : 

G(-1)4«(-9, G (-1)+(+9), 00 (-2)+(+2), 
@) (-2«(-2, Са 

8. Find the values of : 

0) (+11a)+(- 9a), Gi) (110) +(- 9) 08) (- 2b) + (~ 2D), 
(9) (~ 25) + (428), (0 (440 4(- 70, (0 (739 +(- 99: 

9. Fill in the blank spaces : 

G (-34( )=(+5), (ii) (+3)+( )=(-2), 
(iii) (+7)+( )=о, (iv) (+7) +( )=(-7), 
(0 (212-£( Je ООВ )=(+4)- 
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10. Find the values of : 

© (+7) -(+9), (i) (-3)-(+9), (iii) (-3)-(-9» 
(iv) (-3)-(- 1), (9) (+7)-(- 5), (vi) (-9-(-Э. 

11. Find the values of : 

(i) (- 5x) - (+124), (ii) (- 5х) - (- 12%), (iii) (- 32) — 0, 
(iv) (- 34) - C- 2, (v) (+82)-(- 60, (М) (- 80) - (- 72). 

12. Find the values of : 

© (+7) -(- 3), (ii) (+ 8)+(- 8), * (iii) (— 6) - (7 15), 
Gv) (= 6) - C^ 15), (vy) o-(-2) (vi) (—7)+(+4). 


EXERCISE 20.b 


(Many of these may be taken orally) 


1. The temperature (Centigrade) is (— 16°). What does it 
become after (i) a rise of (+ 28°), (ii) а fall of (+ 28°), (iii) a rise of 
(- 7°), Gv) a fall of (- 7°)? 

9. The temperature (Centigrade) is (+ 16^). What does it 
become after (i) a fall of (+ 28^), (ii) a rise of (— 7°), (iii) a fall of 
(55702 

3. I have £(+75) in the bank at the beginning of the week. 
How much have I at the end of the week, if during the week : 

(i) I pay in Д(+ 35) and take out Д( + 155), 
(ii) I pay in £(- 2b) and take out KC - 36)? 

4. А man has a bank balance of £10; he deposits £20, with- 
draws £15, withdraws £35. What is his balance now? 

5. A man starts the year with a balance of £20, and ends the 
year with a deficit of £15. What has he (a) gained, (5) lost during 
the year? Express each answer as a directed number. 

6. А train is moving wich a speed of 45 miles an hour. What 
are the speeds relative to this train of others moving in the same 
direction at 62 miles an hour and at 27 miles an hour ; also of one 
at rest? 

7. Find the values of : 

00) (- 13) + (+7), (ii) (4.13) +011), (ii) (-13)+(- 7), 
(iv) (- 3)+ (+7), (у) (-3)+(43), (У9(-17)4(-12) 

8. Find the values of : 

O (— 190) + (+78), Gi) (+130+(— 118, (8) (-130 € (770. 
Gv) (=зд+(+зд, (W)C 7d)  C- 12d), (уй (7 174) + (+ 12 

9. Fill in the blank spaces : 

@ (+11)+( 3-0, G)(-94( )=(+6), 
(iti) (+5)+( )=(-9), (iv) (-8)-( )=(-8) 
(0) (-7)+C )=(-7), (vi) (-9+( )=(—2) 
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10. Find the values of : 
(i) (+13)-(-8), 
(iv) (+ 10) - (- 8), 
11. Find the values of : 
G) (- 7ш) - (- 5u), 
(iv) (- 72) - (+ 8x), 
12. Find the values of : 
@ (+41) - C- 11), 
(iv) (-2)+(- 33), 
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(ii) (- 2) - (+ 14), 
(у) (+13) - (+ 20), 


(ii) (+40) - 
(у) (- 7m) - (-9т), 


(ii) (733) (- 22), 
(у) (+6)+(-6), 


от 


(ш) (-6)-0, 
(vi) (-7-(- 29). 


(iii) (- 202) - (- 352), 


- sl), 
Са (vi) (+ 11k) - (+ 28h). 


Gii) (7 1) ++ 8), 
(vi) о-(-7. 


EXERCISE 20.¢ 


1. Find the values of : 
(i) (- 5x) - (- 3%), 
(iv) (+ 4xy) - C7 7х5), 

2. Find the values of : 


ii) (+759) -(-35°), 
О (-6ab), 


(iii) (4+ 4xy) + (- 755), 
(vi) (750 - C7 t. 


© -5-4, (0) =11+7 ii) 5-7 +3) 
Qv) 54-8-17, () -3+8-9, (vi) -4-3-5- 
8. Find the values of : ae 
(i) -8-7+3, (ii) -2-7-12 ii) -4+23-27, 
(iv) 1o-25+20+5, (У) — 25 £ 20 — 1045, (vi) -1g4II-5- II. 
4. Simplify : 


(i) 2a- 3b - sb - a, 
(iii) o- 3s — 4+ 55, 
(у) 4 ^32 - 7t P 


5. Simplify, and arrange in d 


@) 3 - 2x2 - 3x — 70+ 533 — 7, 
(ili) 4x - gx? = 5 - 3 + 2x — a’, 
(у) 2 — 3339 — 4x — sx? + 115, 


(ii) 5x 39 - 7X + 9V, 
(iv) 72-40-50, a 
(vi) дху – X? - 3yx = 2 


escending powers of x : 


(ii) -2 4x +72 +7 +2" - 9X, 


(iv) 452 – 3X- 11 5x - 2 — 78 » 


(vi) x3- 3x? 11 — 42. 


6. Simplify, and arrange in ascending powers об: 


(i) 5- 2x? — sx — gx - 3%? +7 
(1) 3x — 83227 — 4-4 4x — 300, 
(у) 11 - 438 70 + 55, 

7. Simplify : 

(0 (2a +7) - (за + 9), 
(iti) (s ++ 5) - (s +2+ 8), 

(v) o - (22 — 3), 

8. Simplify : 

(i) (x? — 3x) – (232 +x), 


(i) — 4 - 6x +9x2+9+ 4 — 35, 
(iv) 7л — 59+ а , 
(vi) 38-79 3+3. 


(ii) (2-24) - (° - d), 
i La - 3b) 4 (2a t b * 2), 
w (2 221 оо 3): 


(ii) (9x2 + 2x + 3) — (7x2 + 5Х+ 3), 


(iti) (х®— т) - (x3 — 332 +3% — D a 3a — 4) - (ad^ + 3а +4), 


(у) (8- aè) + (a - 8), 


vi) (3a - 4b — sc) - (8a - 7b * 2c). 
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MULTIPLICATION AND DIVISION 


47. Multiplication. To illustrate the rule for multiplying суо 
directed numbers it is necessary to find two quantities measured 
by directed numbers such that their product has a meaning. 

Consider а man who saves х shillings a week. At the end of 
t weeks he will have saved xt shillings. 

(i) If x= +3, t= +8, the man saves 3 shillings per week and 
will have saved 24 shillings at the end of 8 weeks. 

Thus (+3) x (+8) = +24. 

(ii) If x= +3, t= - 8, the man saves 3 shillings per week and at 
the end of ( - 8) we.ks, i.e. 8 weeks ago, he was 24 shillings worse ой 
than now, i.e. be had saved (— 24) shillings. 

‘Thus (+3) x(-8)= - 24. 

(iii) If x= —3, t= +8, the man saves (- 3) shillings per week, 
i.e. he loses 3 shillings per week, and at the end of 8 weeks he will 
have lost 24 shillings, i.e. he will have saved (— 24) shillings. 

‘Thus (-3) x (+8) = - 24. 

(iv) If х= —3, t= — 8, the man saves (-3) shillings per week, 
ie. he loses 3 shillings per week, and at the end of (- 8) weeks, 
{ е. 8 weeks ago, he was 24 shillings better off than now, i.e. he had 
saved 24 shillings. 

Thus (-3) x(-8)= +24. 

Other illustrations may be taken, e.g. the letters may represent 
specd and time, or rate of increase of temperature and time. From 
all such illustrations it is clear that products of directed numbers 
are calculated according to the following rules : 

(+a) x (+b)=(+ab)=ab; (—a) x (-b)=(+ ab) =ab. 
(+a)x(-b)=(-ab)=-ab; (-а)х (+) =(- аһ) = - ab. 

Division. 

Since (+3)х(+8)=(+24), г. (+24)+-(+8)=(+3)- 

Since (+3)х(-8)=(-24), г. (—24)+(-8)=(+3)- 

Since (-3)х(48)-(-24, ~. (—24)+(+8)=(- 3)- 

Sine (-3)х(-8)=(+24), =. (+24)+(-8)=(-9)- 

In general, we have the following rules for division : 


(aahh) (-9:-8-(90-5 
(ка) (-8)- 8: (-юч(+®ю=(- --р 
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To sum up, in multiplication and division of one directed number 
by another, the final result is positive if the two numbers have the 
same sign, and negative if the two numbers have opposite signs. 


48. Multiplication and division by zero. 
ох 3 means three times nothing, which is nothing ; 


" OX3=9. 
Also зхо=охз=о, 
апа -з3хо=-0=0. 


Similarly, if there are more than two factors, the product is zero, 
if one factor is zero. 

Also, if o is divided by any number which is not itself zero, the 
quotient is о. 

But division by о is quite meaningless. The operation a+}, 
when Б = о, has not been defined and has no meaning. The pupil 
must be very careful not to attempt to evaluate an expression con- 
iaining a zero factor in the denominator. 

As soon as the pupil has mastered these rules the use of brackets 
to denote directed numbers may be dropped. 


EXERCISE 21.a 
(Many of these may be taken orally) 

Find the values of : 

1. (-3) x (+7). 9. (-3)х(-6). 3. (+3)*(—5)- 
4. (+3) х (+4). 5. (+3) х(- 8). 6. (-3 x C7 19- 
Y.(-3)x(419. 8. (- 2x (= 12- 9. (+2) (+17). 
10. (-2)х (+20). 1. (+2)х(-9). ~ 12. (-5)х(+6) 
18, (-5)x(-12. 14. (+)Х(—1). 15. (— 6) x (0). 
18. (-12)-(-2) 17.(-122(*3. 18. (+ 12)-=(-4). 
19. (-12)+(-1). 90. (+18)-=(-0. 91, (- 18)+(- 9): 
88. (—18)--(+3). 98. (-48)--(+12). 88. (+48)+(- 3): 
85. (-48)-(-8) 26. (-72)+(+24). 87. (-72):0(-12) 
88. (= 72)--(+4), 29. (+84)-(—0- 80 (-84)+(- 21). 

If a=(+1), b=(-2), с=(+3), p=(- 1) а=(+2), 7=0, find 
“р values of : m 

+ 2a - 3b. 39. abc-- pqr. 33. 4bbq. 34. ar. 
85. ар?с. 36. 2bc. е 37. 397. 38. beg". 
39. ab, 40. pg. 41. 348. 42. 34°. 
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Example 2. Subtract 3p - 249+ 57 from 4p - 9q + 27 
If we use brackets we write 
(4p - 99+ 27) - (3b - 24+ 57) 
=4р-949+27-ЗР+24- 5". 

We now simplify, by collecting like terms, obtaining p – 74 — 3” 

It is clear that the same result is obtained by changing the sign 
of every term in the expression 3р — 24 + 57 and adding the changed 
expression to 4p — 9q+ 2r. 

Hence, if we arrange the working as in Arithmetic, we have the 
following rule : 

Write the expression to be subtracted beneath the expression 
from which it is to be subtracted, placing like terms in the same 
column. Change the sign of each term in the bottom line (men- 
tally) and add, e.g. 

4b - 99+27 
3р - 20+ 57 
P= 74-3" 

As with addition, it is very doubtful whether this method is 
better than the method previously adopted. It will, however, be 
found very useful in the solution of simple simultaneous equations, 
and also in long division and square root. For this reason it seems 
desirable to provide ample opportunity for practising the method. 


EXERCISE 22.4 
Add together the following expressions : 
‚ 34446-26; -—2a+2b+ 30; да — 2b 4 2c. 
.3x-*5y-62; 5х-3у+32; TXt3Yy-43- 
6a+b-2c; -sa-bt+c; -ac3b-c. 
l1-3m-3n; sl-3m*2n; "7l-5m-7m. 
6xy--3y2—2x; 2Xy-4y2; —-Xy-ctzx. 
p-2qt+3r-s; 27735; 2р-а+; а-3/7. 
-K?+3K-1; 3К?+К-9; -2К?-5К+6. 
‚ 5 4+2-3; 2+2+т; 38-4248. 
. 42-3; 4147; -38-6, +34 
10. бх 323; at-:i:9; 2947; – 5А 8x. 
ll — 243-242 —20у2-58; —4x2ytOxy?; – 2х8у+)?. 
19. 1-й; 8-8-3, #+32-6; -2t+4+ť. 


юосоювоюн 
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Subtract : 
(i) (ii) (iii) (iv) 
13. 3a+ 2b 7a- 5b 7a + 3b 8a - 3b 
a jb да+ b 2a - 6b 7a - 7b 
14, 27-55 6r + 35 т + 25 8r - 5s 
“байд 2r — 35 ar +78 2r + 3$ 
15. 2x+3y 5х - 79 ax - 8y 2% + 8y 
-х+3у 8х - ду qn By gen by 
16. a с AX AY 22 
4a-3k 3d 7х у+5# 


17. 2x+2y +z from хэ-Бу-8 18. gx- 2у+ 52 from 4x — y t 28 
19. - 2p- sq from p+2q-3r. 50.-24- 6b from да — 3b - 56- 
91. - ху+ 2yz — зах from 5xy — 372 + 42% 
29, + х- 1 from x? — т. 28. дах - г тот x+ 1. 
94, —х4— x3 + sx from ай sx? +5. 
25. а? – 3 from a? — за + зай + 9. 
96. 4-а-+ а? + 2а3 from q+a-@ 
What must be added to 
27. x- y-z to give x+2? 28. 2а? +b? - с to give sat - 3b? 281 


EXERCISE 22.b 
Add together the following expressions : 
.3x-2yc-42; 2x-c5y-22; 2х+3у – 28. 
57-45-13 — 37-3512; — 2745$ + St. 
8а+56-2; —6a-4b*76; -a-8b-c. 
3¢-4b+sa; c-4b-*34; ~ 2с+ 8b - 5а. 
-ab+be+ca; — $ab- 2bc 4са 5 ab +be- са. 
e 4p-q+r+2s; q-T*25; r-5s; 32725 
—-29+4х+а; xb-6x473 3138709: 
ТЭЭР 0177-11-22 
‚ a*-- 43383 -- a? — 7a ; = 203 - за +4; Бай + 2а? 4 6a. 
. -c+38; 62-46: 0-8: 14-2. 
+ at- 2а%% + b^ ; - зазЬ + 242%? ; аһ - b*; гав - а. 
12. 5-2%+348; -—3+a3 +043 phan eat te 


ee 
= © о соо; Фо е юр 
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Subtract : 
(i) (ii) (iii) (iv) 
18. 4a+9b * 6a-5b 5sat+4b 9a — 76 
a-sb 2a — 8b 2а + 56 2a + 2b 
14. 35-7У 3% + 7y 'бх+7У 3x — бу 
5%—7У 5х- 7у 2х + TY 6x — 9y 
15. 2a 2c — sd 25--7У 52 
7a - sh М ох gui bz 
16. 57-35 7r — 25 4r 4-78 57-5 
27+ $ 37 +45 1—75 37- 8s 


17. 5a — 4b-t 3c from за+ b — c. 18. -p-q- 4r from -р+0- 47 
19. - i14 9m — 3n from 71— sm. 20. ab – 2bc — дса from sab – 2са. 
91. —ab 4-7bc— sca from — sca. 88. è- 2d + d? +7 from 2+4. 
23. a? — 3ab from a? + 3a?b + 3ab? + b? 
24. 2х?у — зху? from 3x? — say? + 2у?. 
25, 4-- 4m4- зт — т^ from 1 -т+тА, 
26. x¢+ 228 — 5x from 4x? - 5x? +3. 

What must be added to 
27. х-2у- 32 to give 2x + 52? 
98. 3x2- 4? — 522 to give — a? - 25? + 327? 


SIMPLE EQUATIONS INVOLVING DIRECTED 
NUMBERS 
50. In Chapter IV we solved the equation 7 —2x—3 by the 
successive steps : 
(1) 773 2x, (2) 7-3 =2х, (3) 4= 2х, 
(4) 27x, (5) и. 
The steps given were then necessary because we had not learnt 
to use directed numbers. 
It is simpler to proceed as follows : 
7-2х=3, 
. -2x=3-7 (subtracting 7 from each side), 
"n -2x=—-4, 
*, x—2 (dividing each side by – 2). 
The pupil is now in a position to realise that any term in an 
equation may be transferred to the other side of the equation, 


 ——— 
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provided that the sign is changed. In the above example the effect 
of subtracting 7 from each side is to transfer 7 to the opposite side 
of the equation with a changed sign. 

In practice it is quicker to apply this rule than to apply the 
axioms, but the student should not use it, unless he is able to 
justify its use and give the argument in full. 

The following example illustrates the usual procedure. 

Example 3. Solve the equation 2% + 12- %= 6x - 8- 3х. 

Collect all terms containing x on the left-hand side of the 
equation, all other terms on the right-hand side. We then have, 

2х-х-6х+3х= -8-12 
-2x- -20, 
*, ж=1о. 
Check. Ifx=10, 1„.Н1.8.=20+12=10=—424, 
R.HS. =60 - 8- 30-22. 


EXERCISE 23.а (Oral) 


Solve the equations: [Further practice in substitution may he 
obtained by checking the solutions.] 


1. х= -7. 9. - 4x 8. 9. -2х= = 12. 
4. - 3x —27. 5. -5%= -25. 6. 3t=18. 
7. 4t= — 24. 8. – 104 =20. 9. 8b=32. 
10. -i:r— - 97. 11. 32— - 33. 19. —65=0. 
ip Em жуа 15. - 5-2. 
py M. 65:559 4 
оаа и ELLA 18655 
5 1: 17. 5 3 5 5 
19:33 
вы шан (=> 
то 5 20. Bd i 8 4 
3 T Еа 
22. age 98. 7x2 — 2. 24. 53800, 


EXERCISE 23.b (Oral) 
Solve the equations : [Further practice in substitution may be 
obtained by checking the solutions.] 


1. -3x=6. 9. —5x- —15. 8. 8x= -8. 
А. 31-21. B, — 74-42. 6. -9t- - 63. 
v. - 12a — 36. 8, 4c—20. 9. 62= - 60. 


тоо 
10. —11s=0. Il. —:7x- —51. 12, 132— —65. 
qu Rem md 
18. Sew 14. 8-3 15. 6 2. 
х 1 и 2 до 13 
SEA CARTA dua 5153 efje 
EIU. LT EUN 4 
19. зон 20. 36 ^ 21. 58 5 
28.3 oie Bs. 
22. Шон 23. 7267 94. 9х= - 5. 
EXERCISE 28.0 

Solve the equations : 

1. ax ^x 224 - 7х. 2. 9-- x - 6x—2x. 

8. -4x- 5-72 3X. 4. 7x -27—3x t 11. 

5. 5x 15— 8x-- 24. 6. 2x -152 – 27 – 4X. 

7. x — 6x — 3x. 8. 19-2x-x-3 - 7X. 

9. - 3x-- 48— 20 +4% t 7X. 10. -7х--55-16-220-3-4- 
11. irx- 11 + 6x — 55 — 35. 19. «+11 -3x= – 15 —- 15X. 
18. 7(х- 2) – 4(х- 3) = -8. 14. 5(х-2) +4(5- 3) = - 4. 
15. 4-2(2- х) =4(8- 5) - 6. 16. 4(х- 1) +8+5х=3(х- 2). 
17. 2(x- 1) -3(3- 3) =8. 18. 2(22 - 1) - 5(2- 2) =10. 
19. (t— 14) - 6 (2t 5) = 1o (t-- 4). 

90. 2(26 - t) - 4(4t + 1) - 3(2- 3) =0. 
91. 6(1-2)=4(3+2)-3(=+9). 28. 2(25— 1) - 5(3s t 1) - 4- 


36. 
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. 2(х+1)-2(х—1)=6+4х. 
„ o=6(K+1)-(3-K)-3(K-2). 


6(4—с)-4(то+2с)-т2=о. 


. 5(x-4)-2(x-3)- 13=12-3(% -5). 


12(21-1)-3(41-3)-9-17(1-0. 
3x- 2(5x - 9) -3—7 (2x - 3) - 2(x - 2). 
s(d-2)-3(3d-4)—34- 7(3 - 4). 


. 200-14) - 5(13+2х)= 39. 


o-3[15 - 2(10 - x)] - 5(x - 4). 
20-- (x — 6) - (x — 4) - 2(x 2)=22+ (x - 2) - (x — 4). 


. 4+ (7t- 1) -3(6:48)22-7(1- f) + 3t 14. 


(3a + 10) - 4(1 - a) -(a- 5) -3(a 3) - 7(a +4). 


. 2(c- 8) - 7 (3c 5) - 4(c - 2) - 6(3c - 1). 


7(-3)-3(2-3)-(«- 6) - (3-72) - 18. 


CHAPTER XI 


THE INDEX LAWS. SIMPLE MULTIPLICATION AND 
DIVISION. SIMPLE ROOTS. Н.С.Е. AND L.C.M. 


51, In Chapter II the index notation was explained. The pupil 
should revise this chapter. 
We now proceed to further work involving the use of indices. 
Example 1. Multiply 2x? х 3х. 
axixgxi-aXxqXqxgXXXxoxaxo 
—2xg3XXXXXXXXXXX 
since the factors may be taken in any order, 
= 6 x xê, by definition 
= 6x9. 
Example 2. What is the shortest way of writing 


2xaxbxg3xaxax bi h Е 
The expression=2 x 3 xaxaxaxbxb, rearranging the factors, 


= баз. 
Example 3. Multiply 180 by ая. 
The expression = 18 х tx ixtxtx$xsxt 
—18xáxsxtxtxtxtxt, 
rearranging the factors, = 8515. 

52, As in Arithmetic, the value of a fraction is unaltered by 
multiplying or dividing both its numerator and denominator by the 
same number or expression. The number or expression must not, 
however, be zero. It must be borne in mind in the work which 
follows that there are values of the letters for which division 1s 
Impossible. 


Example 4. Divide 24х5у22 by 15x°y2- 
24 XOX RXR хх X gx 
15 хххихихух а 


= Вои cancelling as in Arithmetic, 
5 


24x5y2z— тхЗух = 


8х?у 


==. 


roi 
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Note. If «=o, or if y=o, or if 2—0, 24х9у22--16х7ус has по 
meaning 


58. As in Arithmetic, the root of any expression is that quantity 
which will produce the given expression by being raised to the 
power denoted by the index of the root. 

Thus 2/х (which is usually written vx), the square root of x, 
is such that yx x /x— x. 

Similarly 4/х, the cube root of x, is such that 

Nx x хх х-х: 
(а + b), the tenth root of (a +b) is such that 
{Na+ D)? — (a 0). 
54. Since, by the rule of signs, 
(+ x (+ =(+ =? and (-x)x(-x)=(+2%)=2", 
it follows that a positive number, x”, has two square roots, (+x) 
and (—х) or +x and —x. These are sometimes written in the 
form +x. There is no square root of a negative number. 


Similarly УА +x, Vx8= +x etc. 
But (+4) x (+x) x (+4) = (+8) = 
and (=x) x (=x) x (- x) =(- 8) = - x3, 


The cube root of x? is therefore (+x) or x, and the cube root 
of -xè is (- x) or =x. 


Similarly Vx = x, Ux = хе. 
апа Mam x, Vix? = =x, etc. 


Example 5. Find the values of the square root of 8. 
Bx8=8 and (-8)х(-8)-8, 
^. the square roots of {8 are 12 ог — 2. 
Similarly the square roots of 41? are 28 апа — 28. 
It is a convention to write + /x or vx when the positive value 


of the square root is to be taken, and — ^/х when the negative value 


is to be taken. Similarly when the fourth, sixth or any even roof. 
is to be taken. 


[Exercises 25 a and b, Nos. 1-7 may now be done.] 
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THE INDEX LAWS 
55. By generalising the above work we obtain the index laws. 
I. Just as x? схххххяхихх= 48, so 
q^ xa^ —axax ... tom factors хахах... ton factors, 


=ахах... to (m+n) factors, 


X xt = 


= а"+", provided that т and п are positive integers. 
Similarly ат ха! ха?--ат нэ, 
a" x a" x a? x ах... = а? т РР Жуу 


provided that m, n, Ё, т... are positive integers. 

Or in words, 

When a power of a variable is multiplied by other powers of the 
same variable, the index of that variable in the product is the sum 
of the indices in the terms of the product. 

It should be particularly noted that this rule does not enable us 
to simplify the product of different variables. Thus a? x = a3b?, 
and cannot be written in any simpler form. 


ххх 
ххххх К хз, 2) 
ххххх 
ахахах... to т factors 
атай ЕЗ 
5 ахахах... to n factors 
=ахахах... to (т- п) factors, 
= а"-", provided that 
(i) т and n are positive integers, 
(1) mn (if m=n the quotient is 1), 
(iii) a is not zero. 
It should be particularly noted that a"--a" is meaningless if 
а=о; if m<n, we cannot at this stage attach a meaning to a^, 


II. Just as x9--33— 


2 т 
but we can divide the numerator into the denominator, getting azm 
We may express this result in words : 

When a power of a variable is divided by a smaller power of the 
same variable, the index of that variable in the quotient is the 
greater index minus the smaller index. 

| It should be particularly noted that this rule does not enable 
us to simplify the quotient of different variables. Thus 


3 
aè? апа cannot be written in any simpler form. 
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III. As a particular case of I, we have 


(a”)"=a™ ха" ха" х... ton factors, 
=qm+m+m+ ... ton terms, 
=q™", 
There is no rule for simplifying 
а"-а" and а"-а". 


EXERCISE 24.4 
(Many of these may be taken orally) 
1. Write in the shortest way : 


(i) ахзха, (ii) bx bx, (iii) схсхзхс, 
(iv) «xx? xx, (vi) x? x 32, (vi) x9 x x, 
(уй) zzzz, (vii) а+а+а+а, (ix) хх5, 
(y) 1xtxtxt, (xi) dddd - d, (xi) xxyxyxxx* 
9. Simplify : 
(i) x3 x x4, (ii) a5 ай, (iii) аха, 
(iv) 2x x зу, (v) 3x * аху, (vi) ab xbe, 
(vii) x72, (viii) х7--23, (ix) аа, 
(x) 4x^ —-x*, (xi) 4x7 2x, (xii) бхё--4х°. 
8. Simplify, 7f possible : 
(i) 6c? x 2c, (ii) 6c? —2c, (iii) 2de? x 644, 
(iv) 2t +6", (v) рх р хр", (vi) p x 2p x 32, 
(vii) бах 8 (viii) ба = (ix) x =. 
(x) х2 + 2x, (хі) 2b х 26", (xii) 2b x (20). 
4. Find the squares of : 
2 a 
аза a Куле. 
3 3 5 t 


5. Find the square roots of : 
x? а а? а? ( = х) 
9 » 4, р ope 
6. Find the cubes of : 
22 2 
4%, -3» Ty cp -@, ард". 


5 
7. Find the cube roots of : 
18 y 
8a, 6р 2788, 727 СКЕ 


8. Simplify : 
4) За х зс, (i) забти x salt, (iii) — 3 x - 42%, 
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(v) — захух 6xyz, 

(viii) зас x зас, 
(xi) a? x a9 xa’, 


EXERCISE 24.b 


я] 


(iv) —3х(- 4а)?, 
(vii) та? х 3bc* 


366, 


(х) – 44246 x баё, 


105 


(vi) ам x — abxy, 
(ix) — 34165 x — а"), 


(xii) x? хайхад, 


(Many of these may be taken orally) 


1. Write in the shortest way : 


(i) схсхб, (ii) kx3xkx2, 
(iv) x3 x 44, (v) x x ad x 1, 
(vii) x? x x, (viii) cce, 

(x) axbxcxb, (xi) ux ux 5, 

9. Simplify : 

0) ёх, (ii) 8x 8, 
(iv) аха, (v) ac x са, 
(vii) x$—3? (уш) 12-25, 

(х) 36--2 (xi) 9a°+30", 


8. Simplify, if possible : 
(i) 5? x 2c*, 
(iv) тхух??, 


(ii) 88—46 
(v) 1X ar x 37; 
5 


(vii) wt+ gud, (viii) 5 их, 


(x) 12k x E (xi) 35x (39%, 


4. Find the squares of : 


Gii) txtxtxt, 
(vi) d+d+2d+1, 
(х) 1X v X9X I, 
(xii) aaa — aa. 


(ix) 7-4, 


(xii) 1009-64. 


(8) заду? + 59°", 
(vi) 1+7+ ?, 
(х) 52-5, 


(xii) 35x 358. 


2, 
i m 20, Dé 2 4 352, (350, sos oe 
5. Find the square roots of : 
а? 9x* (= х)? RY, CD 
те 256 yet oF » Ei 
6. Find the cubes of : 
st, —2k, zi EAR 
7. Find the cube roots ОЁ: 
27m, — pr 82$. ын 64M”, My 
8. Simplify : 36 — 30 
(i) 4a*rs х зат, (i) -5х-30, Qux Cr ap 


(iv) баб x дэ, (v) dix = abcd, 
(vii) 3a4be x zab5e, 


(x) -бай8 x — 749593, (xi) дё x 25x 29, 


(viii) — 2abl x sa?bl^, 


(vi) дар! x 2b?c, 
(x) – 3495 хай, 
(хі) Ax xe. 
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EXERCISE 24.c 
1. Simplify : 
(i) 125—325, (ii) х15--х5, (iii) -62--(-20, 
(iv) – 615-30, (v) xíyssi-—x]a, (vi) х1уза2--(- ху?) 


(vii) a8y025——x1y924, (vii) — x"y523—( — x5yz?), 
(ix) 62 т?и?--зрип, (х) 6x*y oxy", (xi) 20-35, 


(zii) 24490--1508с, (xiii) "T, NOS 323 (32, 
(xv) 2й--(- 20%, ORO I: 
(xvii) зА? x дах2--ах, (xviii) — 542910012 ( — 6a9b5c^). 
9. Simplify : 

@ Маза, Gi) Моаб, (iii) = ve, 

(iv) VBK”, (у) = Фу”, (vi) - m 


со, (vii) 988 


$. Simplify, if possible: 


(i) 3x* x 4x, (ii) 3a4+ 433, (iii) за2--42, 
(iv) 3x* - 49, (v) (09) - (009, (vi) (E-A, 
(vii) (18) x (058, (viii) (8) — (#3, (ix) 8x + 5х7, 

(x) 8x" x 5x7, (xi) 8х7--537, (xii) 8x" – 5х", 
(xiii) (гад, (xiv) 2(- a)5, (xv) (- ад)", 
(xvi) -2(- a)5, (xvii) 23 (хуш) race 
(xix) Sax inc d Gey ека, 

EE VP x? 


4. (i) By what must 34255 be multiplied to produce 21a?59? 

(ii) By what must — 2482 be multiplied to produce тоо 0567? 

(iii) By What must — 59252? be multiplied to produce 
— 30а357с6? 

(iv) То what power must c? be raised to give 

@ сз (б) с, Оку (а) (2907 

(у) Write down the square root of 6441812 and the cube 

root of the result. 


(vi) Write down the cube root of 6441812 and the square root 
of the result. 
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MULTIPLICATION AND DIVISION OF A COMPOUND 
EXPRESSION BY A SIMPLE EXPRESSION 
56. It has already been shown (in Chapter VI) that 
ytz)eaxy-ctwm, x(y-2)-xy-u2, 
and а(р-а+)=ар-аа-ат, etc. 5 ie. in multiplying a poly- 
nomial by a monomial, each term of the polynomial must be 
multiplied by the monomial. 
Example 6. (sa?— 3ab — 25?) x (- 2ab*) 
= sa? x ( — 2ab?) + (- зав) x C- 2ab?) + ( - 20?) x (7 2а?) 
= - тоа3Ь2 + ба?Ь8 + даб. 
After a little practice, the intermediate step may be left out, and 
the product written down at once. 
Similarly, to divide a polynomial by а monomial, each term of 
the polynomial must be divided by the monomial. 
Example 7. (12a —15b+9¢)+(- 3) 
= тга--(— 3) - 158--(— 3) +9е-—(—3) 
= -4а+55- 3с. 
Example 8. (24446? – 20488 – 162953) 2- 4a9b. 
= 24446? + 4а36 — 2005b' +40 — тба%8--да®В 
= баб – 565 – 4a°b?. 
Note. The expression has no meaning if a=0 ог if b=o. 
After a little practice the intermediate step may be left out, and 
the quotient written down at once. 


EXERCISE 25.a 
Multiply ; 
1. a+4b- 3c by 4. 2. 3a 7b - 2c by -5- 
$. ay + х®у®— 3? by ах. 4. 2a? - 3ab — 5b? by — 2b. 
5. 503 302 -ба+2 by 6a%, (8 lm- зін? – 77 by — зт. 
7. S — 214425 by — st? 8. а3— 30° + за - 0 by — зар. 
Divide : 
9. 5a- 156 by s. 10. sa- 25b by —5. 
11. 5x2 — 7x by x. 12. 2x3 - 9x by -x. 
13. 4а? — 12ab by аа. 14. баё — т8ад by 3ab. 
15. 1533 — 35ху3 by — 5%. 18. ax - bx cx by - * 


17. таз 1143 by a2, 18. — пай + 13a? by 28. 
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19. 14c* - 28624? by 7c. 20. – sa?b + 25a?D? by - 5ab. 
91. — ab? — а?Ь5 + аЗЬ* — atb? by ab. 22. зба — 54b — 81c by - 9. 
EXERCISE 25.b 
Multiply : 


1. a4 7b — 5c by 6. 

3. а? + 2ab +b? by за. 

5. 2ab + 3a?b — 5a% by аз. 
7. aè — 64% + тга – 858 by - 206. 
8. — al? + a?b? — ab by a*l?. 


. 2a- sb + 3c by - 3. 
. 2ху+ 3x3? — AxSy? by зу. 
„ 8x8 — 5х2 + 4x — 7 Бу 5x? 


с > > 


Divide : 
9. 8a - 24b by 4. 10. 9a - 36b by - 3. 

11. 9x?- 5х by - x. 12. 7х? — 8x by x. 

13. 124% – 48ab* by 4ab. 14. тда? - 49ab by - 7a. 
15. 153? - 9х? by 22. 16. 4ac — зЬс+ c? by — c. 
17. - 17x4+ 23x? by - x. 18. 18x3y — 63x? by - oxy. 
19. -8xiy--28x)y? by – дау. 20. 26d5— 394? by – 130°. 
91. 21a - 14b- 28c by - 7. 22. — Sy — xy? + ay? by ху. 


HIGHEST COMMON FACTOR 


57. When an integral expression (see Art. 12) exactly divides 
two or more integral expressions it is said to be a common factor of 
those expressions. 

Thus, 7 is a common factor of 14, 21 and 35. 

x is a common factor of x?, 3x? and 8x. 
ab is a common factor of 3690, 4a?b* and sab?. 


58. The Highest Common Factor of two or more integral 
algebraical expressions is the integral expression of highest degree 
which divides each of them without remainder. 'ТҺе abbreviation 
Н.С.Е. is used for the words Highest Common Factor. 

For example, т, a, x, ах, a, ах are common factors of ах and 
2253 ; the factor of highest degree is ах, 2. the Н.С.Е. is a?x. 

If H is the Н.С.Е. of a number of integral expressions А, В, 
С then 8, 23 БЭР 
divides each of A, B, C, .... 

In the case of simple expressions the Н.С.Е. can be written down 
by inspection. 


. are integral expressions, i.e. Н exactly 


xi] HIGHEST COMMON FACTOR 109 


Example 9. Find the Н.С.Е. of а, а20%3, atc. 

Consider in turn each of the letters a, b and c. 

The highest power of a which is a common factor is a”; 

Е. by Jie eet p. 

The first term does not contain c as a factor, so that no power 
of c is a common factor. 

Hence the Н.С.Е. is ab’. 

If the expressions have numerical coefficients, the H.C.F. of the 
expressions must have a numerical coefficient which is the H.C.F. 
of the numerical coefficients. 


Example 10. Find the Н.С.Е. of 15a°x", 35a*x*, 20a?x. 

Consider in turn the numerical coefficients and each of the 
letters a, x. 

The Н.С.Е. of 15, 35, 20 is 5. 


: ИЕ ӨЕ 
The highest power of a which is а common factor is a“, 


x Ni 


85 ”Л ” ” ” 


Hence the Н.С.Е. is $а°х. 

59. This method for finding the H.C.F. is analogous to the 
method used in Arithmetic for finding the H.C.F. by prime 
factors. But care must be taken not to confuse H.C.F. in Algebra 
with Н.С.Е. in Arithmetic, 

In Arithmetic the H.C.F. of two or more numbers is the greatest 
number which will exactly divide them, e.g. 5 is the Н.ОРойль 
35 and 20. In Algebra the ideas of greatest and least are not valid. 
We cannot say whether 38, х8, x are jn ascending or descending 
order of magnitude unless we know the value of x. 1 j 

If x1, they are in descending order of magnitude ; if x< 1 In 
ascending order; if x— 1 they are all equal. But although we 
Cannot arrange them in the order of their magnitude, we can 
arrange them in the order of their degree. Wheniwe эх бе 
Н.С.Е, in Algebra we аге concerned with the expression of highest 
degree which is a factor of the given algebraical espren A Тэн 
may or may not be the greatest factor ; for some numerical Values 
of the letters it is the greatest, for others itis not. Thus, 3% 18 ee 
Н.С.Е, of 3x and 6x2 ; but, if х=ь 3x=1, SO that 3X although it 
is the algebraical Н.С.Е. is, in this instance, numerically less than 
the common factor 3. 
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LOWEST COMMON MULTIPLE 

60. Similarly we distinguish between the Least Common 
Multiple (L.C.M.) in Arithmetic and the Lowest Common 
Multiple (L.C.M.) in Algebra. In Arithmetic the L.C.M. of a 
number of integers is the lowest integer which is exactly divisible 
by each of them. In Algebra the L.C.M. of a number of integral 
expressions is the integral expression of lowest degree which is 
exactly divisible by each of them. 

Tf L is the L.C.M. of a number of integral expressions А, B, С,..., 
duh Ek 5 
A BEG 
divides L. 

In the case of simple expressions, the L.C.M. can be written 
down by inspection. 

Example 11. Find the L.C.M оў x*y, ху“, xy?z. 

Consider in turn each of the letters x, y, 2. 

The lowest power of x divisible by 28, х, x is 22, 

О ООА, y? da 26, 
Bit seas S» » 285; 
. the L.C.M. is хуб. 


Example 19. Find the L.C.M. of 4a%bc, 8а3?, т2563. 
The L.C.M. of 4, 8, and 12 is 24. 
The lowest power of a divisible by a?, a? is a?, 

” » » b » 6 52, b is p, 

» » » с, ” с, Fis 3 ; 

*. the L.C.M. is 24a%b*c3. 
This method for finding the L.C.M. is analogous to the method 
used in Arithmetic for finding the L.C.M. by prime factors. 


EXERCISE 26.a 
(Many of these may be taken orally) 
Find the H.C.F. of : 
1. ab, a?b*. 2. заз, т2а?Ь. 8. 5х9, 7x*y. 
4. 2108, 814. 5. 8, тбайс. 6. 2а36, 8abc. 
7. ab, ад, ад, 8. xy, xy), хул. 9. за?6?, баз, 9a?b. 
10. x2, 4x, Зу. 11. g/m, 918, 6lmn. 12. abè, abed®, а2. 


. are integral expressions, i.e. A, B, C, each exactly 
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Find the L.C.M. of : 


18, xà, xy. 14. 22, хуз. 15. 242, ху. 
16. 322, 240°. 17. 1548, 5488. 18. 5йтл, 2Ёп. 
: 19. 3x, 4y, 52. 90, 02, 3ab, 4%. 91. 277, ars, 877$. 


99. 4a?b, sa?bc?, 63. 23. 52%, 68, 88, 24. 418, 50°, тои. 


EXERCISE 26. b 
(Many of these may be taken orally) 
Find the Н.С.Е. of : 


1. xy, x53. 2. бай, тта®. 8. 5x4, 20x59. 

4. 4ху?, 6x32, 5. зху, 330°)". 6. тт, 330°". 

7, ath, а?53, adh”. 8. 212m, 81, 1413т?. 9. 86248, 166), 24c'd*. 
10. ху253, 5yz19, л222. 11. xt, 2x2y, 95°. 


12. 4abc?, 20b4, 12b*c*. 
Find the L.C.M. of : 


13. a3, авг, 14. 38, tu. 15. бил 
ОЛНО 17. 4x3y, $х%у®. 18. 212395, 7x)". 
ES 3m, sn. 20. да?, 602, 8c. 91. 3х2, 2xy, 8y?. 
20. даз баз, 18at, 93. 348, 40, бай. 24. бхЗу, 8x2y"2", тэх. 
EXEROISE 96.0 

Find the: 

1. L.C.M. of al?, алд, ач, ат. 9. Н.С.Е. of 7lmn$, 22т7 8. 
3. H.C.F. of 15ab?c, roa®b!, 50360. 

4. L.C.M. of xtyt, x33, a3y?, xy. 

5. H.C.F. of 21x8, 63x? 5 3524. 6. L.C.M. of 2k, 3h, 4k, 5k. 
7. L.C.M. of зхдул, 4y?at, би. 

4 Н.С.Е. of 188, 6Im?n?, эт. 


- L.C.M. of 2k?, ЗАЗ, 4k, 555. 

10. L.C.M. of sa?bc, бай, 6oa%B*e. 

11. Н.С.Е. of 33549428, 22225, 112324. 

12. Н.С. of з5х7уќаб, 492325, 1 дхуз2. 
Find the Н.С.Е. and L.C.M. of: 

18, 508, 152202, 25abc. 14. дух, xy, 14xy*g^. 
* ау?х, а®ха?, 3у258. 

16. 40°b%cd2, 80243, тода, таб. 


СНАРТЕВ ХП 


FRACTIONS WITH VERY SIMPLE DENOMINATORS. 
EQUATIONS AND PROBLEMS INVOLVING FRACTIONS 


61. The rules for dealing with fractions in Algebra are essentially 
the same as the arithmetical rules with which the pupil is already 
familiar. Several easy cases were considered in the previous 
chapter in dealing with Multiplication and Division. For con- 
venience, the fundamental principle is repeated here : 

The value of a fraction is unaltered by multiplying or dividing 
poth its numerator and denominator by the same number or 
expression. The number or expression must not, however, be zero. 

It must be borne in mind that there are values of the letters for 
which division is impossible. For brevity, this will be understood 
in future work. 

The pupil will best learn how to deal with fractions in Algebra 
by considering worked examples illustrating the close resemblance 
to the work in Arithmetic. 
pi Я 


Example 1. Simplify (0) 5x19 x7 ааа, 
ample Simplify (i) Б эт (ii) БА? 
(i) (ii) 
I 
Te ат I FOLE 
270.7 a ab ж 
g zz% Be y а® 
3 4 a 
2 a 
Li маг 
6 ee 


cancelling in the usual way, i.e. | cancelling in the usual way, i.e 

dividing numerator and de-| dividing numerator and de- 

nominator by the соттоп | nominator by the common 

factors 5, 2 2, 7 in succession. | factors b, a, a, x in succession- 
112 
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Note. The case in Algebra corresponding to a mixed fraction, 
12, will be considered later in the chapter. 


й E 21 
62. The reciprocal of a number x is the number 2 


Thus the reciprocal of 5 is z 


a ын ёр 3 is 23, 16. 5, 
4 4 3 

а атар 

» » » » ps та 


Asin Arithmetic, to divide by a fraction multiply by its reciprocal. 


a? , ab 
Example 2. Simplify (i) = 2х eO (i i); а. 


21 
(i) л 
ы ы a ah. ab 
5 7' 21 b ccd 
12 3 1 A d 
A ERE T сле 
БО IR b g & 
5 I 
I ага 
P = 


68. The pupil should remember that the order of operations is 


a left to right, unless expressions in brackets have to be worked 
rst. 


Thu а с e а ПЕ 
3 bra fe E 
but а. (с I. a „ай 

5а af b се be 
А]зо а -4 


pene (2 x5 
of um bd f 
BO" » ected by “ of” 
t means the same as “ x ”, the terms conni * 
being enclosed in a bracket. It is, however, more og to avoi 


ambiguity by the insertion of brackets. "Thus 8515 ў is usually 


pitten (1-2 “хе Р and this practice is to be encouraged. 
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EXERCISE 27.a 
(Some of these may be done orally) 
Simplify the following expressions : 


1. 3. 2-3 3. 2002. 4. = 

5. b 6. sy (283 в. 22 

9. - E 10. © 11. шал 12. монг 
15 ши. 14. =>, 15. ат. 16. 3x» 2 
17. 5х4. aji 1 Сан Е, m 
21. EIE 28. axti 88 а-120 04, н 
85. з. Mehr Ly Paii 88 5d 

EXERCISE 27.b 
(Some of these may be done orally) ` 

Simplify the following expressions : 

1 з 9. o 8, 25. 4. х 
ыг NAUES 

2-8 0. p M e ы пт 

18,1800. у . 18 ‚е 16. 2:7 
17. их 18, x ES 19. ор = 20. $x 2-6 
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EXERCISE 27.6 
Simplify the following expressions : 
abe mn 21х бту 
E Imn^ ab 2. 3my?" 51° 
3 zuv 380 
» ac 5. зайд” 8и? 
5. 35245, 504. 6 art . бг. 
9 т? ` 207183 * guys? ` 2лаёуз? 
7 gabet , тда? 8 Kiet Oe 127258 
9/4 - 27 5 sP3Q5 * 15P2Q° 
Іт xy? дах? 5b*y 
D. due: 
ху Pm 10. shy * баёх 
20) 3 Pc acd 
Ec. хе Я Е 
102 ху 18 abd" 14b 
31A 44552 b be? 
n5 21275 , лаз “даган uu 
86443 * тасаг i. 1oxiyla ` хул 
2053 ^2 2m2 lèm 
15, 2*»9 .T4x y Am, orm 
IRSE ы 1б ged!” 7&d* 


ADDITION AND SUBTRACTION OF FRACTIONS 


64. If two or more fractions have the same denominator, we 
May add or subtract directly. 


г 6 
Thus, in Arithmetic, eee Ita em 
7 7 7 

5.2.403 80:294 208 

9999 9 9 

р ба 

So, in Algebra, а 20,90 ач ee, 

70090011 2 7 
gr аж 4x эх ЕЕЕ КЕСШ, 
ду 9y ОУ 9% 9у 9» 


85. It the numerator of a fraction consists of two or more terms, 


these terms must be considered to be in 8 bracket. The beginner 


is strongly advised to insert this bracket and proceed as in Ше next 


example, 
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Example 3. Simplify 5 5 Бэй 
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CHAP. 


з (с-2) 3-6-2) 


The expression = = — 
4 4 
заса 


5- 


4 
c 


4 4 
Tf the brackets are not inserted, there is considerable danger that 


an error in sign will be made. 


66. If the denominators of the fractions to be added or sub- 


tracted are not the same, the fractions must first be 


brought to a 


common denominator as in Arithmetic. 


UE ATH Т 
Example 4. Simplify (i) 6 or 


A EE a 
(8) ба за? га 
G) (ii) 
The L.C.M. of 6, 3, 2 is 6, The L.C.M.of 6a, за, 221s ба, 
Smau S24 
A CON л ба за 2а 
may be written may be written 
5.4,3 shy AN SN 
6 6” 6 ба ба. ба 
НЕЕ _5х-4х+3Х_4Х_ 2%, 
6 6 3 E 6a “ба за 
Example 5. Simplify (i) 2- x 
Gi) 2 ЭЭГ 
G) (ii) 


The L.C.M. of 1, 4, 3 (for 


2=2) is 12, 
E олаи cues 
12 12 12 
_24-9+8 
ЛЭЭ 
Е АТ 
"12 12 


The L.C.M. of 1, 4x, 3x (07 


2=%) is тэх, 


3 р аах 9t , 81 
A == -—_ + 
expression I2% 12% 12X 
24x — 9t - 8t 
аа сг: 
12X 
.24x-t 


127 
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Note. The pupil should notice that there is no step in Algebra 
corresponding to the last step in ak Arithmetic. We could, of 


Е t 
course, write 2 — o instead of © 5 t БОС it is usual to leave the 
answer as above. ~ 
As soon as the method is thoroughly understood, the intermediate 
24X t 8t . 
step, e.g. 24x 9f , SF in Example 5, may be left out. 
I2X 12X 12% 


EXERCISE 28.4 


Express as ү with а us Sir E : 


05+ > 092 ёсоо 5, 812256 3, 02 


2х Tax 
9. p (и) —--, 00525 50 ( iens 

EU 
ABE ateg- 


k 
4. (i) 1+5, (ii) үзэн 87 Е (1) 227 (iv) De» 


5. (02-5, 6) 2-9, (ii) 2-75 (572222 


НӨ" 
6. (2-3-8, uro (ii) 2 7577 ‚ (iv) 2- 2) 2. 
7. (55, (ii) E (iii) сть (iv) Debe 
b 
8. oS гн == 29) vay nZ- (52-20 
9. ( 5-145, (i) x-2+5, 69-28 (iv) 6 
10. @ 2-244, Gi) 5+7, 09 8-25-3, M E 
- - 2+6 
11. nei Ж = ial үй с 
о Gi) 1-39), 
4 
qu 5-230 EM бо 22 2 о) 5) 
3 2 4 


М.А, Е 
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EXERCISE 28.0 


Express as fractions with a single denominator : 
26 


2с 

1. НИ = ot i3 E 
M 

9. (i) Sut m у > (ii) 2, +a (iv) 35 af +5, 


А 265 І 134 хай шу, 
8. Qe a org 5) AE ex 2X 


4. (i) 3- > (i) 3-2, (ii) 3- p 0У)3- 


5. () 2+5, (ii) a+, (iii) 2+3 p (iv) JE 
6.04-2-3 БЭР -2-5, (iy 4-2-= 
(i) 4 (ii) 4 B (iii) 4 2 E (iv) 4 2) 57 
Te 442-5, CE E а 3%, (iv) al - 5-2 
23.3 5.4 4 5 4 
8. 02 " (ii) > 544 w вэ? at (iv) 38:13 uf 
a. (95-5 d = (i) 38.83) („у 9s quan 
10. @ 8) ü)i- 36-3 » 
2424-7 5(8-2) 24-7 5(24-3) 
(ш) 7 БОР а ялд айлтай 
11. @3+#—°, (н) 7-9, ip 4 SE бо 3-525 
i Ln mtz m-6 
18. (i) m D (ii) 3 57 
Gi) == эн (yy BEE 


EQUATIONS INVOLVING FRACTIONS 


6)“ Example 6. сыш 88:24 7576 
3 4 6 12 


Write the fractions with the numerators in brackets. 
(ax-1) (3x-2) (5x-4) (7x46) 
3 4 6 12 
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Multiply each side by 12 (i.c. the L.C.M. of 3, 4, 6, 12), 
. 4(2х-1)-3(3Х5- 2)-2(5х-4)- (7x + 6), 
МВ. Beginners should not attempt to multiply by 12 and 
remove brackets in one step. 
5 8x-4-9xt6-— 1o0x- 0- 7x — 6, 
^ 8x- 9x - 10x 7 - 8— 604-6, 


-4x- —10, 
ho x-4 
Check. When x=4, 
гнз-7_ 128239. ВН 
зА 135540 
RHs.-15.34.32-34. No 
6 312 12 12 


68. When the coefficients involve decimals, we may express the 
decimals as common fractions and proceed as before, It is, how- 
ever, sometimes simpler to work entirely in decimals. It is occasion- 
ally possible to get rid of decimals by multiplying each term of the 
equation by a suitable power of 10. 


Example 7. Solve х+0:25_#-9'35 180, 
0:15 


0-45 : 
Write the fractions with the numerators in brackets, and with 
the decimals replaced by common fractions. 
(+4) _ (08-39 8o, 


E 2 
o. atA) - AEn 99) — 18-0, 
20x 5 29*,7.8—o. 
3$. DEM Ў 
Х.В. The brackets should be removed pefore clearing of 
fractions. 

Multiply each side by 9 (i.e. the L.C.M. of 3, $ % 9), 

2. бох+15-20%+77 162=0, 


(N.B.—After multiplying by 9, We still have о on the right-hand 


Side, for o x 9— o.) 
г. бох - 20x 2 162— 15 — 7 
40x = 140, 
x=3'5 0r 33. 
М.Л. т, m 
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Check When х= 3:5, 


1.Н.5.-375.375. 18 =25-7-18=о=В.Н.5. 
0:15 045 
Example 8. Solve о-бх -3=0'25х +0'3х. 
The work here is simple, and we may work entirely in decimals. 
We have 0°6x —0:25x — 0:3x = 3, 
0:055:3, n> «=; =бо. 
Check. When x=60 
L.H.S.=0-6 x 60 - 3 =36 - 3=33, 
R.H.8.— 0:25 x 60 +0:3.x 60=15 + 18— 33. 
Alternatively, we may multiply cach term by тоо, getting 
бох - 300 = 25x + зох, etc. 


NOTE ON CHECKS 


69. г. To check the solution of an equation it is essential to find 
the value of each side of the equation as given. Ifa simplified form 
of the equation is checked, the check would not expose a mistake 
made in obtaining the simplified form from the original equation. 
It would merely show that no mistake had been made in the subse- 
quent work. 

2. The work in the check should not merely follow the procedure 
of the solution, for any mistake made (such as errors in sign or in 
clearing fractions) may be repeated. In Exs. 6, 7, 8 above, the 
work of the check is entirely different from that of the solution. 

3. If the answer involves awkward numbers, e.g. if x = 13123, the 
checking is complicated and errors may be made in the working. 
In such cases it is better to check by going over the work carefully 
to make sure that no errors have been made. 

4. If, after substitution, the L.H.S. is not equal to the В.Н.5. 
an error has been made. It is then necessary to look through the 
working carefully and trace the error. If the error is not quickly 
found, it is a good plan to check each line of the solution separately. 

Thus, if in the third line L.H.S.+ R.H.S., but in the fourth line 
L.H.S.- R.H.S,, the error has been made in transforming the 
third line into the fourth line. It should then be easy to find the 
error. 
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EXERCISE 29.a 
Solve the following equations and verify the solutions : 
1 E 
B4 s 6 ВИНЕ <} 
оз. КК ышк же 
ES us. 4. 5+5 Є д ° 
o "5. 7 22:18 6. хал ая эн 
3 та X2 15 2 3 4 
6x- xs Sie 5 Ех 
7. 3 — (2 LESS 5x1 9-3. — =o. 
2 -(в-6)-52 Зее 5 10 
-6 
DES (47 — 9) аа) t+24_ £15 о, 
12(3#—2) as 3-4. 10. == и 
Ib erra 19.24 a2) 
18, gio, 320-2 29-1 үд 24949 (24039) 
4 4 2 5 13 
15, 8-9. es 1rd 18. тох+т _14х-4_8х+7, 
9 15 5 
Ec 18, 2632 2281743. 
9 7 3 4 4 
EXERCISE 29.Ъ 
Solve the following equations and verify the solutions : 
NN: vu 5 c X **.20-0 
3 9 18 7 8. 3-64 xd 
pe 7х A AS Таана . 
3 10 4 5 TON БЕЙИ iid 
Б ^+3_х+4 т x х+2_%_ 
: ==“ - ие —--A 
A codon eT. 
Q7 sr-3 5-2 g 3545 4258 Ио, 
II VES F 7 = ҮЕГЕ 9 15 
9. 35-3 77 LS ies) 
8 Б 10.% n RES 
11. 2553 2x-2 х-1 Cie be 20210 
a. qu EM 12. "a uud MNT 
18, 45522 4543 2542 14 ао. 


7 3 5 


2 


4 


3 
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т Е le a 16. mouse Енд. 
зч до 4 5 
17. заал IAEI I—72 (48 2(5-1) 2-7 138122, 
12 5 40 то 4 5 


Further and harder examples are given in Ch. XXI, Exs. 63, 
a and b. | 
PROBLEMS INVOLVING FRACTIONS 


70. No new principles are introduced, but the equations ob- 
tained contain fractional expressions. The pupil should revise 
Art. 24. 


Example 9. A boy cycles home to dinner at 12 miles an hour, 
takes half an hour for his dinner, and cycles back to school at 10 miles 
an hour. He is absent from school for 57% minutes altogether. How 
far from his home is the school? 

The pupil should at once notice that two different units for time 
have been used in stating the question. | 

He must therefore decide whether to take 1 hour or 1 minute as | 
the unit of time. It is more convenient to take т hour. | 

Let фе required distance from home to school be х miles. 


В е 
The time taken to cycle home is 2 hours, 
у sk 
the time spent at home is А hour, 


the time taken to cycle back to school is = hours, 
the total time is 23 hours, 
24 
ЖЕ 
12 2 10 24 
Mvltiply each side by 120 (i.e. the L.C.M. of 12, 2, 10, 24), 
'. тох+ бо + 12x — 115, 
"тох + 12x — 115 - 60, 


22Х--55, 
х-25-а5 
22 2 


The required distance is therefore 23 miles. 
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Check. 'To cycle 2} miles at 12 miles an hour takes 
= x бо = 12] minutes. 
To cycle 2} miles at #8 miles an hour takes 


1 
21 " 
— x бо = 15 minutes. 


IO 
But 12} +304115=578, (2. the solution is correct. 
EXERCISE 80.8 


1. A number is 7 less than the sum of its one-half, its one-fifth 
and its five-twelfths. Find it. 17: 

..9. Find a number such that, if you subtract т and divide the 
diference by 3, the result will exceed by 2 the number obtained 
by adding 7 and dividing the sum by 5. ү 

3. Two-fifths of the coins їп а box are sovereigns, one-third are 

lf-sovereigns and the rest half-crowns. "The total value of the 
coins is £27. Find the total number of coins in the box. 

4. I have to catch a train at a station 54 miles away- I motor 
to a garage at the rate of 25 miles per hour, and complete the 
Journey on foot at the rate of 3 miles per hour. I take 17 minutes 
in all and just catch the train. How far is the garage from my 
house? 

5. What number must be added to the numerator and also to 
the denominator of # so that the result may equal 3? x 

6. A man walks up a mountain at an average rate of 2 reed 
hour, and back by a way 9 miles longer at an average rate оёз иш 
ап hour. His whole journey takes 12 hours. How far does he w 


altogether? 
7. If I walk to the station at 3} miles рег hour, 1 shall have 


7 minutes to spare ; but if I walk at 3 miles per hour, 1 shall miss 
the train by 3 minutes. How far off is the station? mos 
8. А man can walk from 4 to B and back in a certara "s xd 
4 miles an hour. If he walks at 3 miles an hour frora 2 r4 | ‘th 
Teturns at 5 miles an hour, he takes 15 minutes longer tor е 
E. journey. Find the distance from 4 to ri i 
. Divide £60 i rts such that, if they are : 
31 per cent. koi. pus respectively, they may together цэх 
E annual income as if the whole were invested 4 су а. Эн 
0. A : t miles an our, 8 
ER nap os ауга аре R another cyclist, whose 
average speed is 8 miles an hour, sets out to ride fon QE 
ey meet 2 miles from half-way, how far is it тааран 
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11. Divide £185 so that by investing part of it at 6 per cent. and 
the remainder at 5 per cent. the total income produced may be £10. 

12. A man buys oranges at 6d. a dozen, and three times as many 
at то14. a score; he sells the whole of them at 7d. a dozen, and 
makes a profit of 5s. 2d. How many oranges does he buy? 


EXERCISE 30.b 
1. One-quarter of the coins in a box are florins, two-ninths are 
shillings and the rest sixpences. 'The total value of the coins is 
£3 11s. Find the total number of coins in the box. 


9. Think of a number. Take away one-third of it. Take away 
44. One-seventh of the number remains. Find the number. 


3. Find a number such that, if you add 5 and divide the sum 
by 6, the result will exceed by 5 the number obtained by sub- 
tracting 5 and dividing the difference by 1o. 


4. A man climbs a mountain at an average rate of 2 miles an 
hour, and takes the same time to return by a way 9 miles longer at 
an average rate of 31 miles an hour. What is the length of the 
total journey? 

5. What number must be added to the numerator and also to 
the denominator of $4, so that the result may equal 12? 

6. I have to catch a train at a station 12 miles away. I motor 
to a garage at the rate of 20 miles per hour, and complete the 
journey by tram and on foot at the rate of 8 miles per hour. Т take 
45 minutes in all and just catch the train. How far is the garage 
from my house? 

7, І invest £100, partly at 3 per cent. and partly at 5 per cent» 

thereby obtaining the same income as if I had invested the whole 
at 31 percent. How much do I invest at each rate? 
‚ 8. А boy walks to school at the rate of 34 miles an hour, and 
is 6 minutes late ; the next day he increases his pace by а quarter 
of a mile an hour, and is 3 minutes late : find the distance to the 
school. 

9. A cyclist can ride from A to B and back in a certain time at 
an average rate of ro miles an hour. Ifhe were to ride from AtoB 
at 9 miles an hour, and return at 12 miles an hour, he would save 
15 minutes on the double journey. Find the distance from A to В. 

10. А man buys apples at 6d. a dozen, and twice as many ас 9d. 
ascore; he sells them at 94. a dozen, and makes a profit of 8s. 6d. 
How many apples does he buy? 

11. A man bought a number of eggs at four for threepence, and 
four times as many at five for fourpence ; he sells them at a penny 
each, and 1nakes a profit of 7s. How many eggs does he buy? 
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19, Divide £340 so that by investing part of it at 2$ per cent. 
and the remainder at 44 per cent., the total income produced may 
be £12 2s. 

EXERCISE 30.¢ 


1. I obtain 14 lb. of tea by mixing Grade A tea worth 2s. per 
Ib. with Grade В tea worth 18. 7d. рег №. I sell the mixture at 
18. 11d. per Ib, and make a profit of 2s. 2d. How many lb. of 
Grade A tea are taken? 


9. A man goes to a concert, paying 28. for admission. He then 
spends one-quarter of what he has left, and afterwards pays 6d. for 
atrain ticket. On reaching home he has seven-twelfths of what he 
started with. How much had he at first? 


3. In an examination paper one boy M got eight marks less than 
8o per cent. of the full marks, and another boy N got 5 marks more 
than 70 per cent. of the full marks. М beat N by 2 marks. What 
were N's marks? 

4. I have a certain number of nuts to divide equally amongst 
28 children ; if the number of nuts were increased by r2 and the 
number of children decreased by 2, each child would receive two 
more nuts. How many nuts have I to distribute? 


_5. A man has 96 coins, some of them crowns and me 
shillings ; if he exchanged each crown for a florin and each shilling 
for а half-crown he would neither gain nor lose. Bow EAR 
crowns has he? d 2 

6. А man buys one lot of eggs at 13. 5d. а dozen an a secor 
B which is 96 more than the frst lot, at 2s. 114. a score ; he sells 
them at 25. 4d. a dozen and makes a profit of 158. Dipl 
eggs does he buy altogether? Ы 

7. 7 Ib. of tea at а certain price is mixed with 21 lb. of tea 
Costing 8d. per Ib. more. ‘The average price of thea 
28. * perlb. Find the price of the dearer kind. TN o 

. In an examination paper one boy X got 4 marks ess 

75 рег cent. of the full muda 00 another boy Y got 6 marks Wit 
than 7o per cent. of the full marks. Y beat X by х mark. P 
Were Y’s marks? all t 

те of apples to divide еацайу amongs 
48 children ; if pu apples were decreased By 28 aiy 
the number of children increased by 7, each child Ad Seu 
9ne appleless, How many apples have I to distribute’ d 
| 10. A man buys one lot of eggs at 18.44. a dozen, and и : 
bi, which is s dozen rnore than the first Jot, 8848-0866 52810) 
he sells them ай at 2s. 2d. a dozen and makes а profit of 125. 1€ 


ow many eggs does he buy altogether? 
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11. A man has 84 coins, some of them half-crowns and the 
rest florins; if he exchanged each half-crown for a crown and 
each florin for a sixpence, he would gain 18s. How many florins 
has he? 


19. A man goes to a theatre and pays 5s. od. for admission. He 
then spends one-fifth of what he has left, and afterwards pays 25. 34: 
foracab. On reaching home he has 18. 3d. more than half of what 
he started with. How much had he at first? 


TEST PAPERS Ш 
A 
1. Simplify () aè- (= a, (8) a7- 30), Gi (-3) 30) 
9. If a=2, b= -6 find the values of (i) a?b, (ii) ab?, (iii) -b 
3. Find the Н.С.Е. and L.C.M. of 15a%b?, 35а63с and 25ab7c*. 
4. Simplify »-[5— (2»5-3(b-3)-a3)-d|-(2-9- 
5. Solve the equations (i) 6(2-х)-8(х+2)=о, 
(i) 1- gate 2 72 - 53. 


6. A boy counts 2 marks for each sum he gets right and -1 
mark for each he gets wrong. Не does ат sums and obtains 27 
marks. How many does he get right? 


M B 
1, If 3—2, у= - 1, z=0 and u= - 3, find the values of 
()4u-3(x-y), Gi) zaxyz-i, (й) (~ xy) + (2u)? 
2. Simplify 
(0 27т?л®--(з3тп)%, (8)(4хуй--4ху), (їй) (= xy)? 2х5): 
3. (i) Add together 4 - x - 235, — 3х+7 — 11x? and бх? - 4. 
(ii) Subtract z + 3y — 5x from 2y 4- 7x. 
4. The following table gives the number of years E that a female 


ud years may be expected to live (i.e. “ the expectation 0 
eg 


А -| 20 25 зо 35 40 45 5o 
E -| arı | 428 | 38:5 | 344 | зоз | 263 | 225 


ARES p ROUES ES Бра E Be e 
Draw the graph. Have the intermediate points any meaning? 
Estimate the expectation of life of females aged 27, 38, 47 years. 
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5, Solve the equations (1) а (ii) ї- -2. 
6. А man takes то minutes to travel а mile, partly by walking at 
4 miles per hour, and partly by running ас 8 miles рег hour. How 
far does he run? 
С 


1. (i) Add together $х°—4Ху 4757, 3 (2x7 + Oxy - 53?) and 
2(— 3х2 - 6xy - y”). 

(ii) Multiply 44253 Бу 3ab and divide the result by 6a?b. 

9. А car is travelling northwards at и miles per hour: x hours 
after passing a point P it is y miles north of P. Express y in terms 
of wand x. Find y, and interpret the results, if (i) и=30, х=5; 
(ii) u= - 30, x73; (Ш) u=50, %= -4; (iv) u= – 40, ¥= -3 

3. Solve the equations : А 

: ЕЕ 2+ +3y 
(i) 3-2(2-x)=3%, (ii) 35 220 yc p: 

4, A man starts on a journey with a pounds, b half-crowns and 
с florins in his pocket. He buys 3а books at half a crown each and 
1ob shilling packets of cigarettes. What is the value in shillings 
of the money he has left? 


ИМЕ о ee 
5. Simplify (i) ii guy 09, Я 
6. Ех=зу=-аа=-ь find the values of 
(i) axy- axy®, (8) arty- (zxy), Gii) зуг - (гух)?. 


р 


1. Simplify (i) 3a - 2(2a - 30) +3(3а- 2), 
i т т 
ам 

9, (i) What must be added to 2a - (3b + 40 to give 2a + (3b 40)? 

(ii) Multiply 3x - 29 +2 by -3 and take the result from twice 

2x + 3y ~ 42. 
3. If 1-3, m= —2, n=0, find the values of 
(i) P+ m+n, (ii) 31? - дт +212, (ii) (31- 4т)?. 
бх +5 21+х 


4. Solve the equations : (i) 5 аеш 


(ii) o'72-- 11 —0'5t o5. 
5. Out of a barrel three-quarters full 21 gallons are drawn, 
leaving the barrel two-fifths full. How many gallons does the 
barrel hold? 
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6. In the table below are given the greatest values of the load, 
W 1Ь., which can be safely carried on a pine beam / ft. long, which 
is supported at its ends. 


1 - | 8 I2 16 20 24 28 


W - 775 517 386 | 310 | 258 221 


Draw а graph to show the relation between / and W. Find from 
your graph (a) whether a load of 360 Ib. would be safe on a beam 


of length 18 ft., and (b) what is the greatest safe load for a beam 
of length 13 ft. 
E 


dern gy 
1. Simplify @) =E, (i) aa а» Gii) – 1222 — ( - 2a)*. 

9. (i) Add together 

435 -7x-1i1, -2x-5- 3x? and - 5 - 4x? - ax 
(ii) Subtract – 3xy - 2x from 4y - 2x + 3xy. 
8. When a=o, b= - 1, c=2, find the values of 
(i) (a-5y-(b-c--(c-a, (ii) 3(a- b)? - 2(b- cy -4(c-a). 
4. Solve the equations (i) 6(9— 2c) — 5(3 — 4c), 
(ii) 8a — 3(x - 3) - 2(x - 1) 20. 
5. Simplify, and arrange in descending powers of x : 
(i) 6x-732-2—7--3x-2x?, (ii) xt- sx 17 — 6x4. 

6. А man takes 22 hours less to ride with the wind from A to B 
than from B to A against the wind. He rides at the rate of 12% 
miles per hour when going with the wind and at the rate of 7 miles 
per hour when going against it. Find the distance from A to B. 


F 
2 л 
1. Simplify 0) 2-24:2, 00:48:25 (ш) 3- 77. 
2. If p=4, q— - 3, find the values of 
аса и. De aad ЗВ 20. 
@) psg" (ii) раа” (ш) 35:24 

8. Simplify, and arrange in descending powers of а 

ab? — та?Ь + даў — b? — 7а?6 — sa? — ab? + 115°. 
What is the coefficient of (i) а, (ii) ab?? Find the value of the 

expression when a=b= - І. 


4. Add together -24--38-4с and —4с-36-+2а and subtract 
а- 56 from the result, , 
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5, Solve the equation sis -3= i = 


6. A man bought 25 railway tickets for £7. There were some 
single tickets, each costing 58. and the rest were return tickets, 
which cost 6s. 8d. each. How many single tickets were there? 


55. 


G 


1. Find the sum of 6x — (25, — y) and y - (3x = 2y) and subtract 
x—2y from the result. 


9. Find the H.C.F. and L.C.M. of 16a?b, 24а%с and ѕбаёЬс?. 


3. Simplify (i) (а= x) - (x-a), Gi) +6 +k) – 2(2- k). 
ES h Ё 25 (+2 
4. Solve the equations (i) х-2- 23 - oe =0, 
Moe TER 
(ii) = 
5. 'Two motor-cars can run, one at 34 miles an hour, the other 
at до miles an hour. If the faster car sets out to catch the slower 
when the latter has 27 miles start, when will it catch it up? 
6. At a given temperature, ? Ib. per sq. inch represents the 
pressure of a gas which occupies a volume of v cubic inches. The 
following table gives values of p for different values of v. 


| 
D.-| 4o | 333 1290 20112228 20 18:2 | 167 


v 2! 5 6 7 8 9 10 II 12 


Draw the graph. Find (i) the volume when the pressure is 31 №. 
per sq. in. (ii) the pressure when the volume is 9:2 cubic inches. 


H 
1. 0) What must be added to (a+ 25 = с) хо лаке (3a — 5640? 
(ii) By what must 112209 be multiplied to produce 77min? 
9. I£ r23, s=}, t=}, find the values of 
(i) 72+ 452 — 3, (8) + (45-3 . 
(iii) (r-- 45) — 3? (iv) (+48 - 39°. 
3. Find the H.C.F. and L.C.M. of ба2х2у°, даху? and т2ах®у®. 


4. А man travels 152 miles in 5 hours. For part of the way he 
travels at 36 miles per hour ; for the remainder of the distance he 
travels at 28 miles per hour. For how long did he ride at the 
former rate? 
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5. If S-7(a +1), and S— 50, 1 — 6, a— 18, find I. 


6. What is the total bill for s Ib. of sugar at r pence per 1b., and 
37 lb. of margarine at s shillings per Ib.? How much change will 
there be out of а ten shilling note? Give the answers in pence. 


I 


1. A man receives curing the day 8a shillings, 25 florins, and 
6c half-crowns. Не pays out at the end of the day 56 shillings and 
2a half-crowns. How much money, in shillings, has he left? 

9. Simplify : 

@ 448--(488, (Н) 45? — (455, (ii) 368--(-309, Gv) 3с5— (- 305. 

3. (i) From the sum of 3x—4y-- 55 and —2х— 524+ 4y take the 
sum of 6x = 7y - 32 and 4z — 5y - 2x. 

(ii) Simplify and arrange in ascending powers 
8x2 - 4x 4 9- 3x - 2 - 15x?. 

4. Solve the equations : 

2443 3x—2 | 


(0 k-5(k-1)=0, (i) $ = 


5. A person spent £7 7s. od. in buying geese and rabbits. If 
each goose cost 6s. and each rabbit rod., and if the total number of 
geese and rabbits bought was 102, how many of each did he buy? 


6. Draw a graph from the following table to show the relation 
between the number N of gallons of milk contained in a milk churn, 
which when full holds 31: gallons, and the vertical depth № inches 
of the milk in it. 


o. 


From your graph find (1) the depth when the churn is filled to 
half its capacity, (1) how much more it will hold when the depth 18 
already 26:5". 

1 


1. Simplify (i) 2(a- Б) – 3{a +4[b — 3 (a — £)] - 2a); 


ege шш ес 


2. Multiply 6x - 7y +32 by 4 and take it from 3 times 
48-5у-8х. 
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3. There are зо bookcases in a library. One-third of the cases 
each contain х books, two-fifths of the cases each contain y books, 
and the remainder each contain 32 books. How many books are 
there in the library? 


4. Solve the equations : 
Ё S E 
3(6-3-14439-7» (7-275 
Ўр ону 21:8, 
5. If ас, b= * find the values of (i) am p (ii) NE 


6. A tramp set out to walk from P to Q, a distance of 103 miles. 
After he had walked a certain distance at the rate of 3 miles per 
hour he was given a lift by a motor lorry travelling at 27 miles per 
hour. As a result his total time for the whole journey was 5 hours. 
How far did he walk? 2 

1. (i) Write down the square of 34%, and the cube root of 64x5y1?, 

(ii) Simplify, and arrange in descending powers of x : 
8 —- 5x3 — 9x — 7А? 20x. 
У > 
то 5 

(ii) $2 - 3(5 + 42) =3. ; 

3. Simplify (i) 248-330", (ii) +, (iii) 8 sd 

4, If a—2, b= — 3, find the values of 

(i) (2a — 3b)”, (ii) 2a* ~ 30°, (iii) (22-35), 
(iv) 223-30", (у) Qa - (D. 

5. 'T wo men, C and D, start on a holiday together, C with £38, 
and D with £26. During the holiday D spends £4 more than C, 
and at the end of the holiday C has five times as much аз D. How 
much has each spent? 

6. Draw a graph from the following table to show the relation 
between the speed v m.p.h. of a train, and P, the resistance which 
it experiences in lb. per ton weight of the train. 


2. Solve the equations (i) =2, 


т^ >Ш 20 30 40 50 60 70 
Р -| 69 | 96 | зах | 204 | 285 384 | so 
ны 


From your graph find (i) the total resistance in Ib. experienced 
by a train of 360 tons when moving at 42 m.p.b., (ii) the speed at 
which the total resistance is 68 tons for this train. 
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L 
1. Simplify : 
а dee аи CONGRESS: 
O AS. 09 cata 0-0), Gi) (-5) (-э9. 
2. (i) Find the Н.С.Е. and L.C.M. of 7a?bx, x4a?b?x?, аб”. 

(i) If X=3a2-4ab and Y-—4ab- 30, express 4X-3Y 
in terms of a and b, and find the value of 4X - 3Y when a=2, 
ф=-1. 

8. (i) Take 7a – 3b from the sum of 4a + 5b + 6c and ба- 5b - 4С. 

(i) Simplify (a? — ab +b?) - (a? + ab + 63). 

4. A man rode a distance of 72 miles in 7} hours ; for part of 
x the time he rode at 8 miles an hour, for 
the rest at тт miles an hour. For how 

long did he ride at 8 miles an hour? 


5. Solve the equations : 
(i) 5(3x— 1) - 2(2x — 5) 35, 
Е. 
(ii) о 1- 6t. 


6. XYZ is a triangle in which 
XY=XZ and YZ=YW. 
ү 7 НАХУЙ = 15°, find x. 


м 
1. (i) Simplify (40 - 2P + R) - (30 +4P + 5R). 
(ii) Take (2d +e) from (4c — 2d + 5e) + (ad - 2c - е). 
2. Find the Н.С.Е. and L.C.M. of зби, 63m?r?, 817%. 
8. Simplify (i) (ab) x ( — bo) x (са) (- abo), ET 
(ii) 3 (12 — m?) - 2[1? — (m? + Im m(m - l- т))]. 
4. A body is acted upon by a variable force. The following 
table shows the connection between the distance s feet travelle 


by the body from the starting point and the force P pounds weight 
acting upon 16: 


$ -| © [от |o2 | 0-3 |o4 | 0-5 o6 |о7 o8 [09 re 


Р = | 20 | 21 | 21 | 20 | 19 rra ШЕ o 


Draw the graph. How far has the body moved when P has the 
‚values (i) 15, (ii) 6? + 


хи] TEST PAPERS Ш 133 
5. Divide 16s. 7d. between X, Y, Z so that Х may have twice as 
much аз Z and 8 pence more than three times Y’s share. 
6. The sum S of a certain series is given by the formula 
S=4n{2a+(n- 1)4). 
Find a when S=-570, d=-6, п=15. 


N 

1. (i) By selling a picture for (ga-7b+5c) shillings, I gain 
(Ь- 2с) pence. What did I pay for it? 

(ii) The perimeter of a rectangle is (68-30) feet. One side 
is (2s— 1) feet. Find the other. 

2. Simplify (i) 3s(s— 41) – 2t(55 — 2), 

(ii) 2x + 3y — (2х- 32)- {gy +4" -32— х). 

3. One-fourth of the subscribers to a certain fund each gave £1, 
one-sixth of the remainder each gave 105., and the rest each gave 
is. lf the three sets of subscribers raised their subscriptions to 
£1 1s., тоз. 6d., and 2s. respectively, the total increase in the sub- 
scriptions would be £5 125. 6d. How many subscribers were 
there? 

4. Solve (i) o—5(22-3)-3(7 — 42) + B(z 4 12), 

(ii) o'6(6x — 0:5) + r-5x = 074 + 3х. 
5. (i) Find the Н.С.Е. of 1432924, 215228, 35ху?23. 
(ii) Find the L.C.M. of «4, 4399, 6322, 4xy?, уќ. 


МЭ 
6. (i) Simplif 8 25 


(ii) Multiply > - icr us DP and simplify the result. 


Р 
1. Simplify (i) (52-3) = (32 +49 -(5- 64), 
(ii) 8455-73-38 r4 atta P 
What is the coefficient of 122 


9. Out of a collection of foreign stamps, т2ху +29" in all, 
2xy - 3y* are found to be worthless forgeries. If the others are 
divided equally among 5y boys, how many stamps will each boy 
get? 


8. Solve (0) 22 4d eas alaa 


о с 
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4. A man buys two horses for £86. By selling one for three- 
quarters of its cost price, and the other for four-thirds of its cost 
price, he makes a profit of £3 on the whole transaction. Find the 
cost price of each horse. 

DET л «s (505) x (= 84302 

5. Simplify (р 17-28, Gi) 9 5- (ax, (ш) 62 * C79. 

6. The following table gives the areas of cross-sections of a body 
at right angles to its axis : 


Area (А) in sq. in. - - |220 | 262 | 280 | 268 | 235 200 | 125 


| 
Distance (х in.) from one end | о | 20 | 40 | бо 8о |тоо | 120 


Draw the graph connecting A and x. What is the probable 
cross-section when x=70 in. ? 


Q 
1. (i) From (6a — 3 + 3c) take (4a - 6b - 2с). 


(ii) Subtract 5а shillings from 36 florins. Give the answer in 
pounds. 


9, Simplify (i) V – 27015, Gi) -3(-х)% (ii) eu 
8. (i) Find the Н.С.Е. and L.C.M. of 8a%xy, брху?, 18089, 
дах?у?. 
(ii) Ву what must 7a?b5 be multiplied to produce — 284569? 
(iii) То what power must — a! be raised to give 41%? 
4. Solve (i) 8(4a- 3) - 3(7a - 3) — 12(2 - За) = боа, 
05552 ре =4) 
12 08° 73 9 Vos УЗ 
5. A man has two sons X and У whose united ages just equal 
his own. In two years’ time he will be twice as old as Y, and 1 


years ago he was three times as old as X. Find the present ages © 
father and sons. 


6. Зиврь O 46-3 7639 408-2) 
9 6 gut 


Gi Е 5 
Gi) 2 3 а+3$+5(а+8®) |, 


PART II 
CHAPTER XIII 


SIMPLE SIMULTANEOUS EQUATIONS. PROBLEMS 
LEADING TO SIMULTANEOUS EQUATIONS 


71, On a road running west from Cambridge X and Y are 
respectively бо пШез and 8 miles from Cambridge. A man A 


х Y 
ы —————— 
60 8 Cambridge 
Fic. 8. 


leaves X at 9 a.m. and travels east at 4 miles an hour. After ¢ hours 
he will have travelled 42 miles, and he will then be бо- 4t miles 
west of Cambridge. If we call this distance x miles, it is clear that 

&—60—4t. eere () 
From consideration of the motion it is clear that this equation is 
satisfied by an unlimited number of pairs of values of x and ї. For 
any value of 1, there is a definite position reached by А, and a 
definite value of x which may be obtained from the equation ). 
Thus, if t=1, x—56 ; 41:52, €—52; if 1—54, x—38 ; and so on. 

In general, whenever we have a single equation in two unknowns, 
we can find innumerable pairs of values of the unknowns which 
satisfy it. Such equations are said to be indeterminate. 

It often happens that two unknowns which are connected by an 
indeterminate equation also satisfy some other equation. If this is 
the case, it is usually possible to find a limited number of pairs of 
values of the unknowns which satisfy both equations. 

In the example taken above, consider a man B who leaves Y at 
1I a.m. and travels west at 28 miles an hour. After £ hours 
(measured from 9 a.m.) he will have travelled 28 (t — 2) miles west, 
and he will then be 8 + 28(! — 2) miles west of Cambridge. If we 
call this distance х miles, it is clear that 

x =8+28(t-2)=28t- 48. ота. (ii) 
This equation is satisfied by an unlimited number of pairs of values 
135 


+ 
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of x and t. It should be clear that for any value of t, the value of 
x for A will not in general be the same as the value of x for B. 
But at the moment when A meets B, for the particular value that £ 
has when they meet (and for that value only), the values of x for 
А and B must be the same. We expect therefore to find one and 
only one pair of values of x and t which satisfy both the equations 
(i) and (ii) at the same time, і.е. simultaneously. 

To solve these equatiors by Algebra, we equate the two values 
of x. If the two men are at the same spot at the same moment, the 
values of x and t must, at that moment, be the same in (i) and (ii). 
We thus have 

60 - 41—28t — 48, 
` -4t-28t- - 48 - 60, 


— 321 — — 108, 
e108 3 
70-32 miu 
But, from (1), x-60- 4t; 


". when =з} х=бо- 135 = 465. 


It is easily verified that equation (ii) is satisfied by this pair of 
values. Thus the men meet 33 hours after 9 a.m., and they will 
then be 46% miles west of Cambridge. 

We see that, although there are many pairs of values of x and 
t which satisfy (i), and many pairs which satisfy (ii), there is only 
one pair which occurs in both sets of values. This pair is х= 46%, 
1=3Ъ and is called the solution of the simultaneous equations 

x=60- 4t, 
x=28t- 48 


GENERAL METHODS OF SOLVING SIMULTANEOUS 
EQUATIONS 


79. Method 1. Elimination by equating equivalent values of 
one unknown. 


Example 1. Solve the simultaneous equations * 


5%- 3у=28, «RII © 
тох+25у= —6. „аек. ннн" (ii) 
From (i) 5x=3y +28, х=37+28, MERE M Id (i) 


5 
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From (ii) 10х=-25у-6, .. к= 2250-8, ЕЕ (iv) 
But the values of x obtained in (iii) and (iv) must be equal, 
. 3y+28 -25у-6 77) 
memi РН, ннн нн Өн 


2 5 10 
. бу+56= —-25y - 6 (multiplying each side by то), 
©. 317=-62, ..y-—-2. 


Put y=-2in (iii), А xa =4'4. 
The solution is х=44 У=-2. 
Check. When х=44 Y=-2, 
in (i), І.Н.5.=22+6=28=К.Н.5., 
іп (8) L.H.S.-44- 50= - 6- R.H.S. 


Note. In the above working it should be clearly understood 
that x and y stand for the values of x and y which satisfy both the 
equations (i) and (ii). 

73. Method 2. The method of substitution. 


Example 2, Solve the simultaneous equations : 


9х+ 4у= 22. enhn hh hmmm (i) 

From (i) we can find an expression for x in terms of y; if we 
substitute this value of x in (ii) we shall have an equation in y only, 
Which we can solve. 

Thus, from (i), 6x-2745», (=. ет к (iii) 

Substitute this value of x in (ii). 

Then 3 #7+59 уша; s 21+15у+8у=44; 

2 


'. 23у=23; .. YFL: 
Put у=т in (Ш), then 2135.5, 
The required pair of numbers is therefore х=2, y— 1. 
Check. 1fx—2,y-1,in (i) L.H.S.—12—5 -9-КН.5, 
in (ii) 1.Н.5.=18+4=22= В.Н.5. 
Note 1. The value of х was found by substituting у= in (iii), 
ie. in the equation previously used for substituting. The pupil 
should make a habit of doing this. 
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Note 2. It is necessary to verify that the pair of numbers 
satisfies both the original equations. 

Note 8. The pupil should in each case consider whether it is 
easier to express x in terms of y, or y in terms of x. Thus, in 
solving the simultaneous equations 5х- 3y=6, 4x-y=9, it is 
easier to express y in terms of x by means of the second equation. 
We thereby avoid the introduction of fractions. The process of 
getting rid of one of the unknowns is called elimination. In each 
of the above examples we eliminated х. 


EXERCISE 31. а 


Solve the following pairs of simultaneous equations and check 
your answers. In each case consider carefully which unknown can 
be more easily eliminated, or whether it makes no difference. 


1. х+у=14, 9. х+у=24, 8. х+2у=7, 
х-у=8. x-y-o. 2x +3y = 12- 
4. 3x 2y — 13, 5. 2х+у=23, 6. 13+ 5y = 19%, 
7х-у=19. 3x - 2y=3. 2у= 5х. 
7. 3a - 2b —6, 8. 1+3m= - 1, 9. x-5y- 7, 
6b- 5a — 30. 31+т= - 11. y 26x — 16. 
10. x-3y-0-20- y - 2x. 11. sy- бх=о= 8х — бу- т. 
12. a-b=b-a+15=5). 
EXERCISE 81.5 
(See instructions at the head of Exercise 31а) 
1. х-у=и, 9. х+4у=10, 3. stt=14, 
x+y=17. 3% + 5y —23. t-s=0. 
4. 4x 3y —20, 5. 5y - 72x, 6. 5х+у=26, 
6x -y=8. 3x=4y. #337 —2- 
7. 3x 10 - y, 8, у=3х- 26, 9. 21+5т= – 5, 
5х=7у + 38. x=5y +4. 4l+3m= - 17. 
10. x- 4y=0=22+y- 3x. 11. зу-7х=4х-2у+т=0. 


12. 2х-зу=ду - 3x + 39 — 16. 


74, The above methods are both useful. If both equations are 
simple equations the first method is better than the second, but 
the second—the method of substitution—is of fundamental im- 
portance, if one equation is of the first degree and the other equation 
is of higher degree. But when both equations are of the first degree; 
the third method, given below, is the best method. ‘This method 
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has the advantage that fractions are not unnecessarily introduced, 
and the pupil should regard it as the standard method. 

Method 3. Elimination by addition or subtraction after equal- 
ising coefficients. 

If the given equations are such that the coefficients of one of the 
variables are numerically equal in both equations, it is possible to 
eliminate that variable by addition or subtraction, Thus, if the 
equations are 

4х-зу=6, 7«t3y—2?7, 
we obtain at once, by addition, 11x —33; and the remainder of the 
work is easy. Similarly, if the equations are 

5x-3y=28, 5х+8у=6, 
we obtain at once, by subtraction, — т1у=22, etc. 

In general, the equations are not given in such a simple form. 
But it is always possible to get the given equations into the above 
form by multiplying each side of one or both equations by a suitable 
number. 


Example 3. „Solve the simultaneous equations : 


The L.C.M. of 6 and 9 is 18, ~. 
(i) by 3 and each side of (ii) by 2, we shall obtain equations in which 
the coefficients of x are numerically equal. 

[Multiplication of (i) and (ii) by 9 and 6 respectively would, of 
course, lead to the same solution, but the working would be slightly 
heavier.] y 

Multiply each side of (i) by 3»... I8x-15y-221. еее (iii) 

Multiply each side of (ii) by 2, + 18x+8y=44. е 

From (iii) and (iv) by subtracting, = 23у = - 23, 2, y=, 

Puty-rin(), у. бя-5=7, 4. 6x-12, МОЕ 22. 

The remainder of the work is as in Example 2. 

75. Sometimes it will be necessary to simplify the equations 
before applying any one of the methods of solution. \ 

If the equations contain fractions, it is usually best to get rid of 
the fractions as a first step, but this js not a universal rule and there 
is scope for considerable skill in avoiding unnecessary, working. 
See Ex. 5, below. 
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Example 4. Solve 3x pets 227-3, LORD. (i) 
sag $ — Eu NEL (ii) 


"Го clear of fractions, 
Multiply each side of (i) by 14, 
2. 42X-2y-10—28x-21, .. I4X-2y- -31. (iii) 
Multiply each side of (ii) by 15, 
2. 12-9y-10x-25— -I58y, .. -1ох+6у=-37. (iv) 
Multiply each side of (iii) by 3, 
* дах + бу -98. HH) (v) 
From (iv) and (v) by subtraction, 
52x72 -56, .. x= -1Ій. 

We may obtain y, as hitherto, by substituting this value of x in 
(iv) or (v), but it may be considered preferable to obtain y directly, 
by eliminating x. Thus, 

Multiply each side of (iii) by 5, 


1) охжїоуз - 155. -өөөөөөөөө (vi) 
Multiply each side of (iv) by 7, ; 
-g0x4429- — 259. уннн (vii) 


From (vi) and (vii) by addition, 
52y— -414, .. У=-7, 
*, the solution is х= - 15, у= 724 
In an example like this, when the answer contains aw ууата 
fractions, the work of checking would be just ав likely to lead to 
mistakes as the work of solving. In such cases it is quicker to look 
over the working again to make sure that there are no errors. 


i-i Note. Whenever the values of the unknowns render substitu- 
tion awkward, it is advisable to adopt the procedure of Ex. 4. It 
will be seen later that this is of particular importance in connection 
with literal equations. 


Example 5. Solve 7 78 24 = Bod els Мат, (i) 
А UMORE RIE des sate (ii) 
11524: 


І we clear of fractions, we do an unnecessary amount of work. 
Instead we proceed thus : J 
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Multiply each side of (i) by 2, 


З een ое (iii) 
(8: 
From (ii) and (iii) by addition, 
19% 238, г x= 22. 


11 
The completion of the work is left to the pupil. 


76. The work of this chapter is summed up in the following 
instructions : t 


1. First decide which unknown it is easier to eliminate, 

9, When one unknown has been found, it is usually best to 
obtain (he other by substituting in one of the equations containing 
both unknowns. If you use the first or second methods substitute 
in the equation you obtained for the purpose of substitution. It 
Occasionally happens that the value of the first unknown is an 
awkward fraction ; it may then be easier to obtain the second 
unknown by repeating the process of elimination. 

3. When checking, check in BOTH equations in their ORIGI- 
NAL form. 

4. If the answers involve awkward fractions or decimals, it is 
better {о look over your working again, instead of checking by a 
substitution which may lead to errors owing to the complexity of 
the working. 

5. Number your equations, so that the explanation of your work 
шау be clear, 


EXERCISE 32.a 
(See instructions at the head of Exercise 31 a) 
І. 5x+6y=28, 2. 3a 7b =26, 3. 51-9т=17, 
4X t 11y — 41. 5b 4 4a — 13: 8m - 3l — — 5. 
4. oP-1190=15, 8б. 125-1— —9i 6. 4X+3Y=0, 
130425 7B. 36t- 10s = 113. 11Х-5У=53. 
7. 15x - 4y - 6, 8. 14x 2771, 9. 44x 3y = 62; 
9x - 2у= 5. 38x 5y-77- 20x—9y—4- 
10. 261 -15т=зз, 11. 30х+14у=27› 19. тоох + 65у = 1, 
151 - бт= 16. 75х-++6у= 53. 175% +559 = 37. 


13. 7с-114=32 14. 3x-5y-30, 15. 22+39)=24 
2с=7 +d. 1IX- 27) = 32. 24-14% 7 15)- 
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EXERCISE 32.b 
(See instructions at the head of Exercise 31 @) 
1, 4a+5b=41, 9. 51-31, 8. 3x4 7» 722, 
3a - 2b =2. 3l=m+5. ях + 9y = 44. 
4. 2P-90=0, 5. 34+2B=6, 6. 5а+ 75-44, 
180 -7Р=27. 54+6B+30=0. 13a+21b=2. 
7. 22x 4 27y 73, 8. 12x - 10y=7, 9. 21x 22y —41, 
44X t 51y —2. 36x - 18y =3. 24x + 66у = 149. 
10. 40х+9у=14, 11. 25х+63у=1, 19. зох-8у-9, 
72x + 5ту=2. 15x + 84y = 16. тдох — 36у = 97: 
18. 3a+2b=2, 14. 6x+20y=7, 15. 111-7т = 32, 
30a = 6b + 59. 8y-3x - 8. 19 — 43 + 8m. 
EXERCISE 32.c 


Solve Nos. 1-16 : 


1. 2(x-3)-(y- 5) = (x-4)- G7 6) = 10. 
9. 2-2(3x-y)219(4-») - sx 2 4 - х). 


8. 
4. 


5. 
10% — 6y — 3 (2% — 3) = 38. 


‚3з®+2у 20-3). 
II 
17х+20у+1=0. 
18. r'5x -2:4y — 1:4, 
1'8x— 14y—5:9. 
16. 0:2x + 2:5y —3:28, 
IOX--I:5y—15:8. 


о, 


4(а-2)-5(1-6)=0=29а-3(а-В +4. 
2y - 3х=12(у — 3x) 739 - бу. 
5(x-3») - Gx - 149) = 14, 


6. 7x--2- 6(y - ) 224 
Яу+17-6(х+2)+ 18 20. 


gioi rd 73. 


"as 45-4 Я 
2x-3y x-11 Y*3$, 
10. EU. ad 


19. 2х+ isy- 5 (0 - 3») 


78 — 279 t 775-9. 
2х+19у=21, 
38 (3x - y) = 1079. 
16. 3'75х- 1:5» -0 75 
I4X-o7y-—9't. 


14. 


Solve Nos. 17-22, correct to two decimal places, : 


17. o'4x + 07y 2 r3, 
о'9х- 02y — 1:8. 

19. o2x4 DIy--25, 
о'5х-о'7у= – r2. 

21. 1:3x- 077y —072, 
o-73x + oby — 04. 


18. 0:3: 0:8y 7 17; 
oS8x-o3y-rIi. 

20. о-5х + о-бу= 2'8, 
о-бх — o:5y — 1:6. 

22. rax + 11iy2- 30D 
о-5х + о-ду= —2°7- 
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23. If a—2b=3 and 3a+b=19'5, find the value of 3a - 8b. 

24. If 41- 5m— 5:2 and 71— $m = 6-5, prove that ут = 81. 

25. If 3l-+m=1 and sl - 2m-— 20, find the value of 51+ 2m. 

96, The equation ax? + bx +4=0 is satisfied by x=0'5 and x — 4. 
Find the values of a and 5. 

97, If as+4t=3°3 and 5s—7t=5'5, prove that 5s=41t. 

28, The equation ax--bx- 10—0 is satisfied by х=} and 
х—-5. Find the values of a and b. 

99. Show that it is impossible to find a pair of numbers x, y 
to satisfy the three equations 7y — 3 = 2, 5х=8у +4, 3% 29 —17- 

30. The values of x and y are connected by the equation 
x=ly+m. When x23, y—4 and when х= -7,»7-r Find / 
and m. Find x when у= - 3, and y when х=6. 

31. Show that it is impossible to find a pair of numbers а, b to 
satisfy the three equations 32 + b=1, 5a+2b=4, 2a+ 3b = 10. 

82. The values of х and у are connected by the equation 
y=ax+b. When x=4, У=5, and when x=7, У= 14. Find а 
and Б. Find x when y=2, and y when х= — 3. 

гоње and harder examples are given in Ch. XXI, Exs. 63. 
а and b. 


PROBLEMS LEADING TO SIMULTANEOUS 
EQUATIONS 
77. Example 6 1/ 28 subtracted from the numerator of a 
fraction and 3 is added to the denominator, it reduces to i; if 6is 
added to the numerator and the denominator is multiplied by 3, it 
reduces to $. Find the fraction. 
Let x be the numerator of the fraction and y the denominator ; 


then the fraction is я 


Е iti Ts = д АС GELD ACCES adi (i) 
rom the first condition y*3 4 
6 2 а 
from th +62, ан tenens (ii) 
second a) 3 


To clear of fractions multiply each side of (i) by 4(у +3), and 
each side of (ii) by 35. 
Thus, from (i) 4(x-2)=y+3, OF 4х-у=їт, 
from (ii) «+6=2), or х-2у= -6. 
Solving (iii) and (iv) in the usual way, we get X74 У=5; and 
the fraction is $. 
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Check (by using the data of the problem) : 
iA aise 0:446. 10-2 
Өз в Фу 

Example 7. Two men, 8} miles apart, set out at the same time 
and are together in 11 hours, if they walk in the same direction, but 
in 1 hour, if they walk in opposite directions; find their speeds, 
supposed uniform. 

Let the faster walker go at the rate of x miles per hour, 

and let the slower ,, ГА 5 вл s t 

When they walk in the same direction, the faster walker gains on 
the other (x – y) miles per hour; .. in тт hours he gains 11(x-J) 
miles, SIDES EYES SE, ТЕУ. (i) 

When they walk in opposite directions they approach one 
another at the rate of (x + у) miles per hour ; 

В ОАТ (ii) 

Solving (i) and (ii) in the usual way, we get x—41, у= 32. 

Thus, the rates of walking are 4} and 3$ miles per hour respec- 
tively. 

The pupil should check the result by using the data of thc 
problem, 


EXERCISE 33.a 


. Find two numbers whose sum is 92 and whose difference 
is 34. 

2. Find two numbers which are such that three times the less 
exceeds twice the greater by 18; and such that one-third of the 
less plus one-fifth of the greater equals 21. 


3. 6 cows and 8 sheep cost £148 ; тг cows and 7 sheep cost 
£233; find the cost of a cow and of a sheep. 


4, I buy 3 tables and 5 chairs for £30, and 4 tables and 8 chairs 
for £42. Find the price of a table and of a chair. 

5. 8 Ib. of apples and 5 Ib. of pears cost 4s. 9d. ; 6 Ib. of apples 
and 3 Ib. of pears cost 3s. 3d. Find the cost of 1 lb. of pears. 

6. 15 Ib. of tea and 17 Ib. of coffee cost £3 11s. 6d. ; 25 Ib. of 
tea n 13 lb. of coffee cost £4 8s. 6d. Find the price of each 
per Ib. 

. 7. A number is formed of two digits whose sum is о. If the 
digits are reversed the number is increased by 27. Find the 


number. [Note. ІҒ the tens digit is x and the units digit is y, the 
number is 10x + y.] 
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8. A number of two digits is equal to 3 times the sum of its 
digits. The number formed by reversing its digits plus 9 equals 
3 times the original number. Find it. 

9. A number of two digits is five-sixths of what it would be ії 
its digits were reversed. If the number is increased by 3 times the 
sum of its digits, the result is 72. Find the number. 

10. A is 7 years older than В. 15 years ago B's age was three- 
quarters of A’s age. Find their ages now. 

11. Three years ago a man was eight times as old as his son, and 
in two years time he will be four and a half times as old as the son. 
What are their present ages? 

19. The sum of the ages of a father and his two sons is 57 years, 
and one son is 2 years older than the other. If the elder son lives 
to be as old as his father is now, and if all three are then alive, the 
sum of their ages will be 162. Find their present ages. 

13. Find a fraction which reduces to 3, if the numerator and 
denominator are each diminished by r, and reduces to 3, if the 
numerator and denominator are each increased by 2. 

14. Find a fraction such that, if its numerator is diminished by 
I, it reduces to 1, and becomes equal to 3 when the numerator is 
increased by 3 and the denominator diminished by 12. 

15. My quarterly electricity bill is made up of a fixed charge of 
al- plus a charge of b pence per unit used. In two successive 
pe I use 124 and 76 units and pay £2 8з. and £1 10s. Find 
a and b. 

16. A cricketer has made (y+ 5) runs for (х+3) times out and 
his average is exactly 13. If he makes 45 in his next innings an 
gets out, his average will then be exactly 15. Find x and y. 


EXERCISE 33.b 


‚ L. Find two numbers whose 'sum is 95 and whose difference 
is 51. 

2. Find two numbers which are such that one-fifth of the 
greater exceeds one-sixth of the less by 4 ; and such that one-half 
of the greater plus one-quarter of the less equals 38. 

3. 5 horses and 7 cows cost £223 ; 7 horses and 9 cows cost 
£301. Find the price of a horse and of a cow. 

4. 4 Ib. of tea and 6 Ib. of coffee cost Дт; 1 Ib. of tea and 
8 Ib. of coffee cost £1 os. 2d. Find the price of each per lb. 

5. 12 pencils and 3 fountain-pens cost 158. 9d. ; 36 pencils and 
5 fountain-pens cost Дт 7s. 3d. Find the cost of a pencil. 

6. 25 Ib. of apples and 33 Ib. of plums cost 16s. 7d. ; 35 lb. of 
em and 48 Ib. of plums cost Дт 33. 8d. Find the price of each. 
per Ib. 
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7. A number of two digits whose sum is 14 exceeds by 36 the 
number formed by reversing its digits. Find the number. 

8. A number of two digits exceeds 4 times the sum of its digits 
by 33; if the number is increased by 18, the result equals the 
number formed by reversing its digits. Find the number. 

9. A number of two digits is three-eighths of the number 
formed by reversing its digits. If the number is increased by three 
times the sum of its digits, the result is 54. Find it. 

10. A's age exceeds twice B's age by 6 years. In 4 years’ time 
one-third of B's age will exceed one-tenth of A’s age by one year. 
"What are their present ages? 

IT. Last year a father was 7 times as old as his son ; in 2 years’ 
time he will be 5 times as old as his son. Find their present ages. 

12. A is 5 times as old as her son B, while in 3 years’ time she 
will be 4 times as old as B. What is her present age? 

13. Find a fraction which reduces to $ when 1 is subtracted 
from both numerator and denominator, and which is equal to 1, 
ete numerator is increased by 2 and the denominator diminished 

у 2. 

14. Subtract 3 from both numerator and denominator of a 
fraction and it reduces to +; subtract 9 from each and it reduces 
to +. Find the fraction. 

15. In the AXYZ, LY—4LZ and 34 X- 52 У=15°. Find 
the 28 of the A. 

, 16. If A gives B £3, B will have 3 times as much as A. ИВ 
gives A £4, A will have £20 less than B. How much has each? 


EXERCISE 88.0 


1. If A gives B 4/-, B will have twice as much аз A; if B gives 
A 15/-, А will have то times as much as В. How much has each? 

2. In a APQR, LP=3£Q and 22Q- 4 R-3o*. Find the 
4s of the A. 

3. A heap of shillings and half-crowns is worth £1 25. If there 
"were half the number of shillings and twice the number of half- 
crowns, it would be worth 4s. more. How many coins of each kind 
are there? ; 

4. When petrol costs 28. 44. a gallon and oil 3s. а quart, à 
motorist finds that the cost of petrol and oil on a given journey 13 
£3 128. 3d. When the prices are each reduced by 4d., the cost for 
the same journey is £3 2s- How much petrol does he use on e 
journey? 

5. P, Q, and R travel from the same place in the same direction 
‘at the rates of 25, 30 and 40 miles per hour respectively- 
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starts 2 hours after P, how long after Q must R start in order that 
they may overtake Р at the same moment? 

6. A cricketer has made (y — 7) runs for (х = 5) times out, and 
his average is exactly 15. If he makes 34 in his next innings and 
gets out, his average will then be exactly 16. Find x and y. 

7. My quarterly telephone bill is made up of a fixed charge of 
l|- plus a charge of т pence рег call. In two successive quarters 
Imake 144 and 96 calls and pay £2 108. and £2 58. Find / and т. 

8. I have 8з. to spend on football matches. If I pay tram fares 
and entrance money each time, I can go 8 times ; if I walk once out 
of every 3 times, Í can go 9 times. What is the entrance money 
for one match? 

9. A dealer sells 7 horses and buys 9 cows, thus increasing his 
cash by £88. He then at the same prices buys 9 horses and sells 
13 cows, thus decreasing his cash by от. Find the price of each 
cow. 

10. Two men, тг miles apart, set out at the same time and are 
together in т hr. 20 min., if they walk in opposite directions, but 
in 14 hr. до min., if they walk in the same direction. Find their 
speeds, supposed uniform. 

11. A man sold apples at 5 for 2d. and pears at 16 for 1/-. He 
would have received rd. less, had he sold both at $4. each, and 94. 
more, had he sold both at 3 for 2d. How many of each sort did 
he sell? 

12. I spend 7s. in buying pears at 7 for ód., and bananas at 9 for 
ба. I sell two-thirds of my pears and three-eighths of my bananas 
A Pe making a profit of 6d. on them. How many of each do 

чу 

13. A, В, С travel from the same place in the same direction at 
the rates of 20, 25 and до miles per hour respectively. If B starts 
half an hour after A, how long after A must С start in order that 
B and C may overtake A at the same moment? 

14. Ispend ss. in buying eggs at 3 for 24. and oranges at 4 for 3d. 
If I were to sell them ай at the rate of 14 for 1/-, I should gain т/-. 
How many of each do I buy? 

15. A boy has 4/- to spend on two kinds of note-book. If he 
buys 5 of one size and 7 of a larger size, he will require 2d. more ; 
if he buys 7 of the smaller size and 5 of the larger, he will have 2d. 
too much. Find the price of each kind. 

16. I spend ss. 84. in buying apples at 5 for 3d. and oranges at 
5 for 2d. I sell three-fourths of my apples and four-fifths of my 
oranges for 4s. 04., making a profit of 54. оп them. How many 
apples do I buy? 


CHAPTER XIV 


GRAPHS OF FUNCTIONS. GRAPHICAL SOLUTION OF 
EQUATIONS. LINEAR GRAPHS. GRADIENT. 
UNIFORM SPEED GRAPHS 


78. Functions. If one variable changes when another variable 
is changed, we say that the first (or dependent variable) is 4 
function of the second (or independent variable). 

Thus, a boy’s weight is a function of his асе; the income-tax 
paid by a man is a function of his income; the time of swing of a 
pendulum is a function of its length. In using the word “ func- 
tion ” we do not imply the existence of an algebraic expression 
from which values of the function can be calculated ; thus, 
although a boy's weight is a function of his age, there is no 
algebraic expression from which we can calculate his weight when 
we know his age. But when there is such a function we call it an 
algebraic function of the independent variable, e.g. 4x8 — 3% 


е are each algebraic functions of x. The graph showing 


the connection between the variables is called the graph of the 
function. In this chapter we extend the work of Ch. VIII, and 
consider graphs of algebraic functions. We then proceed to 
consider the graphical solution of equations, linear graphs, the 
gradient of a straight line and uniform speed graphs. 


79. Example 1. Itis known that a stone projected upwards from 
a point on the ground with velocity 48 ft. per sec. is s ft- above the 
ground after t sec., where 5= 161(3 -4). Draw the graph of s for 
values of t from о to 3. 
148 
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Start bx calculating the values of s when £— o, 4, 1, 14, 2, 25 3- 
Arrange the work as shown below : 


Б 3 (б 2 1$ 
1003-2) — s | o | го | 32 | 36 | 32 | 20 | o 


After this table has been made, choose а convenient scale, so 
that the graph will fill as much of your paper аз possible. 


Ona standard sheet of graph paper, We may take values of t 
Bong the short side and 1^ to represent т unit. Along the other 
Side we take values of s and 01^ to represent I unit. 


p IJ» Oi nts may now be plotted and a curve drawn through them. 
E P*rrnisible to do this, since the intermediate points have a 
meaning. ^ put before drawing the curve it is as well to consider 
peter Vve have sufficient points to enable us to do this accurately. 
ln this Case greater accuracy is desirable and can be obtained by 
еза zx values for t=4, 13, 13, 2%. Accordingly we add these 
values tc» Gur table and plot the new points. 


3—95 -| 2% 1i 
1643-14-55 | її 35 | 35 | ue 
ТОНОГ i reo e 


<лагуе may now be drawn with a fair degree of accuracy. 

and t X so.) As previously, care should be taken to label the axes 
c» а 

title. Xxark the scales along them. The graph should be given a 


A. 4 
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GRAPH or 1бї(3-0) FOR VALUES OF Е BETWEEN © AND 3 


8 = 
35 
Li 
30 
[ 
25 
$ 
nD 
59020 
$5 
23 
m 
SIS 
10 
5 
о 1 1 11 2 21 t 
Time in Seconds 
Values oft 
FiG. 9. 


If the graph has been accurately drawn the value of s may be 
read off for any value of г. Thus, to obtain the value of s when 
1— 3, take, on the axis across the page, the point corresponding 10 
t=}, and note the reading for the upright from this point to the 
curve, і.е. 27. The pupil will find it instructive to draw his own 
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curve and take several readings, e.g. for t—0'2, r8,2:3 ес. He 
may then estimate the accuracy of his drawing by comparing the 
values of s obtained from the graph with those obtained by sub- 
stituting the values of t in the expression 16/(3 — t). It should be 
clear that the curve gives approximately the value of s correspond- 
ing to any value of t between o and 3. The degree of accuracy of 
the result depends upon the accuracy of the drawing ; this can be 
increased by increasing the number of points plotted. For most 
purposes it will be sufficient to start by plotting from 6 to 8 points ; 
three or four more points may then be added where they appear to 
be most useful. If a sufficient degree of accuracy is not then 
attained, other points should be added. The following questions 
may now be discussed and the answers obtained from the 
graph : 
(i) What is s when t=0°2, 18, 2:3? 

(ii) For what values of t is $ = I5, 27, 34? 

(iii) How long is the stone in the air? 

(iv) The stone going upwards passes at a certain instant a point 
то ft. from the ground. What time elapses before the 
stone again passes the same point ? 

(v) What is the greatest height the stone reaches? 

(vi) How long does the stone take to reach its highest point? 

(vii) For how long is the stone more than 32 ft. above the 
ground? 

(viii) Is it possible to find values for t for which 16t(3 — 0 = 27, 
до, 22, – 4? 


80. In the above question the value of the independent variable 
t is restricted by the nature of the problem ; it cannot be greater 
than 3 or less than о. In other questions the function can be calcu- 
lated for all values of the independent variable. We proceed to 
consider the graphs of such functions. 

We now require a pair of axes on which positive and negative 
values of the independent variable and of the function can be 
represented. We take our axes as before; their point of inter- 
section is called the origin. ‘The axes are labelled to the right and 
upwards as before, but also to the left and downwards to represent 
negative numbers, using the same scale as for the positive numbers. 
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Thus, in Fig. 10, P is the point where x=3, y=10; this is 
usually written “ the point (3, 10) "; О is the point where x=2, 


2 


Fic. 10. 


y= - 15, ie. the point (2, -15); R is the point where x= -4 
у=то, ie. the point (-4, 10); S is the point where х= -~ 1, 
у= - 20, i.e. the point (-т, – 20). 

The values of x and у are called coordinates. The value of x is 
always written first ; it is called the x-coordinate or abscissa. The 
value of y is called the y-coordinate or ordinate. It should be noted 
that the point of intersection of the axes, or origin, is the point 
(0, 0). Coordinates may clearly be used to fix the position of a 
point in a plane with reference to any chosen axes. 


[Exs. 34a and b, Nos. 1-4, may now be worked.] 


81. Example 2. Draw the graph of а? — 5x — 6 from х= -? to 
8-8. 
Маке a table of values for whole numbers from x= —2 to 8. 


-6|-6|-6|-6|-6 


x -sx -6 


Т 
(zy) |8 


| 
о|-6|-10 


-1276 


-12| - 12 o 8 -124 


18 EM 


in -6 


һе pupil should now plot the graph, taking 4” as the unit for x, 
4" as the unit for у. After plotting these points it seems desirable 
to plot a few extra points between х=2 and x=3. These have 
been inserted in the above table on the right of the thick line and 
the pupil should plot them on his graph. The curve may then be 
drawn fairly accurately. 

The following questions may now be discussed and the answers 

obtained from the pupils’ graphs : 
(i) What is (a) the least value of у, (5) the greatest value of y 
7 within the limits taken, i.e. from х= ~2 to x=8? 

(1) Is it possible to find values of х for which a2 — 5x — 6 —0, 14, 
-8, -18? How many values are there in each case? 
Could more values be obtained by continuing the curve 

ү either way? 

(iii) Does x? — 5x — 6 increase ог decrease as х increases (а) from 

— 2 to 2}, (b) from 21 to 8? If the curve were continued 
у to the right, would x2 — 5x — 6 continue to increase? 

(iv) What can we say about the value of x* - 5%- 6 when x is 
(a) a very large positive number, (b) a very large negative 
number? 

w) How can the graph be used to 
x2- вх -6= -8,- 

(vi) How Ee the Ed be AU 
#-х=6, 10) —2, 10, i 

It should be noticed that from the graph we can solve equations 

of the type x2— sx = any number. Similarly, if we wish to solve an 

equation such as 6x?— 7%- 1170, WE can draw the graph of 

6x! — 7x and read the values for which this function equals 11. 
This is a general method for finding approximately the roots of 


find solutions of the equations 


16 
to find solutions of the equations 
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any equation of the form ax?+bx+c=o0, where a, b, с are given 
numbers. 


EXERCISE 34.a 
(Approximate answers should be given correct to one decimal place) 


In Nos. 1—4, plot the points and draw a smooth curve through 
them. In each case choose a suitable scale. 


1. (-6, 18), (-5 14), (-4 0, (73,9, (72, -9, (-ъ -6). 
2. (1, о), (2, 1), (3, 4), (4, 10), (5, 20). 
3. (-4, -6), (-3, – 22), C 5 - 3), ©, -®, (2, о), (s, 2). 
4. (-3, = 5), (-2, – 8), (- 15, -83), (-1, - 9) (-4, – 88), 
(о, - 8), (1, = 5). 

5. It is 200 miles from King’s Cross to Sutton-on-Hull. 

(i) What will be the average speeds (v) of aeroplanes covering 

the distance in $, т, 14, 2, 23, 3, t hours? 


(ii) Draw the graph of v= 28, for values of t between 2 апа 3- 


(iii) Read ой the value of v for which #= 2:6. 
(iv) What meaning do you attach to this value of v? 
(v) Read off the value of t for which v= 110. 
(vi) What meaning do you attach to this value of £? 
(vii) Compare your answers to (iii) and (v) with those obtained 
by calculation. 


(viii) What would be the value of ES (a) if t were very large; 


(b) if t were very small? Interpret the meaning of this 
for the above journey. 

6. From a sheet of tin, 24 in. by 18 in., equal squares, with 
sides x in., are cut away at each corner ; the sides are then turne 
up to make a rectangular box. Prove that the volume of the box 
is 4x(12 - x)(9 - х) cu. in. 

Draw the graph of this function for values of x from o to 9- 
From the graph find (i) the volume of the box (correct to the 
nearest integer) when x—3:2, 81; (ii) the values of x for which 
the volume is боо cu. in. ; (iii) the greatest volume of the box an 
the corresponding value of x ; (iv) the values of x which satisfy the 
equation 4x(12 — x)(9 - x) = 525. 

7. Draw the graph of y—2(x— 1)(2- x) from x= - 1 to х=5. 
From the graph find (i) the values оЁ2(х — т) (2-х) when x= ^ o2; 
17,43 ; (ii) the values of x for which y= -8; (iii) the maximum 
value of у; (iv) the solutions of the equations 

(а) 2(x- 1)(2- x)= -3, (b) 2(х-1)(2-х)=-17› 
(c) 2(х-1)(2-®=5- 
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Discuss the number of solutions in each case. Could more 
solutions be obtained by extending the curve? 
_ 8. Draw the graph of y —2-- 3x – à? from x= — 1 tox=5. Use 
it to solve the equations (i) 2+3x-2°=3, (ii) 2--3x — s=- 
(iii) 2+3% - х?=4°25, (iv) 3x - x^ = -8. 
9. Draw the graph of y=4x?-6x+3 from х= -3 to х=3. 
Use it to solve the equations 


(i) 4x? — 6x - 3 — 16, (ii) 4x? — 6x -3—0775, 
(iii) 4x? — 6x 37 17, (iv) 433 — 6x— 3. 
Solve graphically the equations in Nos. 10-15. 
10. (2x4 5)(x—3) 73. 11. (2x - 3) (x 4 1) 7 - 4- 
18. (3x - 5) (x 1) 7 3. 13. 5х2 -3x- 1. 
14. 222 - х= 5. 15. x? 4x — - 2. 


16. Draw the graph of y= 23. from x— 1:5 to x=4. 


EXERCISE 34.b 


In Nos. 1-4, plot the points and draw а smooth curve through 
them. In each case choose a suitable scale. 

1. (-6, 21), (= 5, 12), (-4 5), (- 9), (72, —3)- 

2. (-2, -7, (—1, —2%), (©, — 1) (5 - 0, (2, 9. 

3. (- 1, 0), (-2, 1), (79 =4), (-4 =19), (75; 729). 
‚4. (-3, о), (anaes 13, -33, (7-5 -4), (-Ъ -39, 
(o, —3), (1, о). 

5. A ball projected from a point 5o ft. above the ground is s ft. 
above its starting point after t sec., where s= 162(5— t). Draw the 
graph of s for values of ż from o to 6. Use the graph to find : 

(i) the values of s when t=0'4, 2:8, 52; 

(ii) the values of t when s= 10, 90, — 12; ; 

(11) the greatest height the ball reaches and the time taken to 
reach this height ; : 

(iv) how long the ball is in the air ; 

(v) the values of t which make 16t(5 - t) 2 – 4; 

(vi) how long the ball is more than Зо ft. from the ground. 

6. Draw the graph of y —5(x — 1)(x—2) from x= —1 to x6. 
From the graph find (i) the values of 5 (x — 1)(x — 2) when х= ~ 077, 
1.9, 3:3; (ii) the values of x for which y= 10 ; (iii) the minimum 
value of y ; (iv) the solutions of the equations (a) 5 (x — 1)(x - 2)-8, 
(b 5(х-1)(к-2)--3, (9 5(5-1)(8- 2)=84. Discuss the 
number of solutions in each case. Could more solutions be ob- 
tained by extending the curve? 
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*? From a sphere of radius то cm. а segment of height / cm. is 
cut off; the volume of this segment equals zh? c -“) сс. Draw 
the graph of this function for values of h from o to 20. [Along the 
V-axis take 1” to represent тоол c.c.; along the h-axis take 1” to 
represent 4 cm.] From the graph find : (i) the volume of the seg- 
ment when h=12°8; (ii) the values of л for which the volume is 


2007 c.c.; (iii) the greatest volume of the segment and the corre- 
sponding value of 4; (iv) the values of which satisfy the equation 


№ | 10- 3 = 400. 
If the curve is drawn for values of Л greater than 20, has it any 
meaning with reference to the above question? 
8. Draw the graph of y= 25 - 23? from x= - 4 tox=4. Use it 
to solve the equations : 
(i) 25 - 2:2 — 10 (ii) 25 - 2:2— - 5, 
(iii) 25 — 232 = 18, (iv) 15 = 252. 
9. Draw the graph of y=5x?+2x-3 from х=-2 to х=3. 
Use it to solve the equations : 
(i) 53*-- 2x - 3 — 11, (ii) 533--2x-3— — 
(iii) sx3--2x -3— —- 3:2, (iv) 5х 2x— 1. 
Solve graphically the equations in Nos. 10-15 : 


10. (7+ х) (1-х) +6=о. 11. (sx - 8)(х+1) = 18. 
18. (2x 1)? =2. 18. 232- x — 11. 
14. 222 - 5x t 05 — 0. 15. 4x? - 3x — 3. 

5x 


16. Draw the graph of y — from x= - 5 to x=2. 


3х-7 


EXERCISE 84. с 


. 1. Draw the graph of у={(х— 3)(x- т) for values of x from 
—3 to 5. From your graph read off the two values of x that make 
the expression equal to т. 

9, Draw the graph of y=4(x? — 2x + 2) for values of x from -3 
to3. Оп the same diagram and with the same scales draw the graph 
of 4x +15 — 14, and state the coordinates of the points common to 
the two graphs. 

3. Draw the graph of 6 — x – 2x? for values of x from — 3 to 21. 
Use your graph to determine (a) the values of x for which the | 
expression becomes equal to — 1; (b) the range of values of х for 
which the expression assumes positive values. 

4. Draw the graph of y —(x + 2) (2 — 3x) for values of x from Е. 
то 2. Use the graph to find (a) the range of values of x for whi 
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y exceeds unity ; (b) the range of negative values of х for which 
y is positive ; (с) the roots of 3x?-- 4x — 9. 


5. Draw the graph of yc LL from x= —5 to ~ 2:5 and from 


x—-r5to3. Find from your graph the values of x for which 
y-2x. 

6. Plot in one figure and with the same scales the graphs of 
8y —4x? — 4x — 3 and 3y —x-- 4 for values of x from -3 to3. Find, 
approximately, between what values of x the expression 
$(4x? — 4x — 3) - (x 4) is negative. 

7. Draw the graph of y—5--2x -х? for values of x from —2 
to 4. Using your graph find: (a) the value of y when «=1°8, 
(b) the greatest value of y, (c) the values of x between which the 
expression 5 +2% — x? is always positive. 

8. Draw the graphs of у=? and x—2(y- 1) on the same 
diagram and with the same scales. Use your graph to find (i) 3:6, 
(ü) the range of values of x between —2 and 2 for which x* is 


x 
greater than Е +1. 


9. Draw the graph of у=х- durer for values of x from —4 


to3. For what values of x is y zero? 

10. Draw the graph of у=(х- x)(4- x) for values of x from 
oto 5; and determine graphically where it intersects 5y —4x - 6. 

11. Find graphically the maximum value of 3 - 5x — x?, and the 
values of x between which the expression is positive. 

12. Draw the graph of x? + 0-8х — 5 for such values of x as make 
the expression negative, and find the least value which the expres- 
Sion can have. 

13. Draw the graph of у=3 +бх-°. For what values of x is 
у 2его? What is the maximum value of y? 

14. A piece of wire 24” long is cut into two pieces 4x" and 
(24 — 4x)" long respectively ; each piece is then bent into the form 
of a square, Find an expression for the sum of the areas enclosed 
by these squares, Calling this sum A sq. in., plot А against x for 
values of x from o to 6 inclusive. Find from your graph the values 
of x for which the area enclosed by the two squares 1s 27 sq. 1n. 

15. Draw the graphs of у=1+2х- 2, and у= - 2х-5 
between the points where they intersect, using the same axes and 
the same scales. 

16. The base of a tank is a square of side x ft., and the total area 
of the bottom and sides (excluding the lid) is 36 sq. ft. Provethat 
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its volume is 1x(36 - 3?) cu. ft. Ву drawing a graph of this ex- 
pression for values of x between o and 6, find the side of the base 
of the largest tank with a square base which has this superficial area. 


STRAIGHT LINE GRAPHS 


82. (a) Lines through the origin. Consider the graph of 

y=5x. Plotting points as usual, we have 
K=O, I, 2, 2, —Iy 2% 
у=о, 5, 10, 15, —5, — IO etc. 

Let the points be О, P}, Ps, Рз, Pa, P; etc. (see Fig. 11) and draw 
the perpendiculars Р.М, P,N2, РМ, РМ P;N; etc., to the 
axis Ox. 

Then, in the As РОМ, Р,ОМ,, Р,ОМ,, Р,ОМ,, Р,ОМ, etc 
we have 

à РАМ: РУ РуМ, Р.У, РЫМ _, 
ОМ, ON, ON, ОМ, ОМ; d 


(ii) 4 P N10 = 4 P,N,0 = 4 PN 30 
=LP,N,O=LP;N,0=.--=90°3 
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. these As are similar and, in particular, 
Е Р.ОМ, = Е РОМ, L P;ON,= L РОМ, = 2 РОМ; etc. 

It follows that P}, Ps, Ps, P4, Ру etc. lie опа straight line which 
passes through O. 

Similarly the graph of y — - 8x may be shown to be a straight line 
passing through О, О О» Qs, Ow Qs etc. 

In general, the graph of y=kx, where k is any constant, posi- 
tive or negative, represents a straight line passing through the 
origin. 

Conversely, if P,, Pa Pa Ps P,... represent points on апу 
straight line through the origin, it is easily shown that 

PiN, _ РУМ; P3Ns РАМ, PN; 
ON, ON. ON, ON, ON; Si 

If, then, P, is a fixed point (ху, 4) on the line, and P is a variable 
point (x, y) on the line, we have 
EXC. 


х = 71. а constant, say А, i.e. the 
у y Say л, 


equation of the line is EM or 
х=Ау. y 

Note 1. If k is positive, the 
line slopes upwards to the right ; 
if А is negative, the line slopes 
upwards to the left. 

Note 2. Ifa particular straight 
line is drawn, k may be found 
by taking the coordinates of 
any one point on the line, and 
finding the ratio x:y at that 
point. 


83. (b)Lines not through the 
Origin. Consider the graphs of 
y-73x-4,y-3x,y—3x42. In 
Fig. 12 these are drawn on the 
same axes and with the same 
Scales. 

If P, О, Rare points on these graphs corresponding to the same 
value of x, it is clear that PQ — 4 units, QR — 2 units, and that this 


. etc. 
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is true for any positions of P, О, К. It is clear that the graph of 
у=зх- 4 may be obtained from the graph of y =3х by diminishing 
each ordinate by 4 units. The line so obtained is parallel to the 
line у = 3x, and is this line displaced a distance 4 units downwards. 
Similarly the graph of у=3х+2 may be obtained from the graph 
of y=3x by increasing each ordinate by 2 units. 'Тһе line so 
obtained is parallel to the line y —3x, and is this line displaced a 
distance 2 units upwards. 

In general, the graph of y — ks +l is the graph of y — kx displaced 
upwards through a distance / units (or downwards through a 
distance —1 units). If k is kept constant, and different values of 1 
are taken, we obtain a set of lines parallel to y = kx. 

It is clear from the above that the graph of any expression of the 
form y = Рх + l, where k and l are constants, is a straight line. Simi- 
larly it may be shown that the graph of any expression of the form 
х= ту +n, where m and n are constants, is a straight line. But all 
equations of the first degree may be written either in the form 
у= Ах +1, or in the form x=my+n. We therefore conclude that 
the graph of any equation of the first degree in x, y, ie. of any 
equation of the form ax + by +c=0, where а, b, c are constants, is 
a straight line. For this reason an expression (or equation) 
of the first degree is sometimes called a linear expression (of 
equation). 


Note. 1. The graph of all points which have the same abscissa, 
h, is a straight line parallel to the axis of y, i.e. the equation x-h 
represents a straight line parallel to х=о. Similarly, the graph of 
all points which have the same ordinate, k, is a straight line parallel 
to the axis of х, i.e. the equation у=А represents a straight line 
parallel to y — o. 


Note 2. Since the graph of a linear expression (or equation) 8 
a straight line, it is sufficient to plot two points on the graph and 
draw the straight line joining them ; but it is wiser to plot a third 
point to serve as a check. 


84. Gradient of a straight line. Таке a fixed straight line and 
two points P, Q on it. Consider the value of the expression : 

The value of y at the point О - the value of y at the point Ee 

The value of x at the point О – the value of x at the point Р 
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This  xxaay conveniently be written УФ ЭР, and we shall denote 


it by С. In Fig. 13 itis equal to — "Q^ “P 
QM-PN 6-3 3, 
OMON TA inp A 


R 
HHP 
| I ni 
5 
L| me 
3 
-K Е 
р 
1 
K = 2 0 О П 2 4 5 6 
[ШШЕ 
[-1 | 
| 
Fic. 13. 


Eun Pupil who is familiar with similar triangles will have no 
ty in proving that the expression С is the same for all 
E of P and О on the given line. For, бок ON PE and 
the gr h triangles as РСО are similar, The expression G is called 
positio sient of the straight line PQ. Since G is the same for all 
is aie of P and Q, it follows that the gradient of a straight line 
points ant; it may be calculated by choosing any two convenient 
Thy. it and applying the definition. 
S the gradient of the straight line SR 
ORAS SAR SLO sa Die tn ae 
"Ege! OK OL- =4-6 -10o 


Nin 
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Let us now consider the gradient of ax + by + с= о, where а, b, с 
are constants. 
Let Р, О be two points (xp Уу), (xs, Yə) respectively, on the line. 
Since P lies on the graph, аху +6. +с=о. е (1) 
Since О Нез оп the graph, ах буд Ч c— o. 
Subtracting (1) from (2), we have 
a (Xo — ху) + b(ya— 9*3) =0, 


„Заа provided that о. 
хә— х1 b 
But эх = is, by definition, the gradient of the straight line PQ, 
Ха— X 
*. the gradient of the straight line ax+by+c=0 is — 7, provided 


b 
thatbzo. Ifb=o, the line reduces to ax-- c—o, і.е. a straight line 
parallel to the axis of y(x— 0), for a and b cannot both be zero. 

The pupil who is acquainted with the trigonometrical ratios will 
notice that the gradient of a straight line is the tangent of the angle 
which the line makes with the positive direction of the axis Ox, 
provided that the same scales have been chosen for х and for у. 


EXERCISE 35.a 


Plot the graphs of the following equations, showing each set of 
three on the same diagram. 


1. (i) y 22x, (ii) y=2x- 1, (її) у=2х+32. 
e @у= – 4x, (ii) y= - 4x +2, (Ш) у= -4х-з. 
. (i) y+ 3x=0, (ii) y+ 3x=5, (Ш) зу=х+2. 
- зу-4х=о, (ii) 3y - 4x—7, (Ш) 4y + 3x—5. 
- 0) у=8, (i) y= - 7, (ili) у=55. 
.G)x--3, (i) x—5, (iit) x -4:5—0. 
Find the gradients of the following straight lines : 
7. 3x - 4y — 11. 8. 2х+5у=8. 9. y+4=0. 
10. 3x—5y. 11. 7у=а. 12. mx +6y=n. 


Find the gradients of the straight lines joining the following paits 
of points : 


13. (1, 2) ; (7, 10). 14. (6, 3); (4, 7). 
15б; (=<т, =зу (дуо). 16. (4,6); (—3,6)- 
27. (3572): (—5,— 1) 18. (о, 3) ; (5, о). 


an ҥ c Фо 
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EXERCISE 35. b 
Plot the graphs of the following equations, showing each set of 
three on the same diagram. 
1. @ y= -3«, (ii) у= - 3x -4, (ii) y= -3x- 5. 
2. (i) y—5x, (ii) y 5x-* 3, (Ш) y 5x - 7. 
8. 1) y - 2x—o, (ii) y-- 2x 5—0, (iii) 2y - x—3. 
4. (i) 2y - 5x —o, (ii) 5y-- 2x—8, (iii) 2y-- 4— 5x. 
5. (i) x=2, (ii) x= —6, (Ш) x-3:3—0. 
6. (i) у= -2, (ii) y 2358, (iii) y+ 42-0. 
Find the gradients of the following straight lines : 
7. 3x - 4y — 7. 8. 5x- 6y— 10. 9. 4x * 5y—0. 
10. 3y-7—o. 11. 5y+b=0. 12. ax - 2y- c. 
Find the gradients of the straight lines joining the following pairs 
of points : 
18. (4, 3) ; (8, 6). 14. (10, 2): (5,4). 
15. (2, - 3); (o, - 3). 16. (—5, 9; (6, -3). 
17. (-2, -5); (—8, - 1). 18. (-7, -8 ; (7-1, - 11). 


UNIFORM SPEED GRAPHS 


85. № a train is travelling at a uniform speed и m.p.h., 
the distance, s miles, travelled in ¢ hours is given by s—ut, i.e. 
s=txsome constant. It follows that the graph of s=ut isa 
straight line whose gradient is и. In general, if y — Rx -- (k and 1 
being constants), the gradient k represents the rate of increase 
of y compared with the rate of increase of x. Conversely, if the 
rate of increase of y compared with the rate of increase of x is 
constant, x and y are connected by an equation of the form 
y=kx+ l and the graph representing this equation is a straight line, 

Again, we have previously seen that if (Ху, 91); (Xo, уз) are any 
two points on ax+by+c=o0, then a(xg- ху) -b(ya- yp =0. It 
follows that everywhere on the graph equal increases, A, in х cause 


: Aa . р i 
equal increases, pom» Also equal increases, B, in y cause 


equal increases, — 2 in x. Conversely, it is easily seen that if at 
a 
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all points of a graph equal increases in х cause equal increases in y, 
and vice-versa, then the graph is a straight line, and x and y are 
connected by a linear equation. This fact is of great importance ; 
thus, in the following instances, equal increments in one letter cause 
equal increments in the other. ‘The graph connecting the letters 
is therefore in each case a straight line. 


(x) The extension (е in.) of a spring balance and the load 
(L Ib.) 

(2) A temperature F° on the Fahrenheit scale expressed as C^ 
on the Centigrade scale. 

(3) The marks obtained in an examination (x) and the same 
marks expressed on a different scale (у). 

(4) A price of x shillings per Ib. expressed as y francs рег kilo- 
gram. 


86. We now consider some problems which may be solved 
graphically by using the principles of this chapter. 


Example 3. А man starts to go from a place X to Y, 6 miles 
away, at 2 m.p.h.; after travelling 2 miles he stops for 5 minutes and 
then proceeds at a steady pace of 16 m.p.h. Another man starts from 
Y at the same time as the first leaves X, and travels to X at a uniform 
rate of зо m.p.h. Where and when do they meet, and at what time 
will they be 1 mile apart? 

Take o:5" along XY to represent x mile, and 1” along XZ to 
represent 10 minutes (see Fig. 14 on p. 165). : 

Each portion of the first man’s journey is travelled at uniform 
speed and is therefore represented by a straight line. Similarly the 
second man’s journey is represented by a straight line. The first 
man starts at X and goes 2 miles in ro minutes, then reaching 
А; the graph of the first part of his journey is therefore XA. 
He remains for 5 minutes at the same spot, 2 miles from Х. 
This wait is represented by AB. He then completes the 
journey in 15 minutes; the graph of this part of the journey 
is BC. 

The second man completes the journey in 12 minutes; the 
graph of this journey is YD. The two graphs meet at K, which is 
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1-7 miles (approx.) from X, and they meet 81 minutes (approx) 


after the start. 
То find when they are 1 mile apart, draw through М, 1, (points 


1 mile from Y on X Y) lines parallel to the path of the second man, 
meeting the path of the first man at P and А. At these points the 
7 5 
6 
5 
З4 
= 
5 
8 
8 
$3 
® 
S 
2 
1 
Z 
x 5 10 D 15 20 25 30 


Time in Minutes 


Fie. 14. | 


distance apart (PS, AR) is one mile, i.e. the men are 1 mile apart 


7 minutes (approx.) and то minutes after the start. 
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Example 4. А cyclist starts at то a.m. to ride to a place 8 miles 
away, riding at 12 m.p.h. till one of his tyres bursts. After spending 
10 minutes in seeing whether he can repair it, he decides to walk the 
yest of the way, and walking at 4 m.p.h., he reaches his destination at 
11.15 a.m. Determine by means of a graph how far he had ridden 
when the burst occurred. 

Let 5 small divisions represent 10 minutes along OX, and 2 miles 
along OY (see Fig. 15). 

Y, 


8 


o 


= 
= 


Distance in miles 
> 
| 
| 


2 
о 1 20 30 40 50 60 70 Х 
Time т minutes from the start 
Fic. 15. 


Then OB represents the first part of the journey, but since ме 
do not know when the burst occurs, it is impossible at present to 
say where this line is to end. 

The cyclist reaches his destination after 75 minutes, so that the 
graph must pass through C. D is found such that CD (produced 
if necessary) represents the final part of the journey at 4 m.p-h. 

We have now to use the fact that the cyclist was stationary for 
то minutes. To do this take A on OX 5 small divisions from О 
(representing 10 minutes), and draw AF parallel to OB, meeting 
CD produced at Е. Then FE drawn parallel to AO is equal to AO, 
i.e. it represents ro minutes; .. the complete graph of the journey 
is OEFC. 

It is easily seen from the graph that Е, where the burst occurred, 
is 53 miles from the starting point. 
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EXERCISE 36.a 


(In this exercise, unless otherwise stated, all speeds are uniform) 


1. А goods train starts from A at 11.30 a.m., travels at 20 m.p.h., 
stops for 15 min. at B, 10 miles from A, and then proceeds at the 
former speed. A passenger train on a separate track leaves A at 
12.10 p.m. and travels at 40 m..p.h., running through В without 
astop. Where and when does the latter train pass the former? 


2. A starts cycling at то a.m. at the rate of 12 m.p.h. and rests 
for ro min. after each hour’s cycling. В, starting at тт a.m., 
cycles steadily at 15 m.p.h. When and where does В overtake A? 


8. A man travels from X to Y at 24 m.p.h. amd returns at 
18 m.p.h. If he takes 5 hr. 15 min. in all, find graphically the 
distance from X to Y. 

4. P and Q walk towards one another from two places 18 miles 
apart; P walks at the rate of 41 m.p.h. and О at 31 m.p.h. Find 
graphically when they will meet and when they will be r mile 
apart. 

5. In a motor-car race, car B gives car 4 10 min. start, travels 
at 9o m.p.h. and overtakes А 7o miles from the start. If A's time 
for the whole course is 81 min., find graphically (a) the length of 
the course, (b) the number of minutes by which B won, (c) the 
distance of 4 from the finishing post at the instant B finished, 
(d) the speed of A. 

6. Water freezes at o? Centigrade and 32? Fahrenheit ; it boils 
at 100° Centigrade and 212° Fahrenheit. If F? Fahrenheit is the 
same temperature as С° Centigrade, draw a graph to show the con- 
nection between F and C for all values of С from o to тоо. From 
the graph read off (i) the reading on the centigrade scale corre- 
sponding to 50° F., (ii) the reading on the Fahrenheit scale corre- 
sponding to 45? C. 

7. X and Y are two towns 45 miles apart; two cyclists start 
at 9 a.m., one from each town, and ride towards one another; they 
pass at a point 25 miles from X, and the first cyclist reaches Y 
т hr. 74 min. before the second reaches X ; find the rate at which 
cach rides and the time at which they pass one another. 

8. Alternative rates of payment for electricity are allowed to a 
man as follows: (a) an initial charge of £4 and a further charge 
of 14. for each unit consumed, (b) a charge of 6d. each for the first 
60 units, 3d. each for the next 200 units, and 114. for each subse- 
quent unit consumed. In one diagram and with the same scales 
draw graphs showing the two rates and deduce (to the nearest 
5 units) the largest number of units the man can pay for more 
economically at rate (6) than at rate (а). 
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9. A man sets out to walk to a certain town and takes 5 hours 
to walk there and back at a uniform speed. А second man sets out 
I hr. 5o min. later, cycles to the town at three times the pace, stays 
there for 10 min. and cycles back at his former speed, passing the 
first man 2 miles from the town. How far away is the town? 

Draw rough graphs to illustrate the following, Nos. 10-12 : 

10. The fare for a journey by taxi-cab : charge, up to т mile, 
їз. 6d. ; for each additional mile (or part of it), 3d. more. 

11. The inland postage for parcels of various weights : charge, 
up to 3 lb., 6d. ; 3-4 lb., 7d. ; 4-5 1b., 8d. ; 5-6 Ib., od. ; 6-7 1Ь., 
1od. ; 7-8 lb., 11d. ; 8-15 lb., 1s. 

12. A man's daily earnings : rate of payment, at the rate of 2s. 
an hour up to 7 hours; at the rate of 3s. an hour for any time 
worked in excess of 7 hours, such overtime not to exceed 3 hours 
in any one day. 

13. The marks of a Form range from 27 to 67. They are scaled 
so as to range from o to roo. Find graphically the new mark 
corresponding to 43. If the new mark is 85, what was the old mark ? 

14. A man starts from A at то a.m. to walk to B (12 miles off) at 
4m.p.h. After 45 min. he meets a motor-bus coming from B to А. 
When the 'bus reaches А, it waits 10 min. and then returns to B. 
The ’bus travels at то m.p.h. Draw graphs showing the positions 
of the man and the bus at different times. Find from your graph 
when and where the man is caught up by the returning "bus. 


EXERCISE 86.1 
(In this exercise, unless otherwise stated, all speeds are uniform) 


1. A cyclist, who rides at a steady 8 m.p.h., leaves his house 
at9 a.m. А man in a car, which does 24 m.p.h., leaves the house 
by the same road at 9.30 a.m. ; he goes to a town 30 miles off, 
stops there то min. and starts back. At what time and how far 
from the town will he pass the cyclist the second time? 


2. Two trains start from X and go to Y. The first starts at, 


8 a.m. and travels at 40 m.p.h., while the second starts at 8.15 a.m. 
and travels at 5o m.p.h. If they arrive at Y simultaneously, find 
graphically the distance ХУ. 

8. P starts from a certain place and walks to another place 
14 miles away in 3$ hours, while О, starting зо minutes later, 
arrives 12 minutes sooner. Find graphically (i) where Q passes P, 
(ii) what О” rate is, (iii) when they аге + mile apart. 

4. A man travels from А to B at the rate of зо m.p.h., and 
20 min, after his start a second man starts from А to В at 36 m.p.h. 
and reaches his destination 8 minutes after the first man. Fin 
graphically the distance from A to B. 
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5. The salary of a clerk is increased each year by a fixed sum 
until a maximum salary of £350 per annum is reached. After 
8 years’ service his salary is raised to £204, and after 12 years’ 
service to £254. Draw a graph from which his salary may be read 
off for any year, and determine from it (i) his initial salary, (ii) the 
salary he should receive for his 19th year of service. 

6. Draw a graph to convert “ miles per hour ” into “ feet per 
second " for speeds up to 45 m.p.h. Read off speeds of 5 and 
40 m.p.h. as ft. per sec. (to the nearest integer) ; also speeds of 
20 and 49 ft. per sec. as m.p.h. (to the nearest integer). 

7. At noon А starts to cycle at 18 km. per hour along a certain 
road. At the same time В starts to walk along it from the same 
point and in the same direction as A at 7 km. per hour. After A 
has ridden for 45 min. he waits for 15 min. and then leaves his 
cycle and walks on at 5 km. per hour. When В arrives at the place 
where 4 left his cycle he mounts it and rides after A, overtaking 
him at 2.15 p.m. Find graphically (а) the interval between the 
time at which А leaves the cycle and that at which В finds it ; 
(5) how far A is ahead at the latter instant ; (с) how fast В rides. 

8. The marks of a Form range from 7 to 93. They are scaled 
30 as to range from о to 200. Find graphically the new mark 
corresponding to 5o. If the new mark is 151, what was the old 
mark? 

9. A person cycles at the rate of 12 m.p.h., taking a rest of 
15 minutes at the end of each hour. А second man starting from 
the same place 14 hours later in a motor-car goes by the same road 
as the first and catches him up after 30 miles. At what rate does 
the motor-car travel? 

Draw rough graphs to illustrate the following, Nos. 10-12 : 

10. The inland postage for letters of various weights: charge, 
up to 2 oz., 114. ; for each additional 2 oz. (or part of it), id. more. 

11. A travel-graph; a boy walks for 15 minutes, runs for 
3 minutes, rests for 2 minutes, and then rides by motor-car for 
5 minutes. 

12. The cost of sending a telegram : charge, up to 9 words 6d. ; 
for each additional word, 14. more. 

18. A boy sets out from Exeter to walk towards Launceston, 
from which place a car is being sent to meet him. ‘The car starts 
40 min. after he leaves Exeter, and travels at 24 m.p.h. He walks 
at 3:5 m.p.h. and rests for 5 min. after each hour's walking. ‘The 
car meets him when he is just about to rest for the second time. 
Show graphically the position of the boy and the car at any time 
and deduce the distance from Exeter to Launceston. 
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9. A man sets out to walk to a certain town and takes 5 hours 
to walk there and back at a uniform speed. A second man sets out 
1 hr. 50 min. later, cycles to the town at three times the pace, stays 
there for 10 min. and cycles back at his former speed, passing the 
first man 2 miles from the town. How far away is the town? 

Draw rough graphs to illustrate the following, Nos. 10-12: 

10. The fare for a journey by taxi-cab : charge, up to т mile, 
IS. 6d. ; for each additional 1 mile (or part of it), 3d. more. 

11. The inland postage for parcels of various weights : charge, 
up to 3 lb., 6d. ; 3-4 1b., 7d. ; 4-5 1b., 8d.; 5-6 1b., od. ; 6-7 Ib., 
xod. ; 7-8 lb., 11d. ; 8-15 lb., 15. 

12. A man's daily earnings : rate of payment, at the rate of 2s. 
an hour up to 7 hours; at the rate of 3s. an hour for any time 
worked in excess of 7 hours, such overtime not to exceed 3 hours 
in any one day. 

13. The marks of a Form range from 27 to 67. They are scaled 
зо as to range from o to roo. Find graphically the new mark 
corresponding to 43. If the new mark is 85, what was the old mark? 

14. A man starts from A at 10 a.m, to walk to B (12 miles off) at 
4m.p.h. After 45 min. he meets а motor-bus coming from В to A. 
When the 'bus reaches А, it waits ro min. and then returns to В. 
The “bus travels at ro m.p.h. Draw graphs showing the positions 
of the man and the ’bus at different times. Find from your graph 
when and where the man is caught up by the returning ’bus. 


EXERCISE 86.9 
(In this exercise, unless otherwise stated, all speeds are uniform) 


1, A cyclist, who rides at a steady 8 m.p.h., leaves his house 
асо a.m. А man in a car, which does 24 m.p.h., leaves the house 
by the same road at 9.30 a.m. ; he goes to a town 30 miles off, 
stops there ro min. and starts back. At what time and how far 
from the town will he pass the cyclist the second time? 

2. Two trains start from X and go to Y. The first starts at , 
8 a.m. and travels at 40 m.p.h., while the second starts at 8.15 a.m. 
and travels at 50 m.p.h. If they arrive at Y simultaneously, find 
graphically the distance ХУ. 

8. P starts from a certain place and walks to another place 
14 miles away in 33 hours, while О, starting зо minutes later, 
arrives 12 minutes sooner. Find graphically (i) where Q passes P, 
(ii) what О” rate is, (iii) when they are 2 mile apart. 

4. A man travels from A to B at the rate of зо m.p.h., and 
20 min, after his start a second man starts from A to В at 36 m.p.h. 
and reaches his destination 8 minutes after the first man. Find 
graphically the distance from A to B. 
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5. The salary of a clerk is increased each year by a fixed sum 
until a maximum salary of £350 per annum is reached. After 
8 years’ service his salary is raised to £204, and after r2 years’ 
service to £254. Draw a graph from which his salary may be read 
off for any year, and determine from it (1) his initial salary, (ii) the 
salary he should receive for his xoth year of service. 

6. Draw a graph to convert “ miles per hour " into “ feet per 
second " for speeds up to 45 m.p.h. Read off speeds of 5 and 
40 m.p.h. as ft. per sec. (to the nearest integer) ; also speeds of 
20 and 49 ft. per sec. as m.p.h. (to the nearest integer). 

7. At noon А starts to cycle at 18 km. per hour along a certain 
road. At the same time B starts to walk along it from the same 
point and in the same direction as 4 at 7 km. per hour. After A 
has ridden for 45 min. he waits for r5 min. and then leaves his 
cycle and walks on at 5 km. per hour. When В arrives at the place 
where A left his cycle he mounts it and rides after A, overtaking 
him at 2.15 p.m. Find graphically (а) the interval between the 
time at which А leaves the cycle and that at which B finds it ; 
(b) how far А is ahead at the latter instant ; (c) how fast В rides. 

8. The marks of a Form range from 7 to 93. They are scaled 
so as to range from о to 200. Find graphically the new mark 
corresponding to so. If the new mark is 151, what was the old 
mark? 

9. A person cycles at the rate of 12 m.p.h., taking a rest of 
15 minutes at the end of each hour. A second man starting from 
the same place r2 hours later in а motor-car goes by the same road 
as the first and catches him up after 30 miles. At what rate does 
the motor-car travel? 

Draw rough graphs to illustrate the following, Nos. 10-12 : 

10. The inland postage for letters of various weights : charge, 
up to 2 oz., 13d. ; for each additional 2 oz. (or part of it), id. more. 

11. A travel-graph; a boy walks for 15 minutes, runs for 
3 minutes, rests for 2 minutes, and then rides by motor-car for 
5 minutes. 

12. 'T'he cost of sending a telegram : charge, up to 9 words 6d. ; 
for each additional word, 1d. more. 

18. A boy sets out from Exeter to walk towards Launceston, 
from which place a car is being sent to meet him. The car starts 
40 min. after he leaves Exeter, and travels at 24 m.p.h. „Не walks 
at 3-5 m.p.h. and rests for 5 min. after each hour's walking. The 
car meets him when he is just about to rest for the second time. 
Show graphically the position of the boy and the car at any time 
and deduce the distance from Exeter to Launceston. 


CHAPTER ХУ 


PRODUCTS AND QUOTIENTS 


87. In Chapter XI it was shown that 
x(y+2)=xy+xz, а(р-а+)=ар-аа+ат; 
ie. to multiply a polynomial by a monomial, each term in the 
polynomial must be multiplied by the monomial. Thus, 
3x0 (4x - 2% + 3) = (4x? x 3x) - (2x x 3x) + (3 x 3x) 
= 12x? — бх? + 9x. 
88. Multiplication by a binomial. 


Example 1. Multiply 3x — 2 by 5x- 4. 

We have to multiply 3x —2 by 5х and by -4 and then add 
together the results. Thus, 

(3x — 2) (5% — 4) = (35 - 2) (52) + (3x - 2)( - 4). 

[At this stage, the brackets containing the monomial may be 
omitted as soon as the pupil has mastered the work. ‘hus it is 
more usual to write 

(3x - 2) (sx - 4) = sx (3x - 2) - 4(3x - 2)] 
= 15x" — тох — 12x +8 — 15x! — 22x +8. 

Example 2. Expand the expression (x — 3) (332 — x — 2), i.e. find 
the product of the expressions contained in the brackets. 

We may regard the expression either as x — 3 multiplied by 
3x?- x — 2, or as 352 — x — 2 multiplied by x—3; itis more usual 
to multiply by the expression containing fewer terms. Thus, 

(339 — x — 2) (x — 3) x (3x? x 2) - 3 (332 x — 2) 
= 3x3 — X? — 2x — 9х?-+ 3x + 6— 3a — тох® + x 6. 
Note. Any two polynomials may be multiplied together in this 


way. 
EXERCISE 37.a 

Multiply : 

1. 433 - з? - 7x 1 by – 2х. 9. 212 5t- 3 by -2. 

8. за? – sab — 2b by ab. 4. 23? - 3a2y — 5ху? + 333 Бу – 3x) 
5. x - 8 by 5x * 4. 6. 5t+2 by 5t-2. 

7. 2x - 6 by 5x - 9. 8. x+y by зх- y. 

9. a — 36 by за+ 2b. 10. 2-3u by 3- u. 
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11. a+be by a - bc. 12. а?+ 20? by 2а? - 562, 
18. 2x? - зу? by 3x2 + 457. 


EXERCISE 87. b 


Multiply : 

1. 4x? - 3x — 5 by 2x. 9. 32-71-1 by - 5. 

8. 2? - cd-- 3d? by -с4. 4. 39 - 2d *- дса? — d? by - 264. 
5. 5x—3 by 3x42. 6. x-7 by 3x - 4. 

7. 21-7 by 2t4- 7. 8. a 2b by 5а- 3b. 

9. 2х - зу by x-y. 10. 5- u by 3- 2и. 
11. х- 2yz by x+ ул, 12. 23? – у? by 5х2 - 3у2. 
18. a? – 3bc by за? + abe. 

EXERCISE 87.с 

Expand and simplify : 

1. (32 - 3x -- 1) (x — 4). 2. (c - 3c 9) (c * 3). 

8. (x? - 2ху +3?) (x – y). 4. (6c? — scd + 24?) (3c — 2d). 
5. (3s? - 7st + 42) (as — st). 6. (1 — 33) (4 +7% - 2x?). 

7. (à - 3a - s) (2a? - a 2). 8. (5x? - 6x + 3) (33? - 5). 


9. (1 — 822) (28-32+4#-3). 10. (7x3 - 3x 2) (3$ - 2x - 5). 
11. (2x - 3) (x-- 2) + 5 (a? — 2) (x +3). 
12. (2a - b) (2a + 35) - (a+b) (a - 4b). 
18. (2x + 3) (x - 1) + (x - 3) (3x — 4) - 2(x — 3) (s +1). 
14. (32 -x+ 1) (хт) -(14- y +9") (1-5). 
As soon as the pupil has had sufficient practice to master the 
general principle, he should learn to do the work mentally. 


Example 3. Expand (4х- 3)(2x- 5). 

It is clear that the highest term, i.e. the x? term, is obtained by 
multiplying 4x by 2x and is 832, the x term by multiplying — 3 by 
2х and 4x by s and then adding the results ; it is – бх +20x, 
Le; тах, 

The constant term (i.e. the term which does not contain x) is 
obtained by multiplying —3 Бу +5 and is — 15; 

2. (ax — 3) (2x-- 5) = 8x? + 14x — 15. А 

It is essential that the pupil should have plenty of oral drill in the 
multiplication of binomials. The working of the above example 
may be read out as follows : 

(4x — 3) (2x +5) equals 822, — 6x--20x, that is + 14x, — 15. 
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Example 4. Expand (2+ 3х+ 4x?)(2- x — 3x?). 

The constant term is 2 х 2, i.e. 4. 

The x term is 3x x 2 +2 x (-х), i.e. 6x - 2x — 4x. 

The x? term is 

4xix 24 3x x (7x) - 2 x (7 339), i.e. 8x? – 3x3 - 6x? = - х2. 
The x? term is 
4xix (—x) + 3x x (7 3x2), іе. – 423 9x3 = — 1337. 

The х4 term is 4x? x (— 332) = - 1224. 

Thus the expansion is 4-- 4x — х – 133? — 1244. 

It is important for the pupil to learn to pick out a particular 
term, e.g. the x? term, without working out the whole expansion. 

When long expressions have to be multiplied together the work- 
ing may be arranged as in Arithmetic. 


Example 5. Multiply 5x33 — 4+ 333 by 3х? - 2x +5. 
Ex t 3x ох 4, 
32 - 2x + 5 
15x94 ox*-- ox? – rax? 
-1oxX*- 658+ ox3--8x 
2558 + 15x? + ox — 20 
15x9— 24+19%3+ 3x?--8x- 20 

The steps in the working are as follows : 

(1) Arrange each of the expressions to be multiplied together so 
that the powers are in ascending (or descending) order. If any 
intermediate power does not occur, insert a term with coefficient 
zero, or leave a gap. 

(2) Form the partial products by multiplying the upper expres- 
sion by the different terms of the lower. Write each of these 
partial products on a separate line, and place like terms in a vertical 
column. Then add the partial products. 


89. Multiplication is sometimes necessary in order to reduce an 
equation to its simplest form. 
Example 6. Solve 
3 (e x) (xc 3) — 2 (x x) (— 1) = (x — 1? - 3 (5x т). 
Expanding each product, we have 
3 (x3 -- 4x - 3) - 2 (x3 — 1) - (X — 2+1) - 3 (5x 9 т), 
1. ЗА 12x 9- 252 +2=x%- 2x - 1d: 153 3, 
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n gx? – 2? - х + 12х +2 -15х= -9-2+1+3, 
БИ МЕСТЬ "ME LE 
The check is left to the pupil. 
EXERCISE 38.a (Oral) 


Expand : 
1. (x +2) (x43). 9. (t- 3) (t4 7). 8. (£4-5)(£—2). 
4. (c-7)(c+3). — & (2-8. 8.(4-3)4-7). 


7. (b-11)(b+ 5). 8, (k-8)(m+o). 9.(1-5)(045). 
10. (#-5)(и-5). 11. (3#+5)(2у-3). 12. (35-5)(25-3). 
18. (3x - 5)(2®+3). 14. (4с+ 5d) (3c — 2d). 


15. (7s -— 52) (55 4- 21): 16. (21- т) (3l - 2m). 
17. (75 — 52) (5s — 21). 18. (4с- sd) (3c - 24). 
19. (7:-- 52) (ss — 2t). 20. (21+ от) (3l — 2m). 
91. (21 - от) (3l - 2m). 22. (75+ 5)(55 + 2t). 

28. (4c — 54)(зс +24). 24. (3a? — 26?) (2a? +309). 
25. (2a? — 566) (а? — bc). 96. (за? + 20?) (24? – 36°). 
27. (2a? + sbc) (2а? — 365). 98. (2а? — sbc) (3a? +260). 
29. (2a? + sbc)( — а? + 5660). 80. (за? - 2b) (2d? — 38°). 


EXERCISE 88.1 (Oral) 
Expand : 


1. (х+3)(х+7). 9, (х-2)(х+5). 3. (a+ 6)(a - 3). 
4. (y--2)(y 5). 5. (t- 6)(t-- 3). 6. (х-2)(х-3). 

7. (u4- 4) (u — 4). 8. (a+ то) (b - 3). 9. (т- 3)(m - 3). 
10. (v+8)(z-9). 11, (2a45)(3a- 9. 12. (2c- 5)(3d- 1). 
18. (2a- 5)(3a--x). 14. (pa--2b)(a — 4b). 15. (ух — Oy) (x+y). 


16. (6x — 55) (2x + 35). 17. (9a — 2b) (a +48). 
18. (6x + 55) (ax — 35). 19. (да+ 2р) (a-- 4D). 
20. (7x + бу) (x — 35). 91. (9a — 2b) (a – 4b). 
22. (6x – 55) (ax — зу). 98. (7х — 6y) (ax - 29). 
24. (4x? – sy?) (ax? — 352). 95. (3x — 8yz) ( — 2x-- 32). 
96. (3x + 8yz) (3% — ya). 97. (4x? + 592) (2x? — 3). 
28. (3x — Syz)( — 2х — зуя). 29. (ax - 552) (24? +39"). 
80. (3x + 8yz) (sx +252). 

EXERCISE 88.0 


(Some of these may be taken orally) 
Find the coefficient of : 
1. x? in (4- x- 327) (5 - 35 — 22. 
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9. а? in (5-3Х-432)(2--55-4-3Х9). 
3. x in (3+ 2x - x? — 333) (1 +24). 
. x2 in (x? + 2x 1) (x? - 2x + 1). 
. a3 in (1 — 3x + 3x? — 33) (1 — 2x + a). 
. ab in (2a? – заб + 4b?) ( — sa? + заб + 46°). 
. È іп (1-9 +208) (1 - 3t). 
. nin (I?--3- 2)(P — 34 n). 
. ab? in (a? — 2ab +b?) (а? + 2ab + 03). 
10. 3? in (2x? — зах + a?) (зах — 2a? - x?). 
Expand : | 
11. (3c4- 4c? - т)(зс%+ 4 1). 
12. (1 -3k+ 3h" - R9) (x - 2k + А2). 
18. (у-5+35°) (7-52-35). 
14. (xt + 3x3 + 7х? — 9x - 5) (333 — x 4). 
15. (2-3x- 2:3). 16. (x? + 2x - 7) (ax3 - x - 5) (2x - 3). 
Solve the equations : 
17. (2+1) (zx + 2) 2 2x (2x 4 7) - 6. 
18. 15 - x(8 - x) = (x - 5). 
19. 2(x— 3) (x 3) = 2x(x — 9) + 144. 
20. (2x 3) (zx - 4) - 4x (2x - 3) = 2x(11 — 2x). 
21. 2(3x - 8) (2x +1) - (7x-- 4) (x - 2) = (5х + 6) (x +4) – 4. 
22. (15x 1) (3x - 2) - 3(ax - 1) (ox - 1) 2 10 - (21x + 2) (3x + 1). 
23. (3x4- 1)? - (ax- 2)? = 18x? - 5. 
94. (х+ 5) - 4(3 +x) 2 (2 - х)? - 8x. 


TWO IMPORTANT EXPANSIONS 


90. By multiplication in the usual way we obtain : 

(a + b)? = (a +) (a + b) = a? + ab+ab+b?=a? + аһ + b?, 
(а – b? — (а — b) (a - b) — a? — ab — ab + b?= 2? — Qab + b?. 

It is so frequently necessary to square a binomial expansion that 
the above results should be committed to memory. They may be 
expressed in words as follows : 

The square of the sum of two quantities is equal to the sum of 
their squares plus twice their product. 

The square of the difference of two quantities is equal to the sum 
of their squares minus twice their product. 


ооло сл }ь 
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Example 7. Write down the squares of (5х + 35) and (7a - 2b). 
(5х + 3y)! = (5х)® + (39)? + 2 (52) (39) 
— 25x? + gy? + 3oxy = 25x? + 30xy + oy. 
(7a – 2) = (7a)? + (2b)? – 2 (7a) (26) 
= 49a? + 4b? — 28ab = 49а? — 28ab + 4%. 

After a little practice the result may be written down in one step. 
These results also enable us to find mentally the squares of numbers 
which occur in Arithmetic. 

Example 8. Evaluate 1027. 

(102)? = (тоо + 2)? = 100? + 2? + 2. 100 . 2 — 10000 + 4 + 400 = 10404. 

It should be particularly noted that (a + b)? is not equal to а? + b?, 
that (a — b)? is not equal to а? + b?, that Va?+b? is not equal to 
a+b or a- b, that Va? — b? is nof equal to a+b or a - b. 

EXERCISE 39.a (Mainly oral) 


Write down the squares of : 


1. a4 x. 2 2tx. 8. с+3. 4. 2x * 3- 

5. x-3. 6. b-c. 7. 6-x. 8. 31-1. 

9. 4x - 3. 10. 2c- за. 11. за+56. 12. 3x - 7». 
18. 9l -- 4m. 14. 3x- тоу. 15.23? 55?. 16. sa? - 2a. 
17. 7 - 3c". 18. 32+d. 19. 2-25. 90. – 3x? +2. 


21. 22-55. 98, 208438. 98. 48-5. 24. 6- 524. 
95. 3235-72. 96. —9a?-44). 97. —5c-6c*. 28. sc- 124%. 
Without doing the actual multiplication, evaluate : 
29. 2027. 80. 4107. 31. 1992. 32. 100:5?. 
88. 99-5”. 34. 1005”. 85. 50:2. 36. 40:02. 
EXERCISE 39.0 (Mainly oral) 


Write down the squares of : 


1. b+h. 2. 5+х. 8. 1+7. 4, 3t 1. 
5. 4-а. 6. 8- t. 7. s-r. 8. 2a - 3. 
9. sx-2. 10. x - 4y. 11. 3a-sb. 19. 2х+77. 
18. 8l - sm. 14. 4x4 зу. 15. 22 -у. 16. 3x? - x. 


17. 2- 9x?. 18. sce- d. 19. 72-:. 20. 5a+2bc. 

21. с - 3cd. 99. si? - 7. 99. x8+22%, 24. 239 - 53. 

95. 2752-08. 96. 3—7. 27. 51-77. 98. - 2x? — 5x3, 
Without doing the actual multiplication, evaluate : 

29. 305°. 30. 2032. 81. 992. 89, 20:52. 

88. 19:5?. 84. тоот?. 35. 4о-6?. 36. 39:8". 
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91. Division. We have already seen in Ch. XI that to divide 


a polynomial by a monomial, each term of the polynomial must be 
divided by the monomial. Thus, (12-8-4021 


= (128-24) — (812-20) - (4t—2t) = 62 — 4t - 2. 
[The remainder of this chapter may be postponed, if desired. 
Knowledge of it is not presumed in Chs. XVI to XXI.] 


92. If we wish to divide by a polynomial, the work is arranged 
as in Arithmetic. The method is shown in Example 9. 
Example 9. Divide 20x*-- 16 - 43x? — 733 by 5х? — 3 2x. 
5x*-2x-3)20x1- 7x3— 43? + ох +16 ( 43? - 3x — 5 
20x*-- 8x3 - 12x? 
= 153 — 3132 ox 


+ —15х9— 64+ ох 

— 25 - 9х+16 
+ — 254? - 10x 4 15 
1 X т 


Thus the quotient is 452-3х-5 and the remainder is x- I. 
We do not continue the division, for the result of dividing x by sx? 
is a fraction. 

The steps in the working are as follows : 

(1) Arrange each of the expressions in descending (or ascending) 
order; if any intermediate power does not occur, insert a term 
with coefficient zero, or leave a gap. 

(2) Divide the first term of the dividend by the first term in the 
divisor, i.e. 20x* by 5х2; write the result, 4x?, in the quotient. 
Multiply the divisor by this result and subtract the product from 
the dividend. As in Arithmetic, it is unnecessary to bring down 
the whole dividend ; only the term (or terms) immediately required 
need be brought down. ` 

(3) Repeat the process until it is no longer possible to divide 
without bringing in fractions. 

It may easily be verified that the sum of the expressions marked 
Tis the dividend. But the first expression is 4x? times the divisor, 
the second expression is — 3х times the divisor, the third expression 
13 — 5 times the divisor. 

Therefore, when we divide the sum of the four expressions by 
the divisor, the first three divisions are exact and the quotientis the 
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sum of the partial quotients, ie. 4х2 —3x — 5. The fourth expres- 
sion is the remainder ; if the remainder is zero, the division is exact. 


Divide : EXERCISE 40.8 

1. уа? - аЬ by — a. 2. 18d- 27с?а? by - осӣ. 
8. 14x! - 4x? by —2х, 4. 914 - 612т? by 3l. 

5. 2+ 13t- 42 by t6. 6. a°- 15a t 36 by a- 3. 
7. х®+8х- 65 by x-5. 8. 2k°+ gk +4 by 2k 4 1. 
9. за? + 8а +6 by 3a * 2. 10. 4x? — 4x - 5 by 2x - 3. 
11. 62 -7t4 5 by 3t -2. 12. 552-17х--6 by 5x - 2. 


18. — 2102 +с+20 by 3c 2. 14. 25а? – 46? by 5a 4 2b. 
15. 32-13t+8-15 byt-3. 16. x? -3?— 41x 4 100 by x — 5. 


Divide : EXERCISE 40.b 
І. 7a- 21b by - 7. 2. 8624 — bcd? by - acd. 
8. ру+ду -ry Бу - y. 4, — т$х%+ 9x? by 322. 
5. d*-- 4d - 3 by d x. 6. 2-ї13с-36 by c- 9. 
7. t- 10t 39 by t3. 8. ax? - x-2 by x- 1. 
9. 5x3 + 16x - 3 by x43. 10. 12a? - 17a 4 6 by 4a — 3. 
11. 15+ 14t- 16 by 3t-2. 12. 6x?-- 13x 6 by 3x 4 2. 


18. - 2162 + 58-21 by - 7c 3. 14. – 4a? + 49 by 2a - 7. 

15. 20-3? - 26х + 9х? by 4-x. 16. 9c? - 2763 — 3с * 10 by 3c - 2. 
Divide : EXERCISE 40.c 

. 2339 7x3 - x +2 by x* — 32 — 2. 

т- 6х + т1х? — 6х3 by т - 35 + 232. 

. 21a? + 26a? — 27a — 20 by 7a? - 3a - 4. 

xt- 433 — 182 — 11x 2 by x? 7x 4 1. 

. 7Х+ 1224 — 8x2 — 2 +x? Бу 3x9 1 — 2x. 

325 — 32 +28 — 1 by 323 - 2 — 1. 

» t+ 2t4 — 413 — rot? by B- 7t 5. 

. 30a — ута? + 1 — 35a? + 28a* by да? + 6 — 13a. 

| бл — тт? + тзх + x3 — 2 by 2x* - 3x t 2. 

10. 5c! 2802 — 20¢ +25 +208 by 2-8. 

11. 6x4 — 214? -- ox 4-733 — 3 by 2x? - 1 5x. 

18. 16x1- 243 — зох? — 15x — 8 by 2x3 — x - 5. 

18. 1201 — 274263 — 16a%b — 156% + 46ab® by 30° — sab  2a*. 

14. 4x1- 2x3 42x2- x+ 5 by 233 - 33 +4. 

15. 2741 – зоа 92 + ота? — 25ab? + 364 by да+ 7ab - 0. 


CHAPTER XVI 
EASY FACTORS 


98. In the previous chapter we have shown how to find the 
product of two given algebraical expressions. We shall now con- 
sider the inverse operation : given an integral algebraical expression, 
to find two or more integral expressions which are such that their 
product is the given expression. Such integral expressions are 
called factors of the given expression. When the factors have been 
found the given expression is said to be resolved into factors, and 
the process of finding factors is called resolution into factors. 

Resolution into factors is an inverse operation, and it differs from 
the direct operation of multiplication in two ways : 

(1) Any two expressions can be multiplied together and their 
product found, but, in general, an algebraical expression written 
down at random has no simple factors, e.g. 3x-+4y cannot be 
expressed as the product of two simple expressions. 

(2) There is no general method of factorisation. In multipli- 
cation we have a definite process which always gives us the product, 
but in order to factorise a given expression we have to learn а 
number of special devices. It should be noted that when one 
factor of an expression or number is known, the other factor can 
be obtained by division. 

There are many important types of expression which can be 
factorised, and we now proceed to the consideration of these. 


94. Type І. Expressions in which each term has a common 
monomial factor. 


Example 1. Resolve 143? — 2152у + 49xy? into factors. 
The Н.С.Е. of the terms 143?, — 213?y and 49x? is 7x. 
7x is therefore one factor, and the other is obtained by dividing 
7x into the whole expression. We thus obtain the result ` 
1433 — 21x%y + 49xy? = 7x (2x? — 3xy + уу?) 
The principle of factors may be used to simplify arithmetical 
calculations. 
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Example 2. Evaluate 575 x 24-75 X24. 
It is clear that 24 is a factor of each term of the given expression, 
which equals 
24(575 — 75) = 24 X 500= 12,000. 
EXERCISE 41.a 


Factorise, if possible, the following expressions. И it is not 
possible, say so. 


1. 9a 4- 35. 9. roc? - 12c. 3, 22- z. 

4. 22-6314. 5. 30? + 3cd. 6. x*- xy. 

7. x3 - 2x8, 8. бх? + 18xy. 9. x*-- 2х8. 
10. 52- 2ос?а. 11. 12a- 36a°b. 12. 572d? – 17. 


18. 3a- 10b - 20c. 14. 2x - 4y t 22. 15. ба? — 12a? 24a. 
Evaluate, by using factors : 


16. 89 x 117- 86 x 117. 17. 35 X 1013 - 35 X 713. 

18. 42 x 718 +42 х 282. 19. 289 x 33 +211 x 33. 

20. $ of 839 - $ of 339. 91. 3% of £616 +3% of £584. 
EXERCISE 41.b 


Factorise, if possible, the following expressions. If it is not 
possible, say so. 


1. 18c- 15d. 9. 14t? - 20t. 8. 312-1. 

4. 33 - 56a. 5. у + 575. 6. x? - 2xy. 

7. 02-38. 8. 512 — гори. 9. 255-54. 
10. 244202 — 355%. 11. ух2--дэх2у. 12. 17t- 680. 
18. 7k - 211 - 28m. 14. sa-- 15b + 9c. 


15. at зазь — ба? — bt. 
Evaluate, by using factors : 


16. 439 x 39+ 61 x 39. 17. 234 x 97 — 234 * 37- 

18. 1197 x 88 — 1072 x 88. 19. 638 x 113 + 638 х 87. 

20. $ of 1634 +$ of 166. 91. 496 of £1392 — 4% of £942. 
EXERCISE 41.0 


Factorise, if possible, the following expressions. If it is not 
possible, say so. 
1. 7x4- 1433 + 21x. 2. a3— аЬ — ab’. 
8. 15bc* - obc- 30°. 4. злу? - ох?у - за. 
5. 2x5- 6xty - 2х®у®. 6. 3x1 — 93y? + 4y*. 
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EXERCISE 42.a 


Factorise the following expressions if possible. If it is not 
possible, say so. 


1. (c+d)s+(c+d)t. 9. (s-- t)a — (s- t) b. 
8. 3(a - b) - (a - b)c. 4. 2a? (c — 3d) ^ 7 (c - за). 
5. 2x(a? +b?) — y (a? — B®), 6. xy(s-- t) - z(s- t). 
7. a(u+v)+b(v+u). 8. c(x – y) - d(y - x). 
9. 3(х®+ у?) + 6a (33 +2). 10. 4(a - b) - 3 (a 4 b)c. 
11. k(a- B) - l(b - a). 12. c(d - 4) --7 (4 - d). 
18. 33 - xy xa ys. 14. 512+ 31+ sIm + 3m. 
15. 4s- 41 — st. 16. abc -b- 1-- ac. 
17. 463 — 3:2 — 4424 4са?. 18. 23? - 2xy - xz - yz. 
19. 323 — x2y — 2y3 + 6xy?. 20. 6x4 — 9x + 15 — 10x?. 
21. 242 —2xy — 3x2 - зуд. 22. a* — à? 4 2a — 2. 
98. 24— xy – 6y -- 4x. 24. 10-- 3xy - 15x - 2y. 


EXERCISE 42. b 


Factorise the following expressions if possible, If it is not 


ipossible, say so. 
1. (—m)x + (L- m)y. 


2. a(c - d) - b(c — d). 

8. 3R*(u-- 49) - 2(и+ 40). 4. 5(x- y) - (x+y). 
5. 2ab (4+ 5) — 9(d 4- 5). 6. 2:(c — 32) 5e (2. 22). 

7. x(u-v)- y(v— и), 8. c( p+q)+1(q+p). 
9. m(t -2)-4- s (2 — 1). 10. 50122565) + Ax (т? +1). 

ай 5(с44)-0(4-08. 12, т(у-2)-п(=-у). 
18. 5? - bd + bc — са. 14. km? + mn + kim + In. 


15. 2d- cd 2c — (2, 16. 2b? + 2bd + bc 4- са. 
17. 427-5045 4 4x3, 18. x+ 1 — txy - ty. 
19. 243 - 15 +. заб? — а2Ь. 20. 12/9 — Зри? — rom? + 15/2т 
21. 2t- 28+ 3-3. 22. 352 + 3bd — 2bc + acd. 

24. 14 - Xy -7y + 2x. 
EXERCISE 49, с 


following expressions if possible. 


23. 15 + Xy - 3x — sy. 


Factorise the 
ipossible, say so, 
1. 33 (233 - х+ 5) +7 (242 
2. 3 (333 - 22 +4) - 52(3 
3. 3a(x? - 2x — 7) - 2b (x? 
4. Lax - 3y72) - 3m( 


If it is not 
-х+5). 

02-2544). 

72x - 7) 4c(x* — 2x — 7). 

4x - Зу 72) - 2n (4x - 3y +72), 
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5. зх? + 21x? — 5x — 35. 6. 7x? — 5x? — 14x + ro. 
7. с‹4(1®+ т) - Қо +d’). 8. 4ab (x? + 1) -х(1642--59). 
9. 12с- (т?с + 12d?) – т?а?. 10. x3a? - (y2b -- x?b) + у°а?. 


11. a2l+abl+actabm+b*mt+be. 12. 2 - 2ed + 20x c cc x - d. 
13. a?l-- ac - abl - abm - bc - bm. 14. 2 4 2ecd - d- ct 2ex - x. 
15. 3c? - 2c - ocd + 6d + 2x зсх. 

2 бх -— 153 — 2Xy + 5yz — 5X2. 

96. Туре ПІ. ax?-- bx +0, where a, b, c stand for any integers, 
positive or negative. The integral expression ax?+bw+c is 
called a quadratic expression in x. 

'There has been much controversy about the best method of 
factorising expressions of the type ax*+bx+c, and it has been 
traditional to start by considering expressions of the type х? +e, 
i.e. the special case in which а= т, and afterwards to use Method 2 
or Method 3 for the type ax*--bx -c. Those who wish to retain 
the traditional method may do so by taking first Exs. 45 а and b. 
'They may then use either Method 2 or Method 3 for Exs. 
44а, b, c. 

It is, however, very strongly recommended that Method 1 be 
used as the principal method. When this has been mastered the 
pupil may be encouraged to use Method 2 in all simple cases. 
Those who adopt this recommendation may omit the greater part 
of Exs. 45 a and b. 


97. Method 1. If J, т, n, р stand for any integers, positive ог 
negative, we have 
(lx + m) (nx + p) = (lx + m)nx + (lx + т)р 
= Inx? + mnx  lpx + mp 
= Ina? + (mn + lp)x + mp 
= ах pbt e, eese eene i 
where а= In, b=(mn+ lp), c= mp. 

To factorise the expression ax? + bx + c, it is necessary to reverse 
the above process of multiplication. If we try to do this the 
difficulty lies in proceeding from (iv) to (ii). Itis necessary to 
replace ф by two equivalent numbers,* mn and 1р, whose product 
is mn x Ip, i.e. Imnp, which is the same as In x mp or ac. 


* For brevity in this chapter ‘ number’ is used to denote a positive or 
negative integer. 
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We have therefore the following rule for factorising ах? + bx +c, 
where a, b, с stand for any integers, positive or negative : 


Replace b by two equivalent numbers whose product is ac. The 
given expression can then be factorised by grouping terms. 


Note. The method is also applicable to expressions of the type 
ах? + bxy + cy, ax*y? + bxyz + ca, etc. 

The important step is the replacement of b by two equivalent 
numbers whose product is ac. It is recommended that the pupil 
be given considerable practice in this before the complete factori- 
sation is attempted. It is essential that this stage of the work 
should be done systematically and completely, In most examples 
the following procedure is both short and certain : 

Express the product, ac, of the end coefficients in prime factors. 
Make a table showing all the possible pairs of numbers whose 
product is ac, placing in one column unity and multiples of the 
largest prime factor and in another column the other factor of the 


complete product. Select the pair whose sum is equal to the 
required sum б. 


Example 8. Find two numbers whose sum is — 31 and whose 
product is 240. 


Express 240 in prime factors, i.e. 24 


„3.5. The largest prime 
factor is 5. 


We therefore make a table showing all the possible 
pairs of numbers whose product is 240, placing in one column unity 
and multiples of 5 (except those which do not divide exactly into 
240). We also notice that since the given product is positive, the 


numbers must be both positive or both negative. Since the sum 
1s negative, they are both negative The 


table 15: 
TUI — 240 
525 — 48 
-10 87:24 
-15 


— 16, which are the required numbers. 
Note. The pupil should test the sum of each pair as soon as it 


is written down, so that he may stop as soon as he has found the 
required numbers. 


Example 9. Find two numbers whos 7 
product is — бо. € sum is —тї and whose 
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Express —бо in prime factors, ie. —2?.3.5. The largest 
prime factor is 5. We therefore make a table showing all the 
possible pairs of numbers whose product is — бо, placing in one 
column unity and multiples of 5 (except those which do not divide 
exactly into - бо). We also notice that, since the product is 
negative, one number must be positive and the other negative. 
Also, since the sum is negative, the larger number must be negative. 
In the table we therefore place the sign — before the larger 
number and the sign + before the smaller. The table is: 


жа = бо 
+5 — 12 
— то + 6 
-18 + 4, which are the required numbers. 


Example 10. Find two numbers whose sum is —25 and whose 
product is бо. 
Proceeding as before, the table is : 


= 1 — 6o 
= 5 - 12 
—то - 6 
SLS -4 
-20 -3 
— 30 -2 
= бо = I 


(The numbers - 25, —35, -40, -45, —50, — 55 are omitted 
from the first column because they do not divide exactly into 6o.) 

The table has now been completed and there is no pair of 
numbers with the sum —25. We conclude that there are no 
numbers satisfying the given conditions. In such a case the 
Pupil must check the working carefully to make sure that he has 
Dot omitted a possible pair of numbers. 


EXERCISE 48.4 


, Find, if possible, two numbers satisfying the following condi- 
tions. If it is not possible, say so. (P— product, S —sum.) 


1. P=15, 8-3, 2. P=24, 5 =11. 
8, P=22, S=13. 4. P=24, S= - I1. 
5, РЕ-15, S= -8. 6. P=22, S= - 13. 
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7, Р=-63, S=2. 8. P= -42, S= - 1. 
9. P= -45, S= - 4. 10. P= -42, S=1. 
11. Р--63,5--2. 12. Р=-45, S=4 
13. P-9, 5=9. 14. Р=48, 8-0. 
15. P= - 40, S=3. 16. P= -96, S=10. 
17. P=45, S=18. 18. P= -9, S=o. 
19. P= - 56, S= - 10. 20. P=88, S=19. 
21. P=88, S= - 26. 22. P= - 66, S=5. 
23. P= – 18, S= – 3. 24. P=18, S= – о. 
25. P= - 48, S= - 13. 26. P=96, S=22. 
27. P= - 18, S=4 88. Р=56, S=18. 
EXERCISE 48.5 


Find, if possible, two numbers Satisfying the following conditions. 
If it is not possible, say so. (P= product, S= sum.) 


1. P=63, S=16. 8. P=42, S=13. 

8. P=45, S=14. 4, P=42, S=- i3. 

5. P=45, S= - 14. 6. P=63, S= – 16. 

7. РЕ-1 S=—2 8. Р--24,8-5. 

9. Р--22,8-0. 10. P= -24, S= – 5. 
ll. P= - 22, S= - 9. 12. P= - 15, S=2. 
18. Р-18, 8-0. 14. P=40, S=13. 

15. P= - 96, S— -10 16. P= – 40, S= – 3. 
17. P=9, S—10. 18. P= -45, S= - i2. 


19. Р--о,8--6, 
21. Р=18, S=12 

23. P= -9, S= -8. 
25. P= - 48, S=13. 
97. P= - 88, S=3. 


20. P=48, S= то. 
22. P=96, S= – 22. 
24, P= - 18, S=3. 
26. P=45, S= — 18. 


28. P= - 56, S— to. 
Example ll. Factorise 21x? 


= 5ху - 63?, 
We have to find two numbers Whose product is —126, or 
-2.3'.7, and whose sum is —5. Proceeding as + 1-126 


usual, we find that the numbers are — 14 and + 9. + 7- 18 
We therefore write the expression in the form та 9 
212 — 14xy + oxy — бу? 

=75(3х – 2у) + 3y(3% — 2) = (3x — 2у)(7х + зу). 
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Example 19. Factorise — 4x? — 15 + 16x. 

The expression must be rearranged in descending (or ascending) 
powers of х. It equals – 4х2 + 16x— 15. Wemust + 1 +60 
therefore find two numbers whose product is +60 + 5 +12 
and whose sum is +16. They are +10 and +6, +10 + 6 

2. = 402+ 16х-15= - 433 d 10x + 6x — 15 
= -2x(2x- 5) +3 (2% — 5) - (2x —5)(- ax + 3). 

Note. 'The signs in the expression must not be changed. 
Beginners sometimes change the sign throughout and write 
4х? — 16x -- 15 in place of the given expression. This is wrong. 

'The given procedure applies in all cases. 


Example 18. Factorise 63x? — 15xy — 183°. 
We notice that 3 is a factor of each term, 
*. the expression = 3 (21x? — 5xy — бу?) 
—3 (3x — 2y) (7x - 35), as above, Ex. тт. 
Note. If each term has a common factor, this should always 
be taken out first. 


98. Method II. Factors by inspection. Easy quadratic ex- 
pressions can often be factorised by inspection, without using the 
method of grouping terms. 

Whichever method is used the answer should always be checked 
mentally by multiplication. 

Let us consider the following results, which are obtained by 
ordinary multiplication : 

(2х + 3) (3x + 4) = 6х + 17x + 12, 
(2x — 3) (3x — 4) = 6x? — 17x + 12, 
(2x + 3) (34 — 4) = бх? +x- 12, es 
(2x—-3)(3y44)— 639 € - 12. een БОЛХООР (iv) 

We notice that if, as in (i) and (ii), the third term of the quadratic 
expression is positive, then the second terms of its factors have the 
same sign, and this sign is the same as that of the middle term of 
the expression. If, as in (iii) and (iv), the third term of the ex- 
pression is negative, then the second terms of its factors have 
opposite signs. 

Again, consider the result (i). The first term 63? is the product 
of 2x and 3x ; the third term +12 is the product of +3 and +4. 
The middle term +17x is the result of adding together the two 


188 ESSENTIALS OF SCHOOL ALGEBRA [СНАР. 


products +3х 3x and +4х 2х. Similarly, in the result (iv), the 
first term бх? is the product of 2х and 3x; the third term ~ 12 is 
the product of — 3 and +4. The middle term — x is the result of 
adding together the two products —3 x 3x and +4 х 2x. А 

If we try to reverse the process and find the factors of one of these 
expressions, say 6x? — x – 12, it is clear that the factors must either 
start with 6x and x or with 3x and 2x, and end with 12 and 1 or 
6 and 2 or 4 and 3. Also the second terms have opposite signs. 
'The possible pairs of factors are therefore : 

(6x + x) (x — 12), (6x — 1) (x + 12), (6x + 12) (x — 1), 

(6x — 12) (x -- 1), (6x — 6) (x + 2), (6x + 6) (x 2), 


(6x +2) (x - 6), (6x — 2) (x +6), (6x + 4) (x — 3), 
(6x — 4) (x + 3), (6x + 3) (x - 4), (6x — 3) (x + 4), 
(3x + 1x) (2x — 12), (3x—1)(2x-12)) | (зх--12)(2х-1), 
(3x — 12) (2x + т), (3x + 6) (2x — 2), (3x - 6) (2x 4 2), 
(3%+2) (ax — 6), (3x - 2)(2х+6), (3x + 4) (2x — 3), 
(3% — 4) (ax + 3), (3x + 3) (2x - 4), (3x — 3) (2x -- 4). 


We then test mentally by multiplication until we find the right 
pair. This process seems long, but a little consideration will show 
that a number of the possible factors may at once be rejected. 
Thus (6x + 12) (x т) is impossible, for 6 is a factor of 6x + 12 and 
therefore of the whole product, but it is not a factor of 6x? — x — 12. 
In the same way all the other pairs may be rejected except 
(бх 1) Gr 12), (6x 1)(х+ 12), (3544) (2x - 3), (31 — д) (2x +3), 
which must be tested by multiplication. 

After a little practice, the pupil will be able to reject mentally the 
impossible pairs of factors, and the process is quicker than the 
above working would suggest, With simple numbers it is slightly 
quicker than the method of grouping terms, but the grouping 
method is the method to rely upon. It should always be used when- 
ever the pupil is not able to obtain the factors quickly by inspection. 

99. Method Ш. The method will be clear from the following 
example, 

Example 14. Factorise 6x2 — x — 12. 

We write the expression in the form $ [362? 


- 6x - 72] 
=§ (63 - (62) - 7a]. 
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We now write Y — 6x, and the expression becomes 


Га 7а]. 


We thus reduce the problem to the easier problem of finding 

the factors of Y?- Y-72. 

These are found by inspection to be (Y - 9)( Y + 8), 
i.e. (6x — 9) (6x +8) =3 (2% — 3). 2 (3x + 4) 


'The expression is thus equal to 


=6(2х- 3) Gx +4). 


6 
ie. (2х- 3)(3х+4). 


EXERCISE 44.а 


T x 6(2x — 3) (3x + 4), 


Factorise, if possible, the following expressions. If it is not 


possible, say so. 


Check your answers mentally. 


1. 233 + 3x 4 1. 2. 2d* - 7d * 3. 8. 

4. 24? - sa 3. 5.2x!-7xyr6y?. 6. 

7. 2c - 9c 5. 8.2x?-3xy-5y?. 9. 
10. 3:2-22- 8. 11. 152-769-242. 12. 
18. 2-с- 6с. 14. 3-1024327. 15. 
16. 33? - 7x - 5. 17. a? - 3a — 10. 18. 
19. 2х2 - 32xy--126y?. 20. sà*-4a-3. 21. 
22. 2а – абс - 022. 28. 3k?-3k- 168. 24. 
85. х2-+зху – доу?. 26. of+36t- 108. 27. 
28. sa* – sab – 2800. 29, 6y? +49 +3. 30. 
81. 462+ 0с- 8. 39. Si? -Im?- 7m^. 88. 


EXERCISE 44.b 


3234 st 2. 

за? - 11a t 6. 
3c 7c - 6. 
за? + sa — 8. 
3-8x-3x*. 

a? + 7a + то. 

2х4 — 3х —2. 
за? + ба — 189. 

4 — 3st — 10520. 

4 - 13xy  10x?5?. 
2x1 - кух — 15y?23. 


Factorise, if possible, the following expressions. If it is not 
possible, say so. Check your answers mentally. 


«3x3 дит. 
. 2x3 — ттху+ 552. 
. 32+5t-2. 
. 2d! - d — 4. 
.2-7х- 6x2, 
e X24 8x47. 
54 -да-3. 


9. 3i? - 8t 4. 8. 2c 4-90 4. 

5. 262 - $64 2. 6. 2a* — 9a 10 

8. si? -- 290t - 6. 9. за? - ab - 2b. 
11. 1594 13:-2. 12. 15a? + 7ab – 26%. 
14. 2+7t+5?. 15. 2 - 3k - 5. 
17. 3x? - 7x — 5. 18. – 22-х +20. 
20. 2425? + забе- ac. 91. zx ex? r. 
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22. 2x! — 11a?y? +1591. 98. ул? — 28x — 84. 24. —8d? - 9d 4 2. 
25. да? + 60ab + 22482. 96. 2c? – cd - 28а?. 

27. да? + ab — 146°. 28. 40-13p + p*. 

29. 5p? – 75 pq + 28042. 80. 4a? 4- r5abe+ 1452, 

ЗІ. 8- 1546 + 7а?6?. 32. 44322-1024. 88, 3c? - 3c - 189. 


EXERCISE 44.c 


Factorise, if possible, the following expressions. If it is not 
possible, say so. Check your answers mentally. 


1. 24? - 17a 4 8. 2. 3c? + 13c - зо. 8. 8 - 17x + 72. 
4. 18x? +129x+21. 5. 154? + 99а-42. 6. 21— 19t - 272 т 
7. 32? *- 23t4- 30. 8. 21? - т7їт+?2т?. 9. 12 - 23cd + тод. 


10. 30k?+87k +63. 11. 2а2— 15a - 8. 18: 
18. 15+ 16xy—r15x%y2, 14. 73-9a-8. 15. 
16. ї252-7х-0. 17. 24Ё+22-21. 18. 15 — 34€ t 1568. 
19. 28a? + 39ab + 562. 90, 14244 4822-7, 21. 52 — 1047 — 21 
28. 421? - 77ху — 49. 98. доа? — то8абс + 726252. 

24. 24x3- ох 21. 95, 20— 92-2027. 96. 21a? 23ab + 2b?. 
27. 105+5p—s50p%. 28, 1512 – 351+16. 29, 12x" – 2x – 70. 
30. 1202 - 824-14. 81, 14а%+ 96a? — 14. 39. х?—х— 90. 

33. 20x2- 320-84. 84, 400 +82 +40. 35. 72 + бох + 24. 
36. 5x7 + з7ху + 14у?. 37. Зот? – от – 54. 38. бод? — 65a – 7о. 


28x? + 31xy – 552. 
21b? — тра — 242. 


39. 424? - 81k — 6, 40. 4x*-- 37x? — зо. 

41. 303? - 85ху+ 3592, 42. 16+ 11c- 150, 

43. 70? + socd + 74. 44. зот? – бутт + 2112. 

45. 40 - 4c- 84. 46. зза? – 26ab + 4Ь?. 

47. 10%? — 212xy + 42y?, 48. 3322 - 142-4 
Note. 


Harder examples of this type will be found in Chapter 


Note. Those who have a 


dopted Method т may omit Exs. 45 a 
and 5, or they may do only 


а small selection from them. 


EXERCISE 45.a 


the following expressions 
Check your answers mentally, 


2. a? - 7a 4 12. З. c 9cd + 1842. 


Factorise, it possible, 
possible, say so, 


1. a*4 38 4 2, 


If it is not 
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4. 5? — 16st t 152? 5. d?- sd 4. 6. x? - 9x +20. 
7. a@-a-2. 8. h?+3h- то. 9. 2+2#- 18. 
10. n?-n- 20 11. m+ m- 42. 12. x?- x- 12. 
18. a°+8a + 16. 14. 14b? + обс+ с. 15. 27-42-21. 
16. х2-ї1ху--28у2, 17. r-10xy -24x)y). 18. x*- 13x 4 33. 
19. aà?-sab-24b? 90. 1 - 16k 632 21. 5? - 12y - 40. 
22. 11+10t- £? 98. x?— 25x 136. 24. с+4с- 35. 
25. у? — 23yz + 10222. 96. a? — 4a — 24. 97. x? -7x - 48. 
28. адас - 45). 99. x + тамуя + 35ху?а?. 80. ®— 72—78. 
EXERCISE 45.b 
Factorise, if possible, the following expressions. If it is not 
possible, say so. Check your answers mentally. 
1. 55-45--3. 2. п? + 6n4 8. 3. 42--1348--42/2. 
4. y?- sy - 6. 5. x2- 7x-- 10. 6. m? — 8mn + 1512. 
7.22-35-4 8. y?-2y- 15. 9. x? - 2x — 3. 
10. 2-1-6. 11. 3- 3xy- 185? 12. b- 14b - 15. 
18. x? - 10x +21 14. 4?-104+25. 15. 22-22-24. 
16. х? - пху+24у?. 17. b- 10b+ 18. 18. x? 3xy - 2852. 
19. 14-sxy—a%y? 90. с202+15с0+44 91. c- 14е4 + 24d”. 
22. а + 2096 — 6902. 23. the rit 42. | 94. 1 - gk 136. 
25. т- 8х2 — 6544. 96. c? 12c- 72. 97. cà 24c - 81. 
98. х2 ++ бхуд — оту?г?. 99. #2 +3h-88. 80. 1-2-35. 


100. Type IV. The difference of two squares. The factors 
of x? — у? may be found as a special case of Type III in which the 
middle term is zero. ‘Thus 

22 у®=а?+ху-— xy- y’ 
=х(х+у)-у(х+у) =(х+у)(-У). 
р This result is so important that it should be committed to memory 
in words as follows : 

(т) The difference of the squares of any two quantities is equal 
to the product of the sum and the difference of the two quantities. 

(2) The product of the sum and the difference of any two 
Quantities is equal to the difference of their squares. 

By means of the first rule any expression which is the difference 
of two squares may at once be resolved into factors. 
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Example 15. Factorise 9a? — 16. 

оа? is the square of за, 16b? is the square of 45. 

Therefore the first factor is 3a plus 45, and the second factor is 
3a minus 46; ~. (9a*— 16) = (3a + 4b) (3a — 4b). 

The intermediate steps may usually be omitted, but it is a good 
plan to write in the margin the numbers which are squared. ‘The 
work may be arranged as in the following example. 

Example 16. Factorise 4x? — 25 (y — x)?. 2х 

The expression equals [2x + 5(у - x)][2x — 5(y - x)] 5(y-3 

[xt 5y — sxl[2x – 5y- sx] = [y - 3x][7x — 5y]. 

It should be carefully noted that 95(y-x)* is the square ot 
B(y - x). 

It is sometimes necessary to take out a common factor before 
applying the rule. 

Example 17. Factorie 342 -48B*, 

Here there is a common factor 3, 80 that the expression 4 
equals 3(4? — 1682). We can now apply the rule to get 4B 
the complete result : 3(A -- 4B)(A - 4B). 

'The first rule may also be used to shorten arithmetical calcu- 
‚ lations, 

Example18. Evaluate М (625)? — (375). 


(625) = (375) = (6254375) (625 — 375) = Мтооо x 250 
= М250009 = 500, 
The second rule may 
mentally, 


be used to do certain multiplications 


Example 19, Multiply (а+5-с) by (a - b 4c). 
The first bracket is a plus (b - c). 
The second bracket is а minus (5 — с). 


Therefore the product is a — (b - ¢ =a? - (b? — zbc + ce» 


зад-085-28с-03, 
EXERCISE 46.4 


(Some of these may be done orally) 
Factorise, if Possible, the followi i it i 
ПН л! » the following expressions. If it is not 


1. 82-25, 2. cd? - 1652, 8. 9- 4902, 
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4. 49-258. 5. х2-х. 6. 4d? — 49. 

7. 25x? – 100. 8. тата? – 6458. 9. 144-2524. 
10. 4x1y* — 92°. 11. 81/2 – тоор? 12. 25a* – ox. 
18. 5x3 - 7y*. 14. 38 - 75. 15. 169a? – 1210". 
16. 8-22. 17. 9a? + 1658. 18. 5x7 – 80y*. 


Find, by factors, the value of : 
19. (157) - (156). 20. (483) - (283). 21. (264)? - (36). 


29. (81? (19). — 83. (96)? — 16. 24. (873)? - (823)? 
25. (42:8) - (42°3)?. 26. (999) - т. 
27. (677 – (3:3). 28. V(1:945)* – (0°945)". 
29. (475) – (225)*. 80. V(125)? – (120). 

Find the value of : 
81. (a — 2b 4 c) (a - 25 - с). 32. (3a-- b — 2c) (3a b - 2c). 
88. (4a ++ 3c) (4a - 0 — зо). 34. (5x? +0 +2) (5x? - x- 2). 
85. (— зс+ 4) (C 9 3c 4). 36. (222 + 3x — 4) (2х — 3x - 4). 

EXERCISE 46.b 


(Some of these may be done orally) 


Factorise, if possible, the following expressions. If it is not 
possible, say so. 


1. 5-0. 9, 1—49n?. 9. 52-36. 
4. тоо — дула, 5. ok? - 64. 6. 362? — 250202. 
V. дад — 9D? c*, 8. 144a? – 3667. 9. 49x! — 955. 
10. зби?и? - 49x4. — 11. 81 - 2568. 12. 121a*- 1. 
18. 18x?— 50)". 14. 63a? – 70^. 15. 42-48. 
16. 45 - 20. 17. 2х2 – 3y?. 18. 276? - 3 
Find, by factors, the value of : 
19, (101)? - 1. 20. (078 - (87). 21. (97)? -9- 


29. (197 - (93). 98. (785) - (215). 24. (252)? - (52). 

95. (12:33 - (7:5). 96. N(6:5)? - (6:3). 95. N(1o1)? - (00). 

28. (1:437)? - (0°437)?. 89. (68-36. 80. (314) — (305). 
Find the value of : 

81. (2a - b- c) (za b - o). 88. (2a -- 3b c) (2a - 3b- с). 

88. (sa+2b-30)(satab+30). 34. (aX? +х+ 3) (3x? — + 3). 

85. (ax? +45) (ax! -х-5). 36. (#2 5+2) (+ 51+ 2). 
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46.с 


possible, the following expressions. If it is not 


1. (@+25)? - (c +d}. 9. (sm + 2л)? - (2х- >). 
8. (4-58-(с-ар. 4. (45-36) - (am + ny. 
5. (5b - o - (т- any. 6. (m+ 4n)! - (3x - y). 
7. (a - b - (c. ay. 8. (a+b)? (с 4). 
9. (a+b)? „2 10. 2a? - (s - 1). 
11. $-(y 3). 12. (a-b)? - 22, 
18. (4c - 3a)? - 422, 14. 9a? - (b - oj, з 
15. (зс+ 2d? — 16/2, 16. (6x —7y)* – (ax + зу)? 
17. 25x? — (y - =). 18. (36 — 4c)? — (b +30). 


+ 25 (31 — т)? — 16(r + 5), 
+ 9x? — 16(y + 22). 


88. 9(41 - 3m)? - A(ar - s)? 24 
25. g(x- 2y)? - (4x — ту)?, 26. 
87. 25х°+ (3х + 7y)2, 28 
29. 16x? - (ax — 5y)*. 30. 
31. (а- 25 - 9(a— 35). 82 
33. 9(1--2л)2 – 4(l- my. 84 
85. 647 ~(¢— 4)2, 36. 


101. Type V. x? + 9xy + y? and x? 


. 25€ - A (2x - y)? 

‚ 4 — 49 (m — 2n)2. 

. 642? — 25 (2x + 32)2, 

- 4(21— 3m)? - (31-7т)?. 
. 256 - (5е-74)?. 

. 16c* — (4c — за)?. 

+ 16x? — (y — 32, 

- (-43)* - 16(x - yy, 


4(c + 2d – 25(3c — а). 
— 9xy +у?. 


[cHAP. 


It was shown in the previous chapter that 

(1) The square of the Sum of two quantities is equal to the sum 
of their squares plus twice their product, 

(2) The square of the difference of two quantities is equal to the 
sum of their squares minus twice their Product. 

In other words х? 9xy + y2— 


Example 20. Which of the following 
Squares (1) 942 ~ zoxy + 2542, (2) gx? 
(1) 93? is the Square of 3x ; 


2 


expressions are perfect 
+ 26ху + 16y2? 


255? is the Square of sy ; 
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30xy is twice the product of зх and 5y ; 
. 9x* – 3oxy + 25y! = (3x — 5у) ог (sy — 3x)”. 
(2 ох? is the square of 3x ; 
165? is the square of ду; 
26xy is NOT twice the product of 3x and 4y ; 
/. 9x? + 26xy + 16y? is мот a perfect square. 
Note. Any positive number has two square roots ; thus 
M49— +7 or -7, М#+әху+у#=х+у or -x—y, 
Nx? — axy +y? =x- y or y -x. 
EXERCISE 47.a (Mainly oral) 


In the following examples, state whether the expression is a 
perfect square ; if it is, give one of the square roots. 


1. a? - 4a +4. 2. a? — 10a 25. 8. да? - 4a 4 1. 
4. да? — 28a + 49. 5. да? - 6a 4- 1. 6. od?-- 3od +25. 
7. 9х? – 24xy + тбу?. 8. тбл? - 8x + 1. 
9. а? – бас+ 168. 10. 25/2 + 20/т+ дт. 

11. 9а? +24а+4. 12. 16x? + 56xy + 49у. 

18. 25m? + 30mn + gn?. 14. да? +18а +81. 

18. 25 — бо + 36. 16. 4a!— 44a? + 121. 

17. оа? + бабе + 420. 18. 2562 + гтоса + г2та?. 


EXERCISE 47.9 (Mainly oral) 


In the following examples, state whether the expression is a 
Perfect square ; if it is, give one of the square roots. 


1. а? + 8a 4 16. . a? — 6a 4-9. 

8. 4a* — 12a 4-9. 4. да? + 20a +25. 

5. 9x? — 12x +4. 6. 9c? — 42c- 49. 

7. да? + 48ab + 6402. 8. ox? 25ху + 2552. 
9. 163? + 24x +0. 10. 16x? - 4oxy + 2557. 
11. 2562 - rocd + 42. 19. 4a?-- 32ab + 49. 
13. 25m? – Somn + 64n?. 14. а? - 8a +64. 
15. 2524 — 40х? + 16. 16. 9a*+ боа? + тоо. 
17. 16x? — 72xy + 8ту®. 18. 4х? + 22xy + 1213”. 


102.* Туре VI. Harder cases of the difference of two squares. 

By suitably grouping together the terms, certain expressions 
may be expressed as the difference of two squares, and so be 
factorised. 
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Example 91. Factorise 4x7 + 9y? — 81a? — raxy, 

432, oy? and 81a? are perfect squares ; this suggests that the 
expression may be resolved into the difference between two 
squares. [f so, it is clear that the term — 12xy must be grouped 
with 4x? and + 9у?. 

Thus the expression equals 

4x* — таху + 9у* — 8та? = (2х - 3у)?- 81a? 2x- зу 
= (2x - 3y +ga) (2x ~ 3y — да). 9а 

Note. The pupil should notice which terms are not perfect 
Squares, and then decide which terms must be grouped with them. 


"EXERCISE 48.4, 


Factorise, if possible, the following expressions. If it is not 
possible, say so, 


І. x? - avy +42 - 22, 2. x? - y! — aye — 22, 

8. x° — 2xy +y- 25. 4. 4-y% + 2yz — 22, 

5. 1- E +621 — 9/2, 6. да? + 4ab +5? — 64. 
7. 42 +1201 + 9m? — 81. 8. a°- b- 4b- 4. 

9. 36 - 9y? + буз — 22, 10. 22-8с--16-о43, 

11. 36 - y? +7уз- 1922, 18. 32- 844 16 — xt, 


18. x? + 2xy +y? - 22 — alm — m2, 14. 1440+ 2xy +4c?— 2 — 92, 
15. а*— bab +962 — p3 + 45g — д0, 16. 4 3cd 4 94? — 2512 — 101-1. 
17, aè- 14a + 49 - Ic 61m — от? 18, 4€ — 1264 9 - x3 — bxy — oy? 
19. – x? + 412 + om? = y! - 2xy = тәп, 
20. 41? + 24yg — 9y? + m? + Alm — 1632, 
21. 7a* — 14ab + 7b? — 6302, 88, 9а? — 1633 — 16xy — ay? 
28. 4c! 1041-04-64. 12d? + 10922, 
94. дт? - 251? — 28mm + 49n?, 


"EXERCISE 48.5 
Factorise, if Dossible, the followi i it i 
и e tollowing expressions. If it is not 


1. x? + any у 92, 


2. xà у? sys 92 
8. x? + ayy ty? 16. А. 49 - y?  2yy 22, 
5. x*- 33 — toy- 25, 6. 25 =k? — 6k] — 942. 
aa 25-9? — 14yz — 4932, 8. 4a? - 4a5 - т. 
9. C  6c-- 9 — 442. 10. 4 - 12yz-- 922 — 36, 
11. X! - 3 6х0, 19. + 40+ 16 - 2542. 
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18. è- 24+ 4-х? +2ху-у?, 14, дда? - 14a - 1 — 4b? + 4b-1. 

15. х? - 10x + 25 - 4c? - 1264 - 948, 

16. 412+ 4Im +m? – р? + тора - 250. 

17. 2ab- 2pq +}? -а?- +. 18, x?-y2+5y-25 - 422 — Axz. 

19. 9x! — у? — 922+ буз. 20. «4+ Ayz - 2? – 4. 

91. 4x? +49 — 36y? + 28x. 28. sx? — roxy + 5y? - 45. 

28. oc - 41? + 161т – 1602. 94. x +4 — I8 — mi - 2x3y? — 2]2т. 
103.* We conclude this chapter with a few miscellaneous 

examples illustrating all the types dealt with in this chapter. It 

should be particularly noticed that, after factorising the given ex- 

pression by one of the rules, it is frequently possible to factorise 

the factors so obtained. Care must be taken to find as many 

factors as possible of the given expression. 


Example 92. Factorise x5 — 81x. 
x? — 81x =x (x^ - 81) (Туре I) 2x (a? + 9) (x? — о) (Туре IV) 
— x (x? + 9) (x + 3) (x - 3) (Туре IV). 
Example 98. Factorise (32 + x)? — 18(x3-- x) +72. 
The expression equals 


(x? + x)? - 12 (x3 +x) - 6(x* +x) +72 т -=72 
= (0+) + x) - 12] - 6002 +x) - 12] -3-24 
= [(x? + x) - 12] [(x? + x) – 6]. -6-12 


| Similarly, we obtain 
х+х-12=(%+4)(х-3) and ж+х-6=(х+3)(х-2). 
Hence the complete factors are (х+ 4) (x — 3) (x +3) (x — 2). 


Example 94. Factorise (ax? — 3x – 5)? – (x? — 3x - 4)?. 
The expression equals 
[222 — 3x — 5+2 — 3x — 4][2х®- 3x — 5 - x? - 3x +4] (Type IV) 
= (3x? — 6x — 9) (x? — 1). 2x?— 3x — 5 
But за? 6x-9=3(x?- 2x 3) (Туре I) х2-35-4 
=3(x- 3)(x + 1)(Type IIT). 
x? — т = (x т)(х- 1) Type IV). 
Hence the complete factors are 3(x — 3) (x x)?(x — x). 
Example 25. Factorise 18(x — у) - 2x + 2y. 3(x-y) 
‘The expression equals 18(x- y) – 2(х – у) I 
=2(х - yo (x-y)? - [Туре Ш 
=2(x - y)(ax- 3y + 1) (3x - 3y - 1) [Type IV]. 
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EXERCISE 49 
MISCELLANEOUS FACTORS 
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(Nos. 1-50 are easy. Nos. 51—100 are harder) 
Express as the product of as many factors as possible : 


1. 18x? - оху?. 2. 333 - 7x +2, 8. 16a? - 49x?. 

4. у -су+5у-56. 5. 75—48. 6. 2--71-78. 

7. за? - 19a 4- 6. 8. 48 - Bt. 9. (2c-- d)? - (L- т), 
10. 6 – 2ns - 31 -- s. 11. 2a- soa. 12. 25? -- 11y - 6. 
18. ol? - (31-4т)?. 14. 7-282. 15. го-а-а?. 
16. 3 -а5-45?. — 17. axc? + 3xcd - гусі зуа?. 
18. (3x - y)? - (x+ 2yy. 19. 2y5— бух + 2322. 
20. 3—461+ 1512. 21. гоху? + 15229 + 543. 99, 3x2 - x- 10. 
23. 3a*- зоо. 24. да? — зоаЬ +2562. 95. 13 — 522. 
26. 5х2 + 17x 4- 6. 97. x5- 25x. 28. оа%— ga?b + 27ab5. 
29. 1+ 8х2 — 6524. 80. 12+ r5Im + 26т?. 
BL. Pr P2 - eg ст, 


82. 1- 14a + 49a?. 
35. s? — 4st — 45. 
42-с-1-40. 38. (3d)2- 34. 


38. a(bc? – (abc. 84. 5003?y — 2033. 
86. 5x? x — 6. 37. 
39. 743 - 3a? - 21a 4- 9. 


44. y*--9y — 36. 45. rox'-23r—21:. 46. 15x94 3824 7x. 
47. 1442 + 120#+25. 48. x(y--1) - y- x. 
49. 223+ 1422 — 32 - 21. 50. :(1-m) - Lm. 
51. за? — за? — 362 +3. 52. a? — 2ab 4- b? -9. 
53. 1874 — 854, 54. ба? – 5a1+ a, 
55. (2x - 7)? - 6x 21. 56. 42 — 4lm+ m? — 49. 
57. 3(t 1? -7 (t 1)2, 58. 5(2c — 3)? – (2c — 3) - 6. 
59. (4x - 5? — 12x + 15. 60. 16 - a? — 6ab – 9B?. 
61. 3* — y? + 2ax + оду, 69. (7x-- 2 - 2x 2 
= а: +78. 64, x2 -у!-8у- ake 
. = 17X* (y + 2) - то 2 2 
EI X er (y + z)?. 66. 5(X-F 7) - 4(x 7) - 12. 


b 5(a - c) - 8t(a - c) +322, 
71. (3 + d? — 1642, 

T8. a? — 7x - m) + o(L- my, 
75. 307x- 3)" + 4(7x - 3) - 15. 
77. (1- mf 1+ т. 


40. 
‚ Вга? (а- 20). 49, 444+ 2842 + 49. 


4х®—х—5. 
43. 2(с--1) - e 1. 


. 969 – 368. 

- @®— 4а(х- y) - s(x - y). 
- («+ 2) (x-- 3? — sx - то. 
h ax + by — cx — cy + bx + ay. 
- al - bl-- bm cm - cl - am. 
+ 3 12x — 4x — 9, 
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79. дуа? – (y? - 22 - х?)®. 80. (x3 — xy)? - (xy =y) 
81. a*-- 4b — 44b - 12 - gn? - 6. 82. (I1? - 8(D0—1) +12. 
88. a! - a? 2a - 1. 84. (6x? - ох - 3)? - (2x? — 9x - 2)®. 


85. (x--3) (x + 4) (x - 2)* — (x — x) (x-- 2) (x +4). 

86. 361? mn — s4lm?n + 48lmn? — 181®т?л?. 

87. 16a*- (b – cf, 88. а? -6a(c+d)+5(c+d)*. 

89. (12-12-5102)? - (6+). 90. oi? +n? – 16k? — d? — бт+ 8kd. 
What is c, if 

91. (x--3) is a factor of x? + ex — 12? 

92. (x — 5) is a factor of x? — 7x + c? 

98. (2x — 1) is a factor of 232-- sx-- c? 

94. (2x — 3) is a factor of cx? +x- 6? 

95. (3x – 2) is a factor of 3x? + cx - 4? 

96. (5x-- т) is a factor of 1ox?— 13x 4 c? 


Find values of a for which the following expressions will 
factorise. 


97. 52 +ak-3. 98. ах? + 23x + то (a positive). 
99. 4x? - ox +a (a positive). 100. 6x? — ax - 20. 


TEST PAPERS IV 
A 
1. (i) What is 7 per cent. of a? 
(ii) What per cent. is x of y? 
9. EY py) тыу бый 
Solve (i) (Жел) 3889 8) ETIA 
(ii) 20x —9y ; 8+75%=63y. 
8. Simplify (i) 4I? om? — 7n? - 72, 
зү 15.5% 
(ii) 78 ay? 
(ш) 3 e- d) 5 et c) 
4. Factorise (i) 815 — 54, (ii) x2- 2x — 24, (iii) 25 - 1643. 
5. One of the sides of a right-angled triangle is 3 ft. 4 in., and 
the perimeter is тт ft, 8 in. Find the hypotenuse. 
B 


1. 0) If К per cent. of a number is d, what is the number? | 
(1) An article costs £A. The profit is x per cent.; what is 
the selling price? 
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2. Solve (i) o'4(2t- 1:5) - 0:5 (0:3 - t) = 1'2t, 
(i) 5x 6y - 21 24x — 5y - 56 7x + 63. 
8. Simplify (i) (Œ - 3m?) - (D - зт), 
ТУСДА А; Я хїөХ5 
(ii) 3507 po?) * PO 
4. Factorise (i) 51+lm+5m-+m?, 
(ii) 1532 - 32x - 7. 

5. The distance of 85 miles between two towns is usually 
covered by a motor driver at a certain average speed. ЇГ this 
average speed were increased by 25 per cent. of its value, 30 
minutes would be saved on the journey. Find the usual time and 
average speed. 

6. A plane cuts off from a sphere of radius 10” a segment of 
height л in. The fraction cut off is given by the function 


4202 


Plot this function against / for h=o, 2, 4, 6, 8, то. (Represent 
2 by 1" horizontally, and represent 0-5 by 5” vertically.) What is 


the height of the segment, if its volume is 1 of that of the whole 
sphere? 


1. (i) Find рег cent. of c. 


(ii) A trader sells а car for £x, making a profit of y per cent. 
How much did the car cost him? › у 


ZUM 2 6 
2. Simplify (i a сеу 
YI LT ques ien 
нү 2643 7€t5, 30-9 
Ии Зри 
3. Solve (i) $(2»-- 1) – $(6 4) (2x 3) —, 
a 2X-3 13 5 
(ii) aviy ip 3*+10=4. 
4. Factorise (i) 248-44-24, (ii) 2-2-с- т, 
(ili) 3 — 31ab + тоа. : 

5. Two men, X and Y, travel towards each other from towns 
108 miles apart. X starts at 10 a.m. and walks at a uniform rate ; 
У starts at 1 p.m. and motors at a uniform rate. They meet at 
ве Voss pein started at 11 a.m., and travelled at the 

е as before, uld t 
rate does Y travel? ey would have met at 1.15 p.m. At wha 
‚ 6. Find (i) the Н.С.Е. of заз 21a?b5c4 and 42a?b*;", 

(ii) the L.C.M. of ба?, sa’, 4a?, 302. 
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D 
1. (i) If A cwt. of sugar costs £p and is sold for £g, what is 
(a) the profit, (b) the profit per cent.? 
(1) If a ship unloads х per cent. of its cargo, what percentage 
remains? 
2. Solve (1) 8-3 4% =3 (2-3, 
„ү 4Xt15yt4 2x-28y-6 _ 
(1) 38 = umm: 6 EU 
3. Factorise (i) с®в®— 3cz, (ii) 5x?-- 7x — 12, (iti) 4x? — (y - з). 
4. Simplify (i) (-5) (ii) о-3(2а- 30, 
35—5t s— 4 
(36 1871 
5. А square plot of ground is surrounded by a gravel path 8 feet 
wide, the outside boundary of the gravel also forming a square. It 
is desired to double the width of the path, and it is found that 
1} times as much gravel is required for the extension as for the 
original path. Find the length of the side of the plot of ground. 
6. A train starts from rest at A and covers a distance of 


t К + f ama 5 
:-2) miles from A in £ min. Another train is moving 


(iii) 12 


30 

towards the first with half its speed and is at a distance of 
2 

50- Б (s - 5) miles from A at the time t min. Find graphically 

when and how far from A the trains meet. 


E 


1. 0) If a ton of coal costs Де, and the dealer makes a profit of 
Ъ shillings, what is (a) the selling price, (b) the gain per cent.? 
(ii) A piece of elastic x feet long is stretched y inches. By 
how much per cent. is its length increased? 
2. Simplify (i) 23?--3x-- 7 - ( - 33 + 15x + 50), 
А Е 
(i) «Fe od 


8. Solve (i) 1s(t-1)- 22025-3) 


(ii) х+у=о(х-у), 2х+у=з(2%-у)+1. —— 

4. The difference between a number consisting of two digits and 
the number formed by reversing the digits is 45. . The sum of three 
Sie the tens digit and five times the units digit is 47. Find the 
number. 
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5. Factorise (i) 2cd – зас+ road — тза?, 
(1) т+56- 2462, (Ш) 4x3y* - 4xyz + 22. 
6. Draw the graph of y= —2-- 4x — 3? for values of х from -2 


104. From your graph find (a) the greatest value of y, (5) the values 
of x between which — 2--4x – x? is always positive. 


F 


1. A rectangular box is a ft. long, b ft. broad and c ft. high. It 
is enlarged by increasing its length by x per cent., its breadth by 


y per cent. and its height by z per cent. What per cent. is the new 
volume of the old volume? 


2. Solve (i) 1(2х- -3 (2 +): += 
ON Ge 9) s to) +A (450, 
ИИ 
(ii) "a 8, QU I. 
8. Factorise (i) 3x5y — 6%4у2 + 9х3у3, (ii) тох? — 37x + 21, 
(iii) 23? — 288. 
3 2 
4. Simpli 9 (35.94) за? 
Siraplify 8) 7b * 38bc?/ ^ 4c? 
2 4-2 34-1 
ii) 1 [222 39-1] 
| Е = 
5. А certain alloy contains 6 parts by weight ОЁ a metal А and 
5 parts by weight of a metal B ; another alloy contains 7 parts by 
weight of A and 13 parts by weight of B. If these alloys are 


melted and mixed together, how many pounds of the second alloy 


must be mixed with 1r pounds of the first alloy to make a mixture 
which contains 40 per cent. of A? 


6. Find (i) the H.C.F. of 76r*s* and 957352, 
(ii) the L.C.M. of 3xy?2?, 2x2yer and 4ху зв. 


G 
1. A square plate has a side of length a ft. When heated, each 
side expands Е inches. What is the new area of the plate, and by 
how much per cent. has the area increased? 
9. 0) Expand and simplify (2x — 1)? + (3x +2)? + (4x — 3)2, 
(ii) Divide – 35 + 22y +2352 — I0y? - 3y4 by 7 — 32 — ay. 
8. Solve (i) 3(3x - 1:5) + 4(6x — 1:65) — 7 (3x +09), 


өӊү 2 ї 
Gi) 45-35-21, 4 2 
) x 39! 2 +2у=4. 
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103 
38 өр (n 8 Е 
4. Simplify (i) XA "od Э 


» (0-07-07 
(11) (à 2 Bye 

5. Factorise (i) an?- ga — sb-Fbn*, (ii) 3p?+ 109*- 1324, 
(iii) 4(-@)?-9(p +4). 

6. A fraction is such that if 2 is added to the numerator and 5 
to the denominator, the value of the fraction becomes $. If the 
numerator of the original fraction is trebled and the denominator 
increased by 15, the value of the resulting fraction is $. Find the 
original fraction. 

H 

1. Two kinds of tea are mixed in the ratio 7; т. How much of 

each kind will there be in А Ib. of the mixture? 


2. Solve (i) E 


(ii) 2x—-2:143y, 3(x-y-02)-7 -y. 
9. (i) Expand and arrange in descending powers of x 
(4x? — 2x — 5) (ax? +x — 2) + (223 +1), 
(ii) Divide 
18x5 — 6x4 — 12133 — 633? + 141% + 108 by 33* — 5x — 9. 
4. Factorise (i) km+(l-m)?—-kl, (ii) 2-29 —-2x*- x, 
(11) 4/2? + gn? + т20тп. 

9. Two men, X and Y, travel towards each other from towns 
120 miles apart. Х starts at 8 a.m. and cycles at a uniform rate ; 
Y starts at 10.30 a.m. and motors at a uniform rate. 'They meet 
at 12.6 p.m. If they had both started at 9.45 a-m., and travelled 
at the same rate as before, they would have met at 12.9 p.m. At 
What rate did Y travel? р 

6. Draw a graph from the following table to show the relation 
between the total annual output of cars from a certain motor factory 
and the corresponding cost of production for each car : 

Annual output of cars- 1000 2000 3000 4000 5000 6000 
Cost per car in £ - goo 660 520 440 410 400 

The manufacturer finds that on fixing the selling price of each 
car at £480 he can find a market for 3200 cars in the year. Find 
from your graph the profit or loss per car. 


I 


1. Superior sugar is mixed with inferior sugar in the ratio 5 : q. 
What weight of the mixture contains x Ib. of superior sugar? 
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2. Solve (i) я (1-2) +8(#-4)=1, 


зу} у 
(ii) НЄ 2), 355254 
8. Factorise (i) P—1?-421, (i) 20+ 7% — 6x2, 
(iii) 5464- 242. 
4, Simplify (i) VKS- V- Кә, 
(ii) а аж, Bist Хэ? 
Dt b ас ^ pg 
5. А boy spent £1 43. on rowing, always hiring a boat at 1s. 6d. 
per hour or a better one at 2s. per hour. Had he spent on the first 
what he actually spent on the second, and on the second what he 
actually spent on the first, he could have had two hours more on 
the water. How much did he spend on the better boat? 
6. A party of tourists set out for a station 4 miles distant and go 
at the rate of 4 miles an hour. After going $ mile, one of them has 
to return to the starting point ; at what rate must he now travel in 


order to reach the station at the same time as the others? Assume 
that all speeds are uniform, 
J 


i A man can plough a field alone in А days; his son could 
plough it alone in B days. How long would it take them, working 
together, to plough the field? 


POTERO 
2. Simplify (i) | 48 Ханын! 


мү7-5-5-2 1-р 
(ii) and UE aie 
8. Solve (i) 1-25 (2-1) +075 (2-05) ===. 
М 3 3 
Give the answer correct to two places of decimals, 
у 20 4X 3y 
Ш) =+у=—+6у-т—<-3У_„. 
(ii) 7 у 3 + бу-т 2 2 


4. Factorise (i) (a? + xy)? (ху 39), Gi) roa?— 63ab + 1882. 


5. The difference between a number consisting of two digits and 
the number formed by reversing the digits is 27. The sum of five 
Sonde tens digit and seven times the units digit is 51. Find the 

umber. 


6. Find (i) the H.C.F. of 14595, 22x?y2 and 26х3у4, 
(ii) the L.C.M. of 12325, 3ху5 and Sx*y?s, 


24 
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K 


1. The adult population of a town consists of а men and b 
women. The average age of the men is x years ; the average age 
of the women is y years, What will be the average age of the 
whole adult population? 


va. @ жа 3 7)=5 
2. Solve (i) 3022 3+3 (av +2) 8 


c. 2 aata) 5 1 e: 
(ii) 7 + 3 59 5 SR 

8. (i) Write down the square root of х2 and the cube root of 
the result. (ii) Find the L.C.M. of 822020, 5l4mn* and 12lm°n?. 

4. Factorise (i) x*-2x%-63x%, (ii) I(x? + у?) + xy (I? + т), 

(їн) 8re2 — 144 (¢—d). 

5. In arace of roo yd. when X and У start level, X passes the 
winning post 2 sec. before Y, but if X gives Y a start of 5 yd., 
Y сап win Бу # sec. Find the number of seconds each takes to run 
тоо yd. 

6. Draw the graph of л? — x-- 2 for values of x from —2 to 3. 
Find the minimum value of x? - x+ 2 and solve x? - x — 1 =0. 


L 
1. £A amounts to £B in C years at Simple Interest. What is 
the rate per cent. per annum? 


2. Solve (i) «3-161 3) - 08 0. 


то 6 
i ig sm 
(ii) xor zd 


3. (i) Multiply 3b? ~ sab + 2a? by ба? + 7ab — 5%. 

‚‚ ® Divide зх? + 2ох®- 34x? -- 9x8 - 3458 +41" + 20 — 19x? Бу 
X78 — on + 345-5. 
5 
4. Simpli X 3ЁтЁ‚ 125 475 
Баро 107335 sm" glm® 
(ii) 66 Еа -362-20). 
І 
5. Factorise (i) at+2a2-3, (ii) ап-ак - xyk хут, 
(1) (x4-y - 22) (х - y +32). 

6. A fraction is such that if 4 is added to the numerator and 3 to 
the denominator, the value of the fraction becomes i. If the 
numerator of the original fraction is doubled and the denominator 
increased by 16, the value of the resulting fraction is 8. Find the 
original fraction. 


-x) 


СНАРТЕВ ХУП 


QUADRATIC EQUATIONS. EASY PROBLEMS 
LEADING TO QUADRATIC EQUATIONS 


104, The degree of an equation is the degree of the highest 
term that occurs in it when it is cleared of fractions. А 
Thus 2x? — 5x!— 7 із of the fourth degree ; 2x2 - x— 5=0 is of 


the second degree ; х-1 = 3 is of the second degree, for before 


we estimate its degree we must clear of fractions by multiplying 
each side by x. The equation is then written a? -—7=3x, and is 
clearly of the second degree. 

An equation of the second degree is called a quadratic equation, 
and we have already seen in Chapter XIV how approximate solu- 
tions of such equations may be obtained graphically. 

In general, there is no algebraic process which enables us to find 
the exact solution of an equation of any degree, although approxi- 
mate solutions may be obtained graphically or otherwise. 

There is, however, one general theorem which frequently 
enables us to solve equations of higher degree than the first : 

If one of the factors of the product of a finite number of finite 
factors is zero, then the productis zero. Conversely, if the product 
of a finite number of finite factors is zero, then one of the factors 
of the product must be zero. 


It follows that an equation can be solved, if it is possible to 
write it in the form 


Product of factors of the first degree =o, 

Example 1. Solve x? =x+6. 
We may write this in the form a? 
A value of x which makes either o: 
product (x — 3) (x + 2) zero, i.e. such a value will satisfy the equation. 


The values of x Tequired are therefore those which make 
*-3-0and x+2=0, і.е. x=3 and x= - 2, 


The only roots of the equation are 3 and — 2, 
206 


-х-6=0, ie. (x—3)(x+2)=0. 
Ё the factors zero will make the 
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Example 2. Solve (x? - 4) (a? -2х-15)=0, 
We have (х+ 2) (x — 2) (x — 5) (x 3) =0, 
J. х+2=0, or х-2=0, Or X-5-—90, OF х+3=0; 
* x2 -2,‚ or 2, or 5, ог —3. The only roots are – 2, 2, 5, — 3. 

Note 1. This argument should be given in full. If the pupil 
leaves out the step “5 |, x+2=0, or X—2-—0, or х-5=0, or 
х+3=0”, he may make mistakes in sign. 

Note 2. It should be particularly noted that if a product is 
equal to any number other than zero, we know nothing about the 
individual factors of the product. 

Thus, if all we know about two numbers х and y is that xy — 12, 
it is impossible to find the value either of x or of y. There is an 
unlimited number of possible pairs of values. 


105. The converse of the principle of factors is also true. Thus, 
if x=3 is a solution of an equation, х— 3 must be a factor onua 
expression which is equal to zero. 


Example 3. Form the equation whose roots атг Р and q. 
The root р is derived from a factor x—p, and the root q from a 
factory- д. The required equation is therefore (x — p) (x – 4) 2o, or 
22-(р-+ах+ра=о. еее (1) 
Any quadratic equation тау be written їп the above form; we 
first bring all the terms to the left hand side, and then divide both 
sides by the coefficient of х, e.g. if the equation is 
= 233544275, 
we first write it in the form 
- 2x! - 7x4 4-0, 
and then divide both sides by — 2, getting 
х +x- 2=0. 
When the quadratic is in this form we see from (i) that 
(а) the sum of the roots, р +4, =the coefficient of x with the 
sign changed ; 
(6) the product of the roots, ра, =the constant term. 
This gives a useful method for checking answers. 
If the general quadratic equation is taken to be ax?+bx+e=0, 


it becomes x? + 2 хээ о, when put in the above form. 
a а 
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We therefore have аз a general rule: 


The sum of the roots — — b 


The produet of the roots — 2. 


EXERCISE 50.8 (Oral) 

1. If x=3, what is the value of : 

© (8-2)(54-7), (ii) @-3)(5х+4), (iii) (2х- 7) (х – 3)? 
8. What can you say about the value of y, if xy =o and 

(i) x=5, (ii) х=о, (iii) x= — 4? 

8. What can you say about the value of x, if 

0) ху=то, (i) (а-5)х=о, (1) (x-3)(y-4)—o? 

Solve the equations : 

4. (х-2)(х-5)=0. 5. (+3) (х-б)=о. 6, (x+6)(x+7)=0. 


7. 5х(х-5)=0. 8. 8у(у+2) =о. 

9. (2x-- 3) (3x- 5) 2o. 10. (52-79-о. 

11. 6(4a - 3)(a - 11) —o. 18. 9(65 — 5) (854-1) 2o. 
18. (x - x) (x — 2) (x — 3) - o. 14. оз? =о. 

15. (x -- 2) (0-3) (0-4) =о, 16. x(x-- 7) (3x - 1) (ax - 3) - o. 


17. 5(22 - 11) (32-- 8) (sz - 1) - o. 18. s(ax 13)? —0. 


EXERCISE 50.b (Oral) 
І. If c= — 4, what is the value оѓ: 
(0 (c-5)(c-3), (ii) (с+4) (70-3) (ii) 5(3с+7)(с+ 4)? 
2. What can You say about the value of x i£ ху=о and 
G) y=-3, (й) у=о, (ili) y= 14? 
8. What can you say about the value of y, if 


@ xy=42, (1) (с+6)у=о, Qi) (w+) (y+ 7)=о? 
Solve the equations : 


4. (x —3)(x - 8)—o. 5. (w+ 9) (x -- 5) zo. 

6. 4(y- 1) (+2) =0. 7. 6t(t— 5) —o. 

8. (ax 17)(9x — 2)— o. 9. 34(2--4)-о. 

10. 8(52+6)(11z-3)=o. 11. (2c - 253)? — o, 

12. (3p - 2) (115 — 5) =o, 18. (х+ 1) (х-2)(х+3)=0. 
14. (%— 3) (x — 4) (x -- 5) о, 18. 12(3x - 13? —o, 

16. 4x3=o0, 


17. 3x(x--9)(zx — 11)(3x-4 5)—0. 
18. (3y - 11) 2» 5) (17y —3)=о. 


XVIL] 


EXERCISE 51.a 


Solve the equations : 
1. y?+5y+6=0. 


4. 

Үд 
10. 
18. 
16. 
19. 
22. 
25. 
28. 
81. 
84. 


3x! 4- 4x - 1-0. 
223--7z +6=0. 
2i --9t- 5—0. 
523-72 — 6—0. 
402+ 20x +25 — 0. 
40 x(x — 3). 
432-1022, 
6x3--7 — 17x. 
20+ т) = sc. 
14.— t(4t - 1). 
-= 5x2 =б-+ тах. 


QUADRATIC EQUATIONS 


9. x? - x - 12-0. 8. x? — 16x - 64—0. 
5. a*-9a--20—0. 6. 2y?-5y+3=0. 
8. 3х2 -5х-2=0. 9. x?- 14х+40=0. 
11. 3х2 - 1124-6—0. 18. 6-7х- 3x? —0. 
14. 15c2+7e-2=0. 15. 2152-42. 

17. x-2(3x?- 1). 18. x(x-- 1) ^20. 
90. —28—2x3--15x. 91. -81-30a- ай. 
23. x3 - 2x —35. 24. 2(a?-- 5)—9a. 
96. -3—14x- 1542. 87. 5—4x(x—- 2). 
29. x—-2(x?- 14). 80. тоа —23a * 21. 
39. 37х=5(3^2 +4). 88. 5- x - 4x. 

85. 332-- x— 10. 36. 2132—23x - 6. 


Form the equations whose roots are : 


Solve the equations : 


‚ х®+5х+4=0о. 

‚ 2x? — 8x +8=0. 

. 72+ 101- 8 =о. 

. x2 +2x—-24=0. 

. 9x? + 42x -- 49 = о. 
. 21 - 192 — 222 — o. 
- x(x— 9) — 36. 

- 5X5 — 104x — 21. 

- 501=24 + 21. 

+ 30=a(4a +37). 

А 55 +21+22y=0, 
* 5—4x(3 —x). 

* 5=3(7 - 2). 


38. 4, - 8. 39. -$ 9. 
41. о, 2, -11. 42. 2, -2, 5. 
EXERCISE 51.b 
2. x! -x- 2-0. 8. x?-- 3x - 10-0. 
5. 322-232-3900. 6. t- 161 15-5. 
8. 552-8х-21-0. 9. 5х —13х+6=0. 
11. 90-x-a2=0. 19. 44 -234-30-0. 
14. 8-18y+7y?=0. 
16. 213? 17x * 2—0. 
18. 2(6а2 + 5) =23а. 19. 142 +47х=7. 
91. 2=23#-218. 99. –д2=132+22. 
94. 72-2 c - 145. 95. x(5x--37)-— - 14. 
97. 16+432= 1522. 98. 35=2Х(19- 4х). 


30. 15 (202-1) = 34x. 
32. ї222-10-272. 88. 3 –29х = 1ox?. 
35. 10x2—18- 57x. 36. 35 2x(ax +9). 


Form the equations whose roots are : 


37. 
40. 


I, 9. 


2 
dem 


4 
2. 


39. -3, 6. 
49. о, о, б. 


88. 5, - 4. 
41. 2, о, -2. 
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SOLUTION BY COMPLETING THE SQUARE 


106. Rational and irrational numbers. Positive and negative 
integers, and positive and negative fractions are called rational 
numbers. All other numbers, i.e. all numbers which cannot be 
expressed in an exact numerical form, are called irrational numbers. 
"Thus y7, Утг are irrational numbers. 

It is not possible to resolve all quadratic expressions into factors 
of the first degree with rational coefficients. It is therefore neces- 
загу to consider a more general method than the method of solving 
by factors. 

The general method is based on the fact that any quadratic 
quation may be put into the form 

(x D? —m, 
where J and m are rational numbers, either positive or negative. 

When an equation has been written in this form, we may either 
obtain the solutions by taking the square root of each side, or use 
factors which may have irrational coefficients. 


Example 4. Solve (i) (x-- $* —9, (1) (х- 47-57. 

(i) Taking the square root of each side, we get 
о а... (i) 
^ x=2} or - 3$. 

It should be carefully noted that the square root of (х +$)? is 
(x +$) ог — (х+ 8), and the Square root of 9 is 3 or —3. It would 
at first sight appear that we should consider the four possibilities 
Xti-3,x4$—-3,- (+8) =3, – (0+3) = – 3, but it is easily 
seen that x+$=3, and — (х+ = -3 are equivalent statements. 
Similarly with х+ї=— 3 and -(x4$)—3. Thus it is only 
necessary to write down the two forms given above in (i). 

On 
GcB*-9-o, . (4483) =о, 
2 (х+#+32)(х+@- Во. 
Мх4443-0, or x+3-3=0, 
5 Х= - 3 or 21. 
(ii) Taking the Square root of each side, we get 
¥-4=N7 or x-4- - 4/5, 
^ x=4+N7=4+ 2:646— 6:646 approximately, 
OF €X—4-N7—4- 2:646— 1:354 approximately. 
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Ок 
(х-4%®-(/#%=о, ~. (5-443/70(8-4-47)-0, 
. €X—4- 4/770, огх-4- М7 =0, 
©. х=4- 47 = 1354 approx. or х=4 + 4/77 6:646 approx. 

Notel. If the numerical values of x are not required, the solu- 
tion may be left in the form 4-- 4/7 or 4— /7, usually written for 
brevity 47. 

Note 2. The value 2:646 of ,/7 may be obtained either by the 
usual arithmetical rule or from the square root tables, which are 
given at the end of the book. 


107. In order to put a quadratic equation in the form (x -D?-—m, 

we make use of the identities obtained in Ch. XV : 
(х-+а)®=х®+2ах+а%, (x-a)-x-2axa. 

If therefore we have an expression х2 + 2ах or x*— 2ax (i.e. а 
quadratic expression in which the coefficient of x? is +1 and the 
constant term zero), we may make the expression a perfect square 
by adding a?, i.e. the square of half the coefficient of x. 


Example 5. Solve 2x? - 2x - 3 — 0. 

First obtain the equation in the form ^2?+2ах=а number, by 
dividing by the coefficient of х? and transposing the constant term. 
We obtain #-х-3=о, ог №2 -х=2. 


3 
We now add (- 3) ‚ ie. (half the coefficient of x), to each side, 


in order to make the left-hand side a арын square ; 


#-x+(-2)=3 


ги 
ee 
We proceed : 
EITHER (x-2)=%2 or =”, 
АИ 
2272 2272 


D ul , ie. 1:823 or – 0:823 approx. 


E 3:646 dines 1:646 
2 2 
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o 9 Gus 562-59) 


/ 
DO Neige, or ю-2-21-о, 
2.2 2 2 
р T - 0:823, or 222:57-154 арргох. 
AUS 2 2 


Note. The first arrangement is the shorter, and is usually 
preferred. If he uses this, the pupil must take care to write down 
both values of the square root. i 

The second arrangement reveals that the general method is 
essentially the same as the factor method. It is, in fact, the factor 
method when the factors may contain irrational coefficients. 


Example 6. Solve 6x2 + 3X - 2-0. 
This may be written x?+ : - 179 or x? He 
Add (19 to each side, then 
2 * 
дол E) и OST. | 
2 \4 3 16 48 144 
(* Notice this step уегу carefully. The object is to make the 
denominator a perfect Square, so that the square root may be more 
easily calculated. The pupil must resist the temptation to find the 


Square roots of 19 and 48 and then divide. This greatly increases 
the amount of working, and usually leads to a less accurate result.) 


Wik 


И SN? 
ATTA T1204 
ST I N57 
^ xm-Lq4—M ана 
4 12 4 12 
И ЕО 
5 1380139 25:539:379; 
cO m dissi A 10:550 
ог ———XM...195990 00 
T 12 12 0:879, 


in each case correct to 3 decimal places, 
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Example 7. Solve ax?+x+1=0. 


Nin 


: : х. х 
This may be written 22429219, ог а - 


Add (3)? to each side, then 


But we cannot find any number the square of which is E OE 
any other negative number, 


^ +» cannot be calculated, 


*. х cannot be calculated. 
It is therefore impossible to find any number which satisfies the 
given equation. 
Note. If the equation is set with decimal coefficients, these may 
be replaced by vulgar fractions. ‘Thus, to solve 0:32x? + 2x — 04, 
we may first replace the equation by the equivalent form 


zs axes ie. 4х2 -- 25x — 5. 


We then proceed as above. 

108. During the first reading of the book the pupil should be 
content to stop at this stage. At present the square root of a 
negative number is unintelligible to him ; it cannot be calculated ; 
it has not even been defined. 

It may, however, be of interest to state that it is possible to 
invent a new class of numbers having the property that their 
Squares are negative numbers. It is also possible to invent opera- 
tions corresponding to addition, subtraction, multiplication and 
division, and these operations obey the fundamental laws of 
algebra. 

These numbers are of great importance in higher mathematics ; 
they are called imaginary or unreal numbers and an expression 


Such as — 2 TEE is called a complex number. 


М.А, н 
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169. Numbers which are not imaginary are called real numbers. 


парі . . . . Г 
Thus Мтб=4 is real and rational, ,/7 is real but irrational, У-7 
is unreal and irrational. 


It will be shown in a later chapter that Vax b= Мах b, and 


a Ма 
that 4/ 2-2 
b м J 228? 
either а ог 6 is negative, y = may be written 7, Zoa? may 
B ere 1 
be written 3aN — т, etc. 4 


If we assume that these results are true even when 


STEN — 7 
4 


Note. In the exercises which follow, equations with imaginary 
roots occur in Ex. 52 c, Nos. 31—48, only. 


'The solution to Ex. 7 is usually written х= 


SOLUTION By FORMULA 


110. Another method of solution, by means of a formula, is 
given in Chapter XXI. 


EXERCISE 52.a 
Solve, giving the answers as whole numbers or fractions : 
1. (х-2)%=25. 9. (2-8)? —49. 8. (3x — 2) = 16. 
4, (2% + 1)? —9. 5. 9(3x+5)?=16. 6. 49(2t- 7? —81. 
7. (a- 3? —4. 8. (w+)? 64. 9. (x+ =. 


10. (y - * =x. 11. (x-$9—85. 19. (с+®#=з% 
Evaluate, correct to two places of decimals : 


18. 23: 2:449. 14. - 344-472. 15. - 5 +7874. 

16. 945831. 17. 6--8:888. 18. -7:-3:317- 
—2-L^5. E 

19. 4581. 20, 22720 эр 82743, 

9g, 7::9:798. 98, 2457937. 94. =; 


5 
What numbers must be added to the expressions in Nos. 25-36 
to make the result a perfect square? Of what is it then the square? 


25. байг 26. x? 6x. 27. с? — sc. 28. y?-- 7y. 
329.0 80, 2+5. 8]. Я n5 fr 


шинэтгэл g5, ot сеа 205 
4 Е 5 3 
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Solve by completing the square, leaving the answers as whole 
numbers or fractions : 
37. 2? —т2х=45. 88. х®+8х+12=о. 89, х? +3х-18=0о. 
40. y2-7y-98=0. 41. 2y?+3y-2=0. 48. 32?- 72 -6—0. 
48. 2x2 - x —21. 44, 4x? -- 11x - 3—0. 45, 72=3(1- 22%). 
46. 12(1-52) =7у. 47. 2х2 -ах=ба?. 48. зу +2су- 8 =o. 

Solve by completing the square, giving the answers Correct to 
two places of decimals : 


49. 52-6х--7-0. 50. у +8у=то. 51. а2=5а - 3. 
52. x? -- 3x — 1. 58. 2х2=5х+1. 54. 5c?—4 - zc. 
55. 4313 - 3x —3. 56. за? — 10a - 4. 57. 6х2=7х+2. 
58. тох2=35+ 2. 59. 7у2=12у- 4. 60. 932-2 — 5х. 
EXERCISE 52.9 
Solve, giving the answers as whole numbers ог fractions : 
1. (w— 5)? =4. 9. (z+7)?=64. 8. (3x+4)?=4. 
4. (2-3) =x. 5. 25(3x-4)?—9. 6. 16(2c—9)?=409. 
7. (b- $?—9. 8. (x + $?=8r. 9. (x - $2=38. 
10. (z+?=4. 11. (¢-#?=¢. 19. (x-- $)?—4s- 
Evaluate, correct to two places of decimals : 
18. 3+9:086. 14. -1+6°633. 15. -4:-5:916. 
16. 8:-2:449. 17. -9 +5292. 18. 2+8:944. 
19. шлан 20. i38, 91. ин жин 
99, $::9:849. оз, 43:317, ол, C2 TAX 
II 4 


What number must be added to the expressions in Nos. 25-36 
to make the result a perfect square? Of what is it then the square? 


25. х? + 10x. 96. x? - 4x. 27. y?-3y. 28. 22 +02. 


29. 2.5 go, at =. з1. 2+. 88.8-8. 
33. 4498 ga 2-1 ag ү2-805 ge, 8.35 
5 13 7 5 


Solve by completing the square, leaving the answers as whole 
numbers or fractions : 


37. х9®-8х=48. 88. 92+ 12 - 27 20. 89. х*—5х-84=о. 
40. 224 92-s52=0, 41. 2x2-sx+2=0. 42. 3x? - 8x t 4— 0. 
48. 442 -за=52. 44. gaà?-9x—18. 45. 3(1- 27) = 82. 
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46. 7бх=5(т- 342). 47. 22ах - з? = 19a?. 48. 222+ dz- 36d?=0., 
Solve by completing the square, giving the answers correct to two 
places of decimals : 


49. «°+4x+1=0. 50. y?-6y-11=0. 51. 23—72--4. 

52. +oc+2=0. 58. 33323 -7x. 54. 6 —57c4 1. 

55. 2c —5c- 1. 56: 72 = 121-2. 57. 8x?-2- х. 

58. 9y?*—16y- 5. 59. 4х +7х+2=0. 60. 102?— 1 - 72. 
EXERCISE 59, с 


Solve the following equations by factors, if possible, otherwise 
by completing the square. If the roots are irrational, give the 
answers correct to two places of decimals, except in Nos. 31-48, in 
which the answer may be left in a form containing the square root, 
3:55/7 


eg. 
1. 1852 =5 — gx. 2. х?-4х+т=о. 8. (х+ 17)? = 1622. 
4. 3+ st— s. 5. 2x7 + 4x=3. 6. 2х2 =ox+ 12. 
7. (ax-3)'—9x*.— 8. sx®= 34 gy, 9. 4852 = 22x + 15. 
10. тол? =11%+2. 11. (4х7) = 4х2. 12. 8х9—т8х+6б=о. 
18. («+ 2) = 117 - (x 1. 14. (sx - x) (1ox 4 7) = 5 (3x 4 1). 


15. 11=20х2-+14х. 16. тох--8--7553. 17, бх?+зх=34. 
18. 3(4x - 7)#— 4(әх— 3)%=2(э®— 3)(х— 3) +3. 


19. (3x + 5)®=(50— 3)?. 20. 9x? — 39% + 35 =0. 
21. 21(X- 3) – 4o(x-- 3) — 21. 22. (5x - x) (тох+3)=2. 
98. 7x? + 26 = 34x. 24. (ax - 3) (8x 5) 13. 


25. гх(гх-- 1)-1=3(ax+z), 26. (7x — 3)? — (5x + ту. 

27. 2(5% — 2) (3 — 54) = 15 (7 — sx) (x+ 1). 

28. 2.722 +ах 1 — 6, 29. 633? — 48x -- 8— o. 

30. (4x — 32 — 16x, 81. x?-- zax а? о. 

89. х2 +4 10 — o, 38. х2--ах--742--0, 34. 4x" — 3x —6. 

85. 3х°+2х+5=о. 86. 4047 + 8x=15. 87. 4x2+x+3=0. 
38. sx*@-x+2=0, 39, 2x'—3ax—3a?. 40, 202 - 3x +5 =0. 
41. 1652 +3=25х. — 49, +14 = 7x. 43. 252 = 3x +7. 

44. 852 — дх+т=о. 45, 413 = 5а +ах. 46. 24х2--12х--1-00. 
47. 6x? +3x+1=<0, 48. 1—3(%-1)(х—2)=тт(х- т). 


ni. Easy problems leading to quadratic equations. We shall 
now give some problems in which the solution depends on a quad- 
тайс equation. It will be seen that each solution of the quadratic 
equation does not necessarily give a solution of the problem. The 
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quadratic equation may have no real roots, in which case there is no 
solution to the problem ; or one solution of the equation may be 
negative, and a negative number may be inadmissible as a solution 
of the problem ; and so on. 

In every such case the solutions of the equation give us the only 
possible values of the unknown and we must then decide which of 
these, if any, give solutions of the problem. 


Example 8. А number of two digits is less than three times the 
product of its digits by 8, and the digit in the tens’ place exceeds the 
digit in the units’ place by two. Find the number. 

Let x be the digit in the units’ place, then х +2 is the digit in the 
tens’ place and the number is xo(x-- 2) += 11% +20. 

Three times the product of the digits is 3x (x-- 2) 5 

A 3х(х + 2) = ттїх + 20 +8, 

. 3х®+6х=тїх+20+8, 
n 3х9-5х-28=о, г. (х—4)(3®*+7)=о, 
1. x-4=0 or 3x+7=0, г. = OF -%. 

The solution -4 is inadmissible because а digit must be a 
positive integer, /. x=4 is the only solution. 

If x—4, x +2=6 and the number is 64. The check is left to the 
pupil. 

Example 9. A man has зо yd. of fencing. With it he encloses 
тоо sq. yd. of his garden, the boundary fence forming one side of the 
enclosure. What are the possible dimensions of the enclosure? 

Let « yd. be the breadth of the enclosure. 


Then (зо – 2x) yd. is its length. =ч. 
We then have 
100 =x (30 - 2x) = 3ox — 2x? € 5 
`. 2x* — 30x + 100550, я m 
2232-1584 50-50. Y s 
(Note this step. Pupils often make their work © 3 
unnecessarily heavy by omitting to divide “Л 3 
through by a common numerical factor.) 
“. (x-5)(x- 10)=0, x yd. 
d — 50 Or X—1O—0, FIO 16 


2.) х=5 or IO. 
, Их=то, the breadth is то yd., the length is 10 yd., and the area 
is 100 sq. yd, 
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Их=5, the breadth is 5 yd., the length is 20 yd., and the area 
is 100 sq. yd. 

Both solutions are valid, and there are two possible ways of 
forming the enclosure. 

Important note. The answers to most problems are repre- 
sented by rational numbers. It is possible that the solution may be 
represented by an irrational number, but this does not occur very 
frequently. It is probable, therefore, that the quadratic equation 
which arises out of the problem can be solved by factors. 

The pupil should always satisfy himself by checking his work, or 
otherwise, that a solution by factors is impossible, before he pro- 
ceeds to solve by completing the square. The solution of the 
equation is more easily found, if x is a small number than if x is 
a large number, and it is well to bear this in mind when choosing 
which unknown is to be represented by x. 


112. Many problems leading to quadratic equations introduce 
fractions, and the work is too difficult to be given at this stage. 
Such problems are considered in Chapter XXVI. 


EXERCISE 53. а 


1. Find two numbers differing by 4, such that the sum of their 
squares is 170. 


2. Find two numbers differing by 2, such that twice the 
square of the smaller exceeds the square of the larger by 73. 


8. Find two consecutive positive integers, such that the sum 
of their squares is 265. 


4. The sum of a number and its square is twelve times the 
next highest number, Find it, 


5. If each one of a family sends a card to each of the rest, and 
182 cards are sent, how many are there in the family? 


6. A number plus 5 times its square is 616. Find it. 
7. ‘Twenty-two years hence a man’s age will be the square of 
what it was 34 years ago. Find his present age. 


8. A house bought for is sold f fit of 
2х percent. Find x. о Uie eta pro 


9. A number of two digits is less by 155 than the square of the 
number formed by reversing the digits, and the digit in the tens' 
place exceeds the other digit by 3. Find the number. 
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10. X sold goods which cost £5 to Y at a gain of с per cent., 
Y sold them back to X at a gain of с per cent. Аз a result X lost 
тїз. Find с. 

11. The adjacent sides of а rectangular plot differ in length Бу 
4yd.; the area is 780 sq. yd. Find its dimensions. 

12. The perimeter of one square exceeds that of another by 
60 yd.; the area of the larger square is less by 61 sq. yd. than 
5 times the area of the smaller. Find the lengths of their sides. 


18. A stone is projected vertically upwards, so that its height 
above the ground after t sec. is (72t — 1629) ft. After what time is 
it 81 ft. above the ground? When does it strike the ground? 


14. A man is 18x years old and his son is 2x? years old. When he 
was 3x? years old, his son was х + 4 years old, How old is he now? 


15. ОЁ 6 consecutive positive integers, the product of the three 
largest exceeds the product of the others by 1644. Find them. 

16. Divide a line то cm. long internally into 2 parts, so that the 
square on one part may be 3 times the square on the other part. 


17. A man has 120 yd. of fencing. With it he encloses 1152 
sq. yd. of his garden, the boundary fence forming one side of the 
enclosure. What are the possible dimensions of the enclosure? 


.18. A polygon of х sides has 4х(х-3) diagonals. How many 
sides has a polygon with 135 diagonals? 

19. A rectangular grass plot is go ft. long and 84 ft. wide. It is 
surrounded by a walk of uniform width. The area of the plot is 
equal to the area of the walk. Find the width of the walk. 

20. The perimeter of a rectangle is 30 in., and the sum of the 
two squares described on adjacent sides exceeds twice the area of 
the rectangle by 9 sq. in. Find the length of the rectangle. 

21. The total external surface area of the sides and base of an 
open rectangular tank is 203 sq. ft. The base of the tank is square, 
and its edge is 14 ft. greater than the height. Find the dimensions 
of the tank. Neglect the thickness of the material. 

22. А walks at 5 ft. per sec. and takes 102 sec. to go from one 
corner of a rectangular field to the opposite corner along two sides. 
B walks at the same rate along the diagonal of the field and takes 
ri less to reach the opposite corner. Find the length of the 

eld. 


. 98. A square plot of land is bought at 8d. a sq. yd., and a fence 

is placed all round it costing той. a yd. If the total expense 18 £35) 
nd in yards the length of a side of the plot. 

24. The sum of the first x whole numbers is }x(x+1). How 
Many must be taken to give 351 as the sum? 
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25. Two straight roads cross at right angles at O. Two men, 
A and B (one on each road) approach O at constant speeds, B 
walking and A cycling 3 times as fast. When 4 is 25 miles from O, 
Bis то miles from О, and 2 hours later they are 5 miles from each 
other measured in a straight line, neither of them having reached 
O. Find their speeds. 


26. ABCD is a square of side 6 in.; L, M are points on the 
sides DC, CB respectively, such that ОГ, = BM —x in. If the area 
of the AADL is three-quarters of the area of the ACLM, find x. 


EXERCISE 53.b 


1. Find two consecutive positive integers, such that the sum of 
their squares is 145. 


2. Find two consecutive odd numbers whose product is 323. 


8. Find two numbers differing by 9, such that the sum of their 
squares is 185. 


4. The sum of a positive integer plus its square is 7 times the 
next highest number. Find it. 


5. Find two numbers differing by 3, such that 3 times the 
square of the smaller exceeds the square of the larger by 47. 


6. Seven times the Square of a number minus 3 times the 
number equals s4. Find the number. 


Se. The adjacent sides of a rectangle differ by 7 in. ; if the area 
is 638 sq. in., find the dimensions, 


8. Three years hence a boy's age will be 4 times the square of 
what it was тт years ago. Find his present age. 

9. The perimeter of one Square exceeds that of another by 
44 yd.; the area of the larger square exceeds 8 times the area of 
the smaller by т Sq. yd. Find the lengths of their sides. 


10. A diamond ring bought for £x is sold fi .ata profit 
of х percent. Find x. ОА Еси Хайн 


11. A number of two digits is less by 699 than 5 times the square 
of the number formed by reversing the digits, and the digit in the 
tens’ place exceeds the other digit by опе. Find the number. 

12. X sold goods which Cost £10 to Y at a gain of c per cent. ; 


Y sold them back to X at a loss of Y lost 
оон S of с per cent. Аза result Y los 


18. If 7x (x-- 1)? УУ, of N, is the same as 2x° М. of W., find x. 


14. A stone is Projected vertically upwards so that its height 


above the ground after £ sec. is (1087 — 1622) ft. After what times 
15 it 126 ft. above the ground? 
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15. A square floor is covered with carpet, except a border 18” 
wide, round the carpet, which is covered with linoleum, The 
carpet and linoleum cost respectively 9s. and 5s. per sq. yd. The 
whole cost is £9 9s. Find the length of the floor: 

16. Divide a line 8 in. long internally into two parts, so that the 
rectangle contained by the whole line and one part may be twice 
the square on the other part. 

17. The sum of the first x whole numbers is 3x(x-- 1). How 
many must be taken to give 253 as the sum? 

18. A path 2% ft. wide surrounds a square plot of grass and its 
area is 1] times that of the grass. Find the length of the plot. 

19. A piece of wire 52 cm. long is cut into two parts, each of 
which is bent into the form of a square. The total area enclosed 
by the two squares is 97 sq. cm. Find the sides of the two squares. 

_20. The length of the diagonal of a rectangle is 25 ft. and the 
difference of the lengths of the sides is 3 ft. Find the length of 
each side in feet, to one decimal place. 

_ 91. A square plot of land is bought at 4d. a sq. yd., and a fence 
is placed all round it costing 94. a yd. If the total expense is £60, 
find in yards the length of a side of the plot. 

22. The price of petrol is reduced by x per cent., and a man uses 
X per cent. more, Аз a result his petrol bill is reduced from £25 
to £24 15s. od. Find x. 

23. If the edges of a rectangular box were increased by 2 in., 3 in., 
and 5 in. respectively, the box would become a cube and its 
capacity would be increased by 720 cu. in. Find its dimensions. 

24. A carpet, whose length is 1$ times its width, is laid on the 
floor of a rectangular room, with a margin of x ft. all round. 'The 
area of the floor is 4 times that of the margin. Find the width of 
the room, 

‚95. A square floor is covered with carpet, except а border 12" 
Wide round the carpet, which is covered with linoleum. The 
carpet and linoleum cost respectively тоз. and 4s. 64. per sq. yd. 
The whole cost is £19 18s. Find the length of the floor. 

26. Two straight roads cross at right angles at О. Two men, 
< and В (one оп each road), approach О at constant speeds, А 
Walking and B cycling 4 times as fast. When A is 20 miles from O, 
B is 64 miles from O, and 4 hours later they are 10 miles from each 

, 4 : 3 
other measured in a straight line, neither of them having reached O. 
Find their speeds. 


CHAPTER XVIII 


GRAPHS (Continued) 


118. Graphical solution of equations. In Chapter XIV, it was 
shown that by drawing the graph of y—63?-7x— 11, it was 
possible to obtain approximate values of the roots of any equation 
of the type 6x? — 7x — 11 —4, being a constant. This is a parti- 
cular case of a more general theorem, which we now proceed to 
discuss. Г 

If we have a pair of simultaneous equations in x and y, and if 
the graphs corresponding to the equations are drawn with the same 
axes and with the same Scales, then, at the points of intersection 
of the graphs, 

1 The coordinates are roots of the simultaneous equations ; 
2 The x-coordinates are roots of the equation in x obtained by 
eliminating y from the two equations Ч 

8 The y-coordinates аге Toots of the equation їп у obtained by 

eliminating x from the two equations, 


114. We shall Prove these statements for a Particular pair of 
equations, but it is clear that the method is quite general, provided 
that the eliminations can be performed, 

Let us consider the equations 
graphs corresponding to the equa 

The graphs meet at P and Q, and PN, QM are the perpen- 
diculars drawn from Р and О 

Р lies on the curve, ‚ ОЛ 22 

Р Нез оп the st. line, 22. OM Мн. (ii) 

Thus, x= ON, у= NP satisfy both the equations y = 3x? —6x+3 
and 2x=3y-5. It may similarly be shown that х= OM, у= МО 

This is the first result given above. 

Also from (ii), а ONE 5. 


3 
222 
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Substituting this value of NP in (i), we have 


200152; .ON?-6.0N*3, 
ie. х= ON satisfies the equation 


и Аза era: Gii) 


It may similarly be shown that х= ОМ satisfies (iii). 


ЫН 
Ч 


-1 О| N 1 2 au 
Fic. 17. 
But (iii) is the equation obtained by eliminating y from the given 
equations. This is the second result given above. 


Again, from (ii) on=3-NP=8. 


Substituting this value of ON in (i), we have 
_ (3.МР-5\*_ с (3.МР-5 
wp=,(2:NP=8)'_6(45 +з, 
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їе. у= ЛР satisfies the equation 


у=3 (223) (2-5). ES... (v) 


It may similarly be shown that у= МО satisfies ( iv). 
But (iv) is the equation obtained by eliminating x from the given 
equations. This is the third result given above. 
From Fig. 17 it is »asily seen that 
(1) The solutions of the given simultaneous equations are 
*=2, у=3 and x=o-2 approx., y —1-8 approx. 
(2) The solutions of the equation (iii) are 
*—2 and x—o:2 approx, 
(3) The solutions of the equation (iv) are 
У=3 and y=1-8 арргох. 
The values 2, 3 of x, у respectively are exact, as may easily be 
verified by substitution in the equations. 
The values 0'2, т 


scale in the neighbourhood of P. Since x is greater than ог, а 
suitable enlargement is the portion of the graphs between x =о:21 


(The values obtained by calculation are 
$—$—01, and у= 177 = т.814). 


Any degree of accuracy desired may be obtained by repeating 
the above process 


Note 2, When we Speak of graphs « 
it is implied that th 
scales have been us 


One important tesult which follows f 


“on the same diagram ”, 
and also that the same 
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obtained by drawing the graph of y =x? and the graph of a straight 
line. For the equation ax?-- bx 4 c— o may be written 


-- (824) 


1.87 SIBI 


185 


179 
ЇЇ! 
1-77 
1-75 
1.73 
0:2 0:21 0:22 0:23 0:24 Axis of x 
Fic. 18. 
This is the equation obtained by eliminating у from the equations 
y=x and y= - де 2) It is therefore satisfied by the x-coordi- 
a 


nates of the points of intersection of the graphs representing у=? 
and у-- (Busy 
a 


p 
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The advantage of this method is that the graph of y 2 x? may be 
accurately drawn on a large scale and kept for regular use. The 
graph of the straight line required in any instance may be quickly 
drawn on the same figure as the graph of y =x. 

In this chapter we consider mainly graphs of expressions of the 
first and second degree. Other graphs are considered only if they 
can be easily drawn by simple plotting. More difficult graphs are 
considered in Chapter XXXIII. 


EXERCISE 54.a 

Solve graphically the following equations (Nos. 1-9) : 

1. зу=2х-1, 2. 8x=3y, 8. 2x +бу=т, 
8--3У-5. 4%-У=2. ж-4у=4. 

4. 2х 9y— 14, 5. 4x — 5y—28, 6. 3y - 4x—9, 
3х —3y — 10. х-у=6-т. 4X T 7y — тт. 

7. тоу=7х2 —22x--18, 8. у=2х%+2х-4, 9, y—2x3 - 6x 4 3, 
тоу=3х-4. х+у+4=0. у= - 25-1. 


10. Draw the graphs of 2x + r and д? — т for values of x from -1 
to 3. Solve 3*—2x—2 by means of the graph. 

11. Draw the graphs of y=s2—» —6 and y — — 4 for values of x 
from —3 to 3. What equation is satisfied by the values of x at 
their points of intersection and what are its roots? 

12. Draw the graphs of у= (x — 2)(6 — х) and 7X — бу=7 on the 
same diagram. Hence solve 6(х-2)(6-х)- 7(Х-1)-0. 

Solve graphically the following equations (Nos. 1 3-18) by draw- 


ing the graph of y= x? and a straight line. In each case write down 
the equation of the straight line. 


18. 2x* — 5x — 12, 14. 23? - 3x — 1. 

15. 5x* 2x — 24. 16. 53?-- 15x += о, 

17. тох += 27.2, 18. ттх? — 18x 4- 8— o, 

19. Draw the graphs of у=к+? апа 2-308-а5) for values 


of x between 7 and — 7, omitting x —o, on the same axes and with 

the same scales. Show that the two curves intersect where 

358 — 822 — 75x — 72 =o, 

Solve this equation. 
20. Draw the graph of Y=x"—4x-+5 for values of х from - 1 

to 5. Use your graph to solve the equation 2x? — 8x 4 1 — o, By 

drawing a line through the origin, find the range of values of x 


within which the values of x are less than the corresponding 
values of у. 
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91. Draw the graph of roy =3x? — 7х for values of х from —2 to 
4. Draw on the same diagram the graph of 2y =1 — x and use your 
figure to determine (a) the values of x for which 347 — 7x assumes 
the value of 7-5, (b) the values of x for which 3x? - 7x —5 — 5x. 


for values of x from — 3 to 3. 


22. Draw the graph of y 


Use this graph to solve the equation 2x?--x — 3-0. Explain your 


method. 
2 


3* 72 for values of x from -3 to 4. 
X10 
From the graph find solutions of the equation бх? — 3x — 34, indi- 
cating how you do it. 

„24. Draw the graphs of 5у=7х- 4 and 4y=x on the same 
diagram. Deduce the solutions of the equation x= 56x — 3:2. 


28. Draw the graph of у= 


EXERCISE 54.b 
Solve graphically the following equations (Nos. 1-9) : 
І. 5x—2y - 3, 9. 4х-5у=16, 8. 4y-x-4 
у= 15х- 6. 8х +5 = 10. 4x 30y 77. 
4. 15y - x—9, 5. 5x - 35 — 8:8, 6. тох=3у+ 14, 
3x 5y— 13. 7X- 5y—104. 5х+2у=0. 
7. sy=—2x2+6x-4, 8. 39=x7- 16, 9. уЕт-х - 222, 
loy=5x—-11, x=yt2. x=1+y-2y". 


10. Draw the graphs of x? and 3x+1, and hence solve 

x3-3x-1-0. / 

11. Draw the graph of 8у=7х? — 12x — 11, and hence solve the 
equation 7x? = 12x 4- 11. 

12. Draw the graphs of y=x* and y 233 4 3x for values of x 
from -2 to 3. Deduce the roots of the equation x? — 2x? - 3x — 0. 
‚ Solve graphically the following equations (Nos. т 3-18) by draw- 
ing the graph of y =x? and a straight line. In each case write down 
the equation of the straight line. 

18, x? 6x 1—0. ld. 23x—24- 5X3. 15. 5Х-Х-4 

16. 23-х-т, 17. 3332. 2x — 8. 18. 5x+6=42". 

19. D ORE 2361. 

raw the graphs of 975058 and y= 2 б уа of х 


between до and 80, оп the same diagram. Solve Rees 
30. Plot in one figure and with the same scales the graphs of 
Y=x?—2 and 2y=x +8 for values of x from —4 to 4. Find the 
нода whose roots аге (1) the values of x, (2) the values of у, at 
€ points of intersection of the graphs. 
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a 
91. Draw the graph of =a for values of x from – 4 to 4. 


On the same diagram draw the graph of 4y = 3x. Read off from the 
figure the values of x at the points of intersection of the two graphs. 
What equation in x is satisfied by these values? 


2x2 — 3 
x48 
Indicate how to find approximately the roots of the equation 
2x! — x — 11—0 from this graph, and give the values you find. 


22. Draw the graph of y= for values of x from —3 to 3. 


28. Draw the graph of у=2+3х— x? for values of x from — 1 
to 4. By means of the graph obtain the values of x for which the 


А Х 
expression 2 + 3x — x? equals 1 +^. 
2 


24. Draw the graphs of y—a? and 5у=бх+4 on the same 
diagram for values of x from —2 to 3. From the graphs solve 
5x'—6x--4. Also find out roughly from the graphs, by drawing 
the appropriate parallel line, for what value of a the equation 
5% = 6х a will have equal roots. 


115. Derivation of laws from experimental data. When pairs 
of values of related quantities, х and у, have been obtained from 
given statistics or by experiment, it may be possible to deduce 
some algebraic law connecting them, 

To do this, we first plot the graph of y against x. If the points 

lie on a straight line, it follows that x and у are connected by an 
equation of the first degree and we may assume that the law is 
ax + by +c=0, where a, b, саге constants, which may be determined 
either from the graph or by substituting pairs of values in the 
equation, 
1 If the values of x and У are not exact, but only approximate, as 
is the case when they are obtained by experiment, the plotted 
points may not all lie exactly on a straight line. In such cases we 
allow for possible errors of Observation, and (provided that the 
discrepancies are small) we draw the line that passes most nearly 
through the points, leaving some on one side and some on the 
other. We then find the equation represented by this line and we 
may regard this as expressing approximately the algebraic law 
connecting the quantities. 


More difficult cases will be considered in Chapter XXVIII. 


— 
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Example 1. Plot the following values of x and у ina graph, and 
find the equation connecting them. 


NIS 2 4'5 6 72 


19. 
All the points lie on а 
straight line, 

`. the required equation is 20 


of the form 
ax+by+c=o. 
This is satisfied by (2, 8) 45 
and by (6, 20), 
г. 2a+8b+c=0, 
6a+20b+c=0; 10 
2. 4а+126=0, 
. а=-36. 
Also 5 
-65-85-с-о, 


1 <= cb. 
The equation is therefore 
—3bx + by - 2b— o, 
ie. у=3х+2. 
Or, we notice from the graph that the gradient is 3 ; 
` the equation is of the form y —3« +l. 
But this passes through (2, 8), 
О 20 


*. the equation is y —3X * 2. 


Example 9. The following table of values of х and y was obtained 
by experiment. Plot the graph and obtain approximately the equation 
connecting them. 

LESE 2 3 4 5 6 
Sedem xem) od ORE 
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The graph is shown in Fig. y 
T 


20 


It is seen that the points lie 
nearly on a straight line. By 
trial—a convenient method is 6 
to use a piece of cotton—it is 
found that the line through 
the first and fourth points 
passes most nearly through the 
points. 

By working as in Ex. 1, the 
equation of this line is found 4 Ё 
to be 3y=4x-5. DE 

Note. If this equation is I1 
found by substituting pairs of 3 = 
values of х and у, care must be 
taken to choose points which 
lie on the line. Thus, in the 
above example, the correct 
тевш is obtained by taking the Cer 
points (2, г) and (5, 5), but not 
by taking (3, 24), (4, 3:5), 1 
(6, 6-42), for these points donot 
lie on the line. It should be 
noted that the points used for | 
the calculation need not be in О 
the given table of values, Fic. 20, 


EXERCISE 55.a 


In the following examples (Nos. 1-6), plot the points, and 
educe as accurately as possible the equation connecting the 


variables : 

Dh о 2 3 4 6 
FIRM SU MZ та 

Mi Wives I 2:6 4 5:2 
dedere. 7 105 135 

8. х...... 2 3 5 6 8 
y. 3 — 4:6 =74 -9 - 119 

4. х...... т 24 4 5 56 
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8. х.. 3 4 5 6 7 
ye 3:3 a, 4 43 47 
6. х.. -1 о І 2 4 


3 
Б Ба ОБОЗ ох 
7. The following observations obey a law s=ut+ f£. Plot 


y 


5 5 
з Against t and find the law. 


5.09975 84 9r 96 99 100 
PLAZA I т'2 r4 1:6 r8 2 
8. The following observations are believed to obey the law 
s=a+2t+bi2. Plot s— 2t against ё and find the law. 
FUN 3 2 -ri -6 
eee 1 2 3 4 


EXERCISE 55.b 


In the following examples (Nos. 1—6), plot the points, and deduce 
аз accurately as possible the equations connecting the variables : 


le p -1 2:2 34 4 
ye 54 56 9:2 II 
Bia sva =f о:3 2 4 6 
ues 13 04 ЗОВ 
0 І 2'2 4 5 
2:8 2°5 22 17 1'5 
oak o I 2:5 5 
.-22 -r6 = -0т 14 
.-0:2 -о6 о Т r6 
I o'r 14 4 5:5 


6 2 
308 5 
11-2. -20. 3840 1 515 
7. The following observations are believed to obey the law 
Ах Plot? against x and find the law. 
[PE 2 22 2'4 2.6 2:8 3 
ESTO. 20 242 28:8 338 392 45 


8. The following table shows corresponding values of x and y. 
Plot y against x?, There is reason to suppose that one pair of the 
given values is wrong; find which it probably is, and determine 


the law connecting x and y. 
W see I ӨЗА, 5 id 5 
Y-.sas 6 9 8:5 94 Ir25 125 13:6 16 


CHAPTER XIX 


FRACTIONS (Continued) 


116. In Chapter XII we dealt with fractions with very simple 
denominators. The same principles apply to fractions with less 
simple denominators. For convenience, the fundamental principle 
is repeated here : 

The value of a fraction is unaltered by multiplying (or dividing) 
both its numerator and denominator by the same expression. The 
expression must not, however, be zero. 

As in Chapter XII, proficiency in dealing with fractions is best 
attained by considering worked examples. 


11? Reduction of fractions to their lowest terms. 
2а? — ab - b? 
да? — заб — b? 

As in Arithmetic, to reduce a fraction to its lowest terms it is 
necessary to divide the numerator and denominator by any factors 
which may be common to both. A first essential step is to find the 
factors of the numerator and denominator. In this instance, 

2а? — ab- = (20+ b) (a Б) ; 4a? - 3ab – b? — (4a +b) (a - b) ; 
ә 3 за. (24-45)(а-5) 2a4b 
-. the given expression = (ТЕ) (л Б) Dno ЕБ 

Note 1. The beginner must be careful to reduce fractions to 
their lowest terms by dividing common factors into the whole of 
the numerator and the whole of the denominator. A common and 
serious error is to divide a factor into part of the numerator and 
part of the denominator. If this is done the value of the fraction 


2 2 
a+" is not 


Example 1. Simplify 


is altered. It cannot be too strongly emphasised that b 
a+b? : 3 Che Р 
equal to M There will be less temptation to make this error if 


the following rule is observed : 


Never cancel until both numerator and denominator have been 
factorised. 
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Note 2. In general, the value of a fraction is altered if equal 
quantities are added to or subtracted from the numerator and the 


а+5 


denominator. Thus is not equal to 5, unless a=o. 
а+7 7 


к мит. зү? 
Example 2. Simplify ee 
[2ху(х- 2у)]? 
2xy (x? — 4у°) 
4xB*(x-2yf | 2ху(2-2у) 
2xy(x-2y)x-2y) (x+2y) 


118, Multiplication and division of fractions. 


The expression equals 


2x5 x-1 auia) ‚ бхё+х-2 


Example 3. Simplify G 09 DISCE om 


“ЗА 7х 6) 
The expression equals 
(2x -т)(х+1), (к-1)(25-3), (3x +2) (x - 3) 
(x-1)«-3) (zx-1)(-3) (3x 2)(2x- 1) 
= @ +1 (2x- 3) 
“(2-3)(22-1) 
for the factors (2x — 1), (x — т), (3х +2), (х- 3) are common to the 
Numerator and denominator. 


119. In simplifying fractions it is of the greatest importance to 
recognise the relation between expressions of the form x-y and 
Y-%, ie. х-у= —(y—x) огу-х= -(-5). The beginner will 
Tecognise these relations more easily, if he arranges the terms of 
€ach expression in some systematic order, e.g. in ascending or 
descending powers of some selected letter. 


a! - 4h. a 2b 
2-а ` 3 


Example 4, Simplify 


The ex, i 2-4 p Ea 
pression equals — Е ah 


- (a 2b) (a-2B).. зы 
- (а- 2b) (а+ 26) 
(84-29), (а- 25) are common to the numerator and denominator. 


DS for the factors 


) 
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EXERCISE 56.а 
Simplify : 
1, 2% за? + 2ab 2x8 + 8х2 у [ 
уху * gab +26 * 3Y + 12xy? 
4 ба? — 3ab 5 (4x + зу)? 202-38-14, 
" да? -p * 3258 — 18xy* ' 2x3 — x1x +14 
7 @+3a+2 @+3а-4 8 @=3a+2 а? +7а 6 
"аха 202 +a- 'a*r4a-iz2^ qi-4 
9 33-49 .y-7 10 6-4x 1 22 -а-т 
“а-у yay ' 2x-3 ' 143a - да? 
19, 33-7 6xy  3y* 32-25-35. 4, _(@—4(4+за- à?) 
“7 (Sy- pay * 30+ rix a? * (@+1)(—8+ ба-а?) 
15 Mirta Тас -5x46 6 а -га-ад a'ta-12 
` х®-ох+2о ` x= 342) “43-16 @-6at+o 
17 а у= 2st+ -rt 
' «2785 — rl “(са trt- ars 
18, 2*7e*12 . 6+4. 19. 42 acd? 
Са qune ' 8 — Sed + ad? 
20 st ae 25-3 50) 
` 2894 35t— 2 Spat О pU 
OU pe ey 1 
32-ху4-ха-ус СЕ xz—yz ` х®+ху+хга+уг 
И EXERCISE 56.Ь 
Simplify : 
d b- 5B? 2+ 3cd 
трна Па 40 +зс 
Е В 2а? — sab 5 аса+ 3а? 
2 
4-2 5, (3a - 20? 6. 2-42-45. 
х +3ху` ба? — 4а26 За? + 14a - 5 
: {ын 425758 12 ке , ovt оу. 
х°*+х—6 x*+ бху—'7 2у+3 дад 
9 3-16 27-8 4X — I4y 262 — 3cd - 2d? 
MARS QUIE аж б 10. — =. 11, ШОУГ ИТХ ERES 
ЕЕ 35y - тох 6d? + cd - 2c 
6 + 6 = 2 —3y)2 
105525 18, у= (3x 49)? - (ax — sy? 
2 E гт ОЬ тету (ax 39)” 
15. тоот ah doo. (atg 22-3) 
а!-да” di-a-6 ш 3a "Nen ав. 
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(ax-5y)(ax*- 2?) |, (4x? – tomy + 2x2 — 592). 


a. (дә? + roxy 2-5у8) | (4^-тоху- 2x2 -- 592) 

18, (37120) - 252° (3x-2y)?- 252 ig (я. 9. 
* gx? —(2y + 7 ga? – (2y – 52)? "22—42 C 2у+я 
Р-т-6т?. 12 -3lm х4-у* e-d. x-y 
pap ———————. 2 ший цанын олш дн, 

4 P+lm-2m?* 1®-1т ын са > А es 


НСЕ. AND L.C.M. (Continued) 

120. The work in this section involves no new principles. The 
method is that used in Chapter XI, but a knowledge of the factors 
discussed in Chapter XVI is required. 

Example 5. Find the Н.С.Е. and L.C.M. of зэ + 12x + 12, 
4x" — дах + 8x — За and 63? — 18x – бо. 

As in Arithmetic, we must resolve into factors. Thus, 

3x2 + 12x + 127 3 (AF 4x 4) =3(%+ 2)5 
4x2- дах + 8x — Ba=4(x? - ах + 2x — 2a) 5 4(x — a) (x 2), 
6x? — 18x — 60 = 6 (x2 — 3x — 10) 2 6 (x + 2) ( - 5). 
Hence, the Н.С.Е. is (х+2) and the L.C.M. is 
12 (x + 2)? (x — a) (x - 5). 
EXERCISE 57.8 

Find, in factors, the L.C.M. of : 

1. (x— 2) (x- 5), (x- s) (35 - 1), (3x - 1)(®—2). 

2. 3(x - 22, 4(x — 2) (x- 2), 18(% +2). 


8. а®— 402 а + ab – 60°. 4, x?- 9, 3X t 9- 

5. 169-02, Si — пеной. 6. xf - 4x", 3x* + 6x. 

7. x- 8x — 33, x3 — 13x 22, X +E- 6. © 
8. 8x? 520 28, 6x2 — 24x - 126, 2x3 + 7% +3. Li 


9. 52-03, x24 ax—bx—ab, xS - 2bx b. 
10. 3ox3-- rrox? — дох, 6x3 — 2x, 842+ 20x — 48. 
Find, in factors, the Н.С.Е. and L.C.M. of : 
П. 2x2 - 14x +20, 30x — 7ox + 20, 4x3 - 16x? + 16x. 
12, 3x3 + 2x2», 20x? 12x — 8, 4x°+ бх +2, бх + 6х2. 


EXERCISE 57.9 
Find, in factors, the L.C.M. of : 
1. (2х-1)(х-4), (х— 4)(3x+2), (3x +2) (20+ 1). 
2. 5(7х-2), б(ух— 2)(х+ б), то(х+ 6). 
З. 6х9, x24 7x +12. 4. 402-25, 25 - x 1 
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5. à-a, а*-2а+т. 6. 9c? - 16d?, 6c - 8d. 
7. 3x3 - zx — 5, 7x? x — 6, 21x? — 53х+ 30. 
8. x? - 4xy*, 6x? — 24xy - 729°, 8х7 – 4oxy — 48у?. 
9. 4x* — 12x +9, 202+ 70x — 150, бх? — 150. 
10. 4a? — 10ab – 6?, 3a? — 1oa?b + 3ab?, 12a? + 2ab — 2b, 
Find, in factors, the H.C.F. and L.C.M. of : 
11. за? +а6 — 100*, баз — а — 15ab?, ба? — 19ab + 1502. 
18. 2x39 —a? — x, 4x*— 10x? — 6x, 8х2--4х, 
121. Addition and subtraction of fractions. 
ЛУУС а? — 36 
Example 6. Simplify -, ат e 

As in Arithmetic, we first find the L.C.M. of the denominators, 
i.e. of 02-40, or (a+ 26) (а - 2b), and a + 2b. 

The L.C.M. is (а + 2b) (a – 2b) and the expression equals 

а? _ (a - ab) (а-25) 
(a--2b)(a—2b) (а+20)(а – 2b) 
а? —(a —3b)(a- 2b) а?- (а? – sab + 6b) 
(a-- 26) (а - 25) (a+ 2b) (a - 2b) 
__ Sab - 6b? 
~ (a 2b)(a— 2b) 

This is in its lowest terms ; it is easily seen that a -- 2b and a — 2b 
are not factors of the numerator. It should be noted that there is 
no need to factorise the numerator ; we have merely to make sure 
that the numerator and denominator have no common factors. 

Note. In finding the value of — (8-30)(а-25), we first 
express the product in brackets and then remove the brackets. It 
is unwise for the beginner to attempt both operations at once. 


Bon x3 4 I 
Example 7. Simplify mm 9* ЗЭЭ 8305 ( 
(х +3) 4 1^ 
x(x-3)(«—-3) зх 3(к-3) 
С ше hec oo en (MNT 
х(х-3) 3x 3(%-3) 
_3+4(®—3)-х_3+4х-12—х 
3х(х-3) | 3x(x-3) 
2035-9  3(x-3) 1 
3x(x-3) 3x(x-3) x 


= Е), 
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Note 1. The working was very much simplified by reducing the 
first fraction to its lowest terms before adding the fractions. It is 
most important that this should not be overlooked. 


Note 2. This example again illustrates the importance of 
Art. 119. 


EXERCISE 58.a 
Express the following in their simplest form : 

Л. 1-1. ii DeL. 
X2 x-2 "xt7 x49 “д-3 хаа 
с _з_. Е 
a+6b a+3b A EEES 3x + 2y $. rab а-3с 
Е 5: ш p IM ы орусс 
(4-3) (а+3)(а-3) " (а—2Ь# (a+ 2b)(a— 20) 

9. Ex BEES eu 8 T 7 5 
(&+35)(х-2у) (х+3у) "ygixzy-is Y*'*3y- 10 
11. 3 I : ира o4: 39 

d'tijai4o | а®+да+20 ы: эй —оху-3у° А2 -ху-2у* 
15525553. 6. a ЕЙ 
6 DE 5 аз аа х+7 
1g 4 MN IU UE SOR ор 
2 (35-47 * 3(x - 2) 3x4 16. 434 (т - за)? 
1?. I ее: 9xt2 
2(3x-8) 3(x-3) 6x(3x-8) 
Du. x 9e. т илы ма, 
ит їг de 38:18: 28-18: 2-81 
20. x __2х+3 RII 
5x46 а2-х-6 xi-9 
Ры 30-7. 1.5 225598 
x- 5x46 x?4x-6 3-9 
Op), ak Sa as ШЕ, Ч 
х-3 2(x+3)? x-9 
DELE Lom _ 1 x2 


Xxax—3 уреа) xr 


byt зз 5 шу 
6(а*- 08) -ваб 6 (a® + 6) – 13ab ' ga? 407 
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EXERCISE 58.b 
Express the following in their simplest form : 
I use Tor ї I < Рі v 4 2 
1. 3X5 3x48 2 2х+7 25-57 "UTER a4 3b 
МАЕ ЗУМ ise о MT _ 
4 с-2 c3 qot. "E 5l-2m 71+3т 
КИ Иол А RES NE gp 3 4y к 
(2-3) 2+3) x(2x-3) 8: 385 w) Gx- 75) (3x + 2) 
3 PERA PSN C 
9 aroa Б) e D m P Rv @-4a+3 
EUI E ано уы аа Л. 
АЫ 5х-2 25X*- 15x42 ч X*-x х%—х 
13. 3х- со СЗ “т. 
3x 7X*2 7X3 7х 
Jub eg 3 
Bb. 4(х-1) ро 
16. 2х-т 2 
6 2(x-1)(2x-3) ЕРИ (2х-3) 
{ene es 26_ _2а_ а? 
k 2b a- а-25" 2b(a— 2b) 
ER T EA MR Ls Qro MM NR 
18. fie yoa X*--3x— 10 3 d'-x (aci? (2-1) 
80, 3ш 2 1 


(x-2)? х%-$х+6 xy 
91, 30524 | 164? 3c — 2d 
'3e-2d о-да 3c tad 
бх-т 3x42 3х 
ee NE кыск Е 
2 9x? - 34-6 о. 2 


Oni mee UM Ва KOH OWN 
40-93 бсу- 2 бсу + gy* 
24, 30 - Pu =% 


— 16b? оа?— =н БШ 9a? + = +857 
*EXERCISE 58, с 
xu the following in their simplest form : 


1. rd З ЖЫ, @-9b? a-3b 
M nee ЗА - 0x +4 “@+3ab а ` 
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2 «3 2 
x-6 Iox-5y тох? t13Xy— 39" 
) Oi _ шон 4. A 
x3-4x- 21 i 4 
C 2 2х 
mum lo 3и Gi ee 
"umm 1-х x-i x2 4-X 
I 
I I EO i т б, aes 
0с) ac 22-30 Шаде 0) 20-9 
DS 7 _ 4(3 - 5x) 10:22:25 2 201-30, 
“3-2х 3+2x 42-9 ita 1-а а 


2 
ай, yeaa) , 4st - (n9) 
I +х#-у# tyg Otza) a 


- — 20 

x 3x mc 3. (1 x) I 22 

B 3C алуута : (1-1) 4-1 
14 36 b (2a - 3b) 


: z = i: 
@+3ab+2b? (a+b) 2a" + ab — 6b MU 
Further examples involving more difficult factors are given 1n 
Chapter ХХУ. 


122. Miscellaneous fractions. 
Example 8. Simplify 
Ч na 22) ` т. а d 
(aa - 56 - P) (за+ s - 77 Ex 2 


The expression ! e >) 
за? — sab – 25*\ (за? + sab — 20 (а = 4 
B ( a ) ( а ) ( а 
- -5)(а--25) а 
_ (за b) (a 23а ) (а а 
— (Sat b)(3a - b). 
E, а 


оси ВИЙ Е). 
Example 9. Simplify ERE (=E) 
12 3 30 : 
i Тєр 
The value of the fraction will not be altered, ЁО, ЛАН 
numerator and denominator by the same quantity. 
by 12a (i.e. the L.C.M. of a, 4, 12, 3, 3а), We xd : 
= -8) 3(a-4 
_ обе 302~ за. м(а—%(а—8) 3(8-4) 
ебат 4а-32 (a+4)(a-8) (4+4) 


e 


ы 
= 


ы, 


а 
2)-( 2) 25  3x-1 
. NE 47 57:15 .л-үр- . 
(3 3х 2n ку х-4 
34 


— им 
Rim ы 
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T I 


MACH а (+ 28 _ 33) 
ЗУ+2 2у+т 37-2 2-1 


ОЕ 2412 | _3(2x-1) 
a (20+ 5} : (3+ am 2} 


daa) { 3 
9x -oxr*a ont — ree +6) 135 LT Lu 
(т ) мы 


х+у х-у (2х+у)2– у? f° 


[СНАР. 
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EXERCISE 59.5 
Simplify : 
кето FAS 
3a 7х b d 
Е uico “а 
3-с m a c 
HII A 
* 2 2 I 
4. совла 5. (= -5)- («+2)- 
3 3x м 


E EE 7. (142-39) (1-2 +28). 


У 13 35 EY ) 
3Х--у ae 3x -Y 3xty 


(= 

( 
d C SUE ЭГ e x 
( 

| 

( 


шоог at +85) (1- ue b 25 
S 
3 s 5) (8:3). C er 
x 


Mm 
я 
+ | 
< 


~ 25152 
14 LE: 2 14 ээ 4 3Gx-1^ 


IT 
Жоу х+у 
15. { 3x 2y 8y? Mee AY i 
3-2 3х+2у 4-95?) 3x - 2y 
2 
16. 7- ——. 17. 2 —À—: 
7+ Е 1—25: 
2а-3 EM + 362525 
5(3a- 5) 
18. аи A а2-8-2) 
{2 Tome арлар } 


Further examples involving more difficult factors are given in 
Chapter XXV. 


СНАРТЕВ ХХ 


MULAE. THEIR CONSTRUCTION AND USE. 
CHANGE OF SUBJECT OF A FORMULA 


128. In Chapter I we constructed various simple formulae, e.g. 
in Ex. 2 of that chapter we obtained a formula connecting shillings 
and pence ; we also considered a number of arithmetical problems 
with letters instead of numbers, i.e. we obtained formulae expres- 
sing a general result from which any number of particular results 
may be obtained by giving special values to the letters. In the 
early part of this chapter we shall consider harder questions of the 
type discussed in Chapter I ; in the latter part we shall consider 
the use of formulae and the transformation of formulae. 


Examplel. What fraction is 15a shillings of 4b pounds? 
Expressing both sums of money in shillings, the required fraction is 


15а за 
4bx20 16b 


Example2. If a car, travelling at a uniform speed, covers s ft. in 
t sec., find its speed in miles per hour. 
The car covers s ft. in 1 sec., 


й age: 

it S 7 ft. т г sec., 

2 $x60ox60, , 

it Bi ен ft. in x hr., 
$ х 60 x бо 


it Sao Do E р 
tx 5286 miles in т hr 
8Хбохбо rss 


After reduction LM 
tx5280 22t 
/. the required rate is ES miles per hour, 
1f difficulty is found with this type of Question, it is a good plan 
to work a numerica] case before doing the general case. 


EXERCISE 60, а 
1. What fraction is 734, of t shillings? 


242 
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2. A sheet of paper is 3 in. thick. How many sheets are there 
in a pile b in. high? а 

3. А tap can fill a bath in c minutes, What fraction of the bath 
is filled in 40d seconds? 


4. A man smokes 1; Ib. of tobacco а week. How long does 
X Ib. of tobacco last him? 


5. It takes n men 8c days to repair a certain road, How long 
should it take 127 men? 


; 6. А man cycles at Зи m.p.h. How far does he go in 35 
minutes? 


7. What is the area of the four walls of a room / ft. long, а ft. 
wide, h ft. high? 

8. Postage to France is 23d. for the first ounce, and тїй. for 
each additional ounce or part of an ounce. What is the cost of 
posting (n + ?) ounces, n being a positive integer? 

_ 9. A cyclist travels at u m.p.h., if there is no wind. If there isa 
wind blowing at о m.p.h., find the speed of the cyclist, if he travels 
(i) with the wind, (ii) against the wind. What time will the cyclist 
take to travel n miles against the wind? 

10. A rectangular room is « ft. long and y ft. wide and is carpeted 
30 as to leave a border z in. wide all round the room. Find ex- 
pressions for: (i) the area of the carpet in sq. ft., (ii) the area of the 

order in sq. ft., (iii) the cost in pence of staining the border at 
п shillings per sq. yd. 

11. The quarterly rental of a private telephone is £1, and for 
each local call after the fiftieth made by the subscriber there is a 
charge of та. If л local calls and no trunk calls were made during 
One quarter, find the average cost in pence of each сай, (i) if n< 50, 


(ii) if n — so. 
12. A tank is 24a in. long, 18a in. wide and contains water to a 
depth ofrsain. Find in sq. ft. the area of the wetted surface. 
18. An article is sold for Ду, and there is a profit of z pence ; 
What is (а) the cost price, (6) the profit per cent.? 
14, From а rod х ft. long, у in. are cut off. What per cent. of the 
original length is left? 
15. Three kinds of coffee are mixed in the ratio x : y : 2. How 
much of each kind is there in A Ib. of the mixture? 
16. Gunpowder is made by mixi arts of charcoal, b parts 
y mixing a р 5 
9f sulphur, and c parts of saltpetre. How much charcoal will there 
€ in A cwt, of gunpowder? 
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17. A batsman has made х runs їп а completed innings. In the 
next innings he gets out after making y runs, What is his new 
average? 


18. Find, in shillings, the simple interest on £x for y years at 
2 per cent. per annum. 


19. Of a regiment a per cent. are killed, b per cent. are wounded 
and с per cent. are taken prisoners. What per cent. are left? If 
X men are taken prisoners, how many were there in the regiment 
originally, and how many were killed ? 


20. The price of soap is increased by a per cent. Later the 
new price is decreased by a per cent. What per cent. is the final 
price of the original price? 


21. A bath is filled by one tap alone in x seconds, by another 
alone in y seconds. How long will it take to fill the bath when 
both taps are running? 


22. If O is the centre of the circle, find x, y, ж. 


28. A man buys £A of stock which 
pays b per cent. interest. What will 
be his income? 


24. ДР is invested in a stock whose 
price is А. If the stock is sold when 
the price becomes B, what will be the 
proceeds? 


25. A car travels Z miles іп m hours. 
How many miles will it travel in р 
hours at one-third of this speed ? 


26. A man buys ДВ of stock when the price is C. He sells out 
when the price has fallen to D. What does he lose? 


27. Eggs bought at a shillings a hundred are sold at b for a 
shilling, making 20 per cent. profit. Prove that 3ab = 250. 


‚28. In how many years 
will a sum of money double 
itself at х per cent. per an- 
num simple interest? 


99. Find a relation be- 
tween x, y, and z. 


30. In a cyclic quadrilateral ABCD, the diagonals meet at E. 
If AE- BE, LDAC- y^, LBEC- x^, find 23 BCA, BCD. 
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EXERCISE 60.b 


1. A waste pipe can empty а bath in 3¢ minutes. What fraction 
of the bath is emptied in 4k seconds? 
9. What fraction is 9l in. of 5l ft.? 


3. А man smokes 2 Ib. of tobacco a week. How long does 8 oz. 
of tobacco last him? 7 


4. A sheet of paper is * in. thick. How many sheets are there 


in a pile Ф ft. high? 


‚ 5, Find a formula for the time a train takes to go a given 
distance, d miles, at u m.p.h. 

6. It costs a shillings to cover with linoleum a room x ft. long 
and yft.wide. What will it cost to cover an area of z sq. yd. with 
linoleum of the same quality? 

7. After the 3nth day of April, what fraction of April is left? 

8. Find in cu. ft. the volume of water in a tank x yd. long, 
y ft. wide and z in. deep. 

9. The scale for Inland Parcel Post at the end of 1936 was as 
follows : up to 3 Ib.—6d. ; 3 to 4 Ib.—7d. ; 4 to 5 1.—84.; 5 to 
6—94.; бю71Ъ. то4.; 7 to 8 1.—114.; 8 to 15 Ib.—1s. 

‚ What was the cost of sending a parcel weighing n Ib. 7 02, ifn 
is a positive integer, (i) <3, Gi) greater than 2 and less than 8, 
(ii) greater than 7 and less than 15? What must be done if n >15? 
10. A book is x in. thick, each cover is y їп. thick, and there are 2 
sheets. What is the thickness of each sheet? 
11. А clerk types n words aa hour; how many minutes does she 


take to type = words? 
12. How many tiles, measuring 6” by 4”, are required for the 
floor of a hall 4x ft. long and ТОХ ft, broad? 


13 - If goods are marked ас & shillings, and а customer is allowed 
а discount of c per cent., how much will the customer pay апа 
What is the cash value of his discount? 
14. In a forest there are X trees ; y per cent. are blown down. 
OW many remain? 
15. Write down the average of 65, 04, 157. 
ut А bowler has taken a wickets for x runs. His next wicket 
Крл в. What will then be his average of runs per 


М.А. 1 


H 
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17. A blend of butter is made by mixing three different kinds in 
the ratio x : y : z. What weight of blended butter contains p lb. 
of the first kind? 


18. The simple interest on ДР for y years is ДО. What is the 
rate per cent. per annum? 


19. Sugar at x shillings per Ib. is mixed with sugar at у shillings 
per Ib. in the ratio /: т. What should be the price of a pound of 
the mixed sugar? 


90. А per cent. of the trees in a wood are blown down. X per 
cent of the remainder are hewn down. У trees are left standing. 
How many trees were there in the wood? 


21. An x per cent. stock at О brings in £P income. What sum 
of money is invested in it? How much stock is held? 


22. А man Баз ДВ of stock. He sells it and receives £C. A 
what price did he sell? 


23. A bath is filled by a tap in a minutes, whilst the waste pipe 
could empty it in b minutes. If a< 5, and the waste pipe is open 
when the tap is running, how long 
will it take to fill the bath? 

24. If x men can do the same work 
аз y women, and a women can do 
the same work as b children, how 
many: children are required to do the 
same work as c men? 

25. Find a relation between а, b and c in the above figure. 

26. If x cows give y gallons of milk in z weeks, how many 
cows must be kept to supply g gallons a day? 

27. А train whose normal speed 


is и m.p.h. is c minutes late The E 
speed is now increased to o m.p.h. 
Prove that the lost time is made B 
up in ее il A 

p бо (p у) Miles. 


28. A man has £X of 2 per cent, 
stock. He sold out when the price 
was Y and re-invested in q per cent. 
stock at Z. What was the change 
in his income? E 

29. If AB=c in, AC=x in, DE=a in, DC=b in, find а 
telation between а, b, cand х, ” E ! 
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80. In a quadrilateral ABCD, 
LDAB=x°, д ®ЮСВ=у°, LDBC-z. 
If x+y=180°, find 2з DAC and BDC, 


EXERCISE 60.с 


1. A rectangular tank, х ft. long, y ft. wide and z ft. deep, is 
full of water. Ifa gallons of water are taken out, what depth (in 
feet) of water is left, given that b gallons occupy 1 cu. ft.? 


9. А man’s gross income is £x. Find in pounds his net 
income after paying income-tax at y shillings in the £. What 
percentage of his gross income is tax? 

3. А man rows from А to B and back, a distance of a miles. 
He rows in still water at the rate of x m.p.h. Find the difference 
between the times taken for two such journeys, the first taken 
when there was a current flowing at $ mile per hour and the 
second when there was no current. 

4. A man bought р bananas at а shillings a score, and then 
4 bananas at b pence per dozen. How much did he pay altogether, 
and what was the average price (in shillings per score) of bananas? 


5. Taking т cu. ft. of water to weigh x lb., find in tons the 
weight of water which falls on a y-acre field in a rainfall of а in. 


6. A cyclist cycles from A to B at an average speed of x m.p.h. 
and returns from В to А at an average speed of y m.p.h. What will 
be his average speed (in m.p.h.) for the whole journey? 


7. On a non-stop train between two towns one-fourth of the 
Passengers went first class, and the rest went third class. "The 
first and third class single fares were in the ratio a:b. 'There 
Were N passengers and the third class single fare was £F. Find 
the total sum paid by the М passengers for a single journey. 

‚ 8. Two men are walking along a straight road in the same 
direction. The faster man is walking at x m.p.h., the other at 
Y m.p.h. At the start the faster man is а miles behind, but after 
2 min. he is only b miles behind. Find an expression for b in terms 
of 4, X, у, z. Find also an expression for the time (in min.) at 
Which the faster man will be c miles behind the other (с< a). 

à 9. If a packet of 2x plain envelopes costs зу репсе, how many 
Similar envelopes, each with a 124. stamp, should there be in a 
packet which is sold for 52 pence? 

10. A shopkeeper spends Дх in the purchase of oranges at 
У shillings per score, and sells them at the rate of = oranges for a 
shilling. Find expressions to represent (i) his gross profit, (ii) his 
Profit per cent., on the transaction. 
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11. What length (in ft.) of lead pipe, of cross-section x sq in., 
weighs л cwt., if р c. ft. of lead weigh я Ib.? 

12. The external measurements of a wooden box without a lid 
are length, a ft. ; breadth, b ft. ; depth, cft, The thickness of the 
materialis d in. Find the weight of the box in lb., if the specific 
gravity of the wood is 0:8 [т cu. ft. of water weighs 62:5 Ib.]. 

18. A sheet of cardboard is x ft. by y ft. ; ж of these sheets are 
cut up to make boxes. If k per cent. of the cardboard is wasted 
and the area of cardboard in each finished box is p sq. in., write 
down an expression for the number of boxes made. 


14. The income-tax paid by a bachelor whose income is £x is 
reckoned as follows : deduct one-fifth of the income, and from 
what remains deduct “ personal allowance” of Ду. This gives 
the “taxable income”. On the first £z of “ taxable income ”, 
income-tax is charged at p shillings in the £; on the rest of the 
“taxable income ”, it is charged at зр shillings in the £. Give the 
total tax (in shillings), in a simplified form, free from brackets, 
(i) when 4х>5(у+2), (ii) when 5(y+2) >4х>5у, (Ш) when 
4х< Sy. 


USE OF FORMULAE 


124. Consider the following well-known formulae : 

(т) If a pyramid of height № ft. stands on a base whose area is 
A sq. ft., its volume (V cu. ft.) is given by the formula V = 24. 

(2) The distance (D miles) of the horizon from a point Л ft. above 
the surface of the earth is approximately given by the formula 
D=Ni-sh. 

In each of these formulae we have one letter (on the L.H.S. of 
the formula) expressed in terms of one or more letters (on the 
R.H.S. of the formula). When we are given the numerical values of 
the various letters on the R.H.S. of a formula we can calculate the 
value of the single letter on the left. Thus, 

(1) If a pyramid of height 8 ft. stands on a square base each side 
of which is 12 ft., its volume (Г cu. ft.) is given by 


V-$x12x12x 8—384, 
i.e. the volume is 384 cu. ft. 
(2) From a point 216 ft. above the surface of the earth the distance 
(D miles) of the horizon is given by D— V1:5 x 216 = 324 — 18, 
i.e. the distance of the horizon is 18 miles. 
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EXERCISE 61.4 
T p find (1) f when и= бо, (ii) и when f— 33. 


2. If 4—2h(l-b), find (i) A when h=6, 1-65, b=3'5, 
(ii) l when А = 260, h=6°5, b=77. 

8, If 28—n[2a - (n – x)d], find (i) S when n=40, a=7, d=2, 
(ii) a when S = 460, n=20, d= - 2. 

4, If S=—“"! _ find (i) S when и= зо, 0=45, #=6, (ii) t 

60(v ~ u) 

When S = 96, и = бо, = 80. 

5 If A=Ns(s—a)(s—b)(s—o), find A when a=13, b=14, 
С=15, $—21. 

6. If H —o-4nd?, find (i) H when n=6, d—o's, (ii) d when 
H-o1,n- 4. 

7. E R-P L9. find (i) R when h=4, x=6, (ii) h when R- 5l; 
х=0. 2 6h 

8. If с= Va? 02 — гар, find c when a=21, b—13, P=5- 

9. Ifn=5, a=3, b= —3, find the values of 


(i) G + 3b), (ii) (a2 + 2ab +B)", (їй) tone 2) ana, 


10. If 4= 5, с yards а minute is the same аз 4 miles an hour. 
Express (i) in m.p.h. (0) 44 yd. per min., (b) 660 yd. рег min. ; 
(i) in yd. per min., (a) 6 m.p.h., (b) 21 m.p-h. 

11. By means of the formula V —34. find (i) the volume of а 
Pyramid of height 12 ft. on a base whose area is 25 sq. ft. ; (ii) the 
height of a pyramid whose volume is 128 cu. in. and whose base 
has an area of 32 sq. in. 

E 18. С° Centigrade is the same as F° Fahrenheit, if 5F = 160+ 9C. 

ТЭЭН (i) in degrees Fahrenheit (a) 40° C., (b) 0° C., (с) 75 € 

ti) in degrees Centigrade (а) 41° F., (b) — 40° F., (c) 212° Е. 

(n+) Find (i) the sum 

2 

9f the first soo integers, (ii) the sum of all the integers from 401 to 

Ён inclusive, (iii) how many consecutive integers starting 1, 2, 3,... 
Ust be taken to add up to 5050. (ит 


14. The sum of the cubes of the first и integers is 


ibd (1) the sum of the cubes of the first 16 integers, (ii) the sum of 
€ Cübes of the integers from 11 to 20 inclusive. 


18. The sum of the first л integers is 
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15. If the simple interest on a sum of money ДР for t years atr 
per cent. is LI, itis known that „= If the interest on £300 
for 2 years is £24, find the rate per cent. 

16. If a bath can be filled by one tap in a minutes and by 
another tap in 6 minutes, it can be filled by both taps together in 
X 
P 
17. А sum of money ДР amounts at r per cent. compound 


H 1 I а . 
с minutes, where AE Find 5, if c=9, a— 15. 


A Lee n4 1; 
interest to ДР (s +759) in" years. Find (i) to what £800 amounts 


in 2 years at 5 per cent., (ii) what sum amounts to £530 9s. in 
2 years at 3 per cent. 


18. The ОВОР (R cm.) of an arc of а circle is given by the 
formula 2R=h +» where А cm. is the length of half the chord 


and h cm. the height of the segment cut off by the chord. Find the 
radius of the arc of a circle cut off by a chord 20 cm. long, if the 
height of the segment cut off is 2 cm. 


EXERCISE 61.b 
1, If S=90 + тои, find (i) S when n= — 7:5, (ii) n when S — 55. 


ete а find (i) V when r—2:1, (ii) r when И= 11%. 


8. If 2A=h(a+b), find () A when b= 11, ага, b—9, 
анаа ы 


4. If F=32+ 1'80, find (i) Е when C — so, (ii) C when F— 41. 


ab ў 
US If R- 7 ^y find (i) R when a=7, b=3, (ii) b when R=1'6, 
Prt ү д 

6. If А=Р+-—-, find (i) А when P=300, т--3:5, t=3, (ii) 7 

when P= 400, A=490, 1=5. 
180(n — 

7. 16А- 300-2 find @ A when n=15, (ii) n when А150. 

8. If D=4n(n 3), find (i) D when п=то, (ii) n when D=54. 


9. If a=2, b--—r с--4 7-4 pes E 
, : ‚=з, g= – 1, h=}, find the value 
of abc + 2fgh — af * - bg? – cj, 18 a, р, 7,8, h have the above values, 
and c= – 4+, find what value must be given to А in order that 
the above expression may be zero. 
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10. The surface (.S sq. in.) of a sphere of radius r in. is given by 
the formula S—4z7?. Find (i) the surface of a sphere whose radius 
is2:8in.; (ii) the radius of a sphere whose surface is 154 sq. cm. 
Take m= 3$. 

11. A train travelling at the rate of u ft. per sec. covers s ft. in 
t вес. where s=uż. Find (i) how many miles a train will run in 
36 min. at 44 ft. per sec. ; (ii) the speed in m..p.h. of a train which 
runs 3960 ft. in 1 minute. 


‚ 12. A stone falling from rest under gravity falls a distance s ft. 
intsec, where s=4gt® and g=32. Find (i) the height of a tower, 
if a stone dropped from the top takes 5 sec. to reach the ground, 
(ii) how long it would take a stone to drop from an aeroplane whose 
height above the ground is 4800 yd. 

18. A beam Z in. long, b in. wide, d in. thick, is built into a wall 
at one end and carries а load of W tons at the other end. It will 

А bd? : ` : 

break if >з. Will such a beam 3 ft. long, 5 in wide, 4іп 


thick, break under a load of 2 tons? What load can it support? 

14. The sum of the squares of the first п integers is 
n(n+1)(2n+ г) : 3 
—— MTI Find (i) the sum of the squares of the first 20 


integers, (ii) the sum of the squares of the integers from 31 to 40 
inclusive. 


15. If a bath can be filled by one tap in a minutes and emptied 
y a waste pipe in b minutes (а< 8), it can be filled by the tap when 


БЭЛ В ; Tid 01575 : 
the waste pipe is open іп c minutes, wher! АР Find a if 
€—12, b— 18, ZEE 


16. If the simple interest on a sum of money ДР for t years at r 
Per cent. is £T, it is known that p.i If the interest for 5 
T 


Years at 4 per cent. is £42, find the principal. 

17. A wind blowing at и m.p.h. exerts a direct pressure of P Ib. 
Per sq. ft. of surface it strikes, if 200Р= и. What pressure must 
а hoarding 12 ft. high, 25 ft. wide be able to withstand against a 

ind blowing at (i) 5 m.p.h., (ii) 8o m.p.h.? 

18. At a point ft. above the surface of the sea the distance in 
miles to the horizon is r2314/h. Find the greatest distance to the 
шаваг half-mile at which a light 145 ft. above the surface of the 
©а can be seen from a point on the surface of the earth. 


, Further examples suitable for work with logarithms are given 
in Chapter XXVIII. 
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Transformation of Formulae, or Change of Subject 
of a Formula 

125. И we have a formula connecting several letters, it is 
usually possible to find the numerical value of any one of these 
letters, if the numerical values of all the other letters are given. It 
is not necessary that the unknown letter should be isolated on one 
side of the formula, but in practice it is often desirable that this 
should be done—it will be seen later that it is frequently necessary, 
in order to make possible the use of logarithms. When one of the 
letters appears only in a single term on one side of the formula, and 
all the other letters are on the other side, it is called the subject of 
the formula. 


126. If £I is the simple interest on ДР for t years at > per cent. 

per annum, it is well known that T= En, In this case J is the 
o 

subject of the formula. Ifit is required to find the length of time 

for which Дзоо should be lent at 4 per cent. per annum simple 

interest to yield as interest a sum of £66, we have to find t when Г, 

Р, ғ are given. We can obtain t in terms of J, Р, у from the equation 


Ptr 5 7 Е . 
4 sae by using precisely the same methods as are used in solving 


equations, 


Pir 
Thus, I=-—-, ` 1001-Рт (multiplying each side by тоо), 


100f 9 
E t (dividing each side by Pr). 


This is usually written 2853 ; tis now the subject of the 
formula and the above process is called changing the subject of the 
formula from I to t. The worked examples which follow will show 
that the subject of a formula may usually be changed by applying 
the ordinary rules for the manipulation of equations, treating the 
various letters as if they were numbers. It is assumed that the 
values of the letters are such that no denominator will be zero. 


Example 8. From the formula бя find 1 т terms 
of the other letters. Чи 
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We have H+K=1(1-%), ne 
17 13" 


, HXK x 17(Н-К) 
3n 17-37 
17 

It should be noted that to make / the subject of the formula, 
it is essential that | should appear only as a single term on one side 
of the equation. We therefore first rearrange the equation, so that 
all the terms containing l are on one side and all the remaining 
terms on the other side of the equation. We then group together 
into a single term the terms containing /. The remainder of the 
work is clear. Beginners often make the mistake of writing 


E 1 : De 
1-Н EE IT as the answer to the question. 'This is wrong, 


because J does not appear only as a single term on one side of the 
equation. The whole object of the transformation is to obtain / as 
the equivalent of an expression containing the other letters only, 
so that, if the numerical values of the other letters are known, the 
value of | may be obtained immediately by simple substitution. 
Thus, in the above example, if H=1, K= – 3 п=83, from 
1-10) we obtain г- 15 2) —. 
17-37 17 - 252 

The pupil will find little difficulty in the transformation of 
formulae, if he grasps this point clearly ; the process described in 
Example 3 is quite general. If difficulty is found with any trans- 
formation, it is a good plan to substitute numbers for all the letters 
except the one required and to solve that example first. The 


solution will reveal the order of the operations in the general case. : 
ат! 
Example 4. Change the subject of the formula S= шилж 
Лот 8 10 п. 


We have 8-ай 208 -08( 459), 
7 NOUS 
on ee) 3 S ү Б! 
п: Anc == orit 72a 
ape 15152: 


" If in any particular question it is clear that n must be а positive 
lumber, the — sign should be omitted. 
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EXERCISE 62.a 
In the following, change the subject of the formula : 
1. From А to n, A=2n- 14. 9. From C to А, 553, 
ax 


8. From L to n, КЫРЕ 4, From y to x, y —7x-- z. 


5. From t tol, t=an\ 6. From A to r, 4—«7?. 


7. If PV(1- aT)  QR(1 - aS), express a in terms of the other 
letters. 


8. If gk— V3L(— x), express x in terms of & and if 


9. If L= - =, express x in terms of the other letters. 


2522-5280 f 
10. If a= Port express b in terms of a. 
11. If S —ar V7? +r, express h in terms of S, ғ, т. 


12. If 2х=зу (52 1), (i) express t in terms of the other 
letters, (ii) express p in terms of the other letters, 

13, If matte express x in terms of the other letters. 
Find x when m=35, p—9, t= 100, s— 10. 

2 

14. ІР MATT find x in terms of a, b, c, р; and find the 

value of? when p= 12, b=6, c—9. 
ОЕ КУДЫ E We 
15. Ifx= Vee and all the letters denote positive quantities, 


find (a) c in terms of a, b, x, y, (b) b when х=3,у 


=15,a=4, c=6 
(с) x when y=75 x тоб, a=6 x 10°, b — 40, 5 ; 


c=0'2 X ІО", 


1 У 
16. If pu=cd c + 55) find ? in terms of the other letters. 


17. 11-1-5 express и in terms of v and f. If u=3v, find 
the ratio of u to f. 


+ 
18. If 31=2тА/т 2 express n in terms of / and m. 


19. From the formulae s—ut- ifi 


ac and v=u+ft, express и in 
terms of the other quantities in each cas 


е. Equate these values of v 
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and obtain an expression giving v in terms of s, fand t. Ifv=66, 
1/233, 1—2, find s. 
90. The tonnage (T) of a vessel is given by the formula 
188T = B*(L - o:6B), 

where L is the length of a keel in feet and B is the breadth of the 
vessel in feet. Find (i) the tonnage of a vessel with a keel 355’ 3^ 
and breadth 58’ 9”, (ii) L in terms of B and T, (iii) the length of 
the keel for tonnage 6000 and breadth бо”. 


EXERCISE 62.b 
In the following, change the subject of the formula : 


I зп? 
1. From A to А, A = 5 bh. 2. From L to x, ты 


8. From sto c,s=(a+b+0). 4. From t to l, t=3N/. 
Prt 

5. From F to C, F—32-- r8C. 6. From Ito P, ILS 

7. If K (35 — 5) = газ, express s in terms of К, a, b. 

8. Иза=2+ 226 express b in terms of a. 

9. If U— 3c - 2115, express V in terms of c, d, U. 


10. Ifv=1 (s - Ч ) Vk, express Н in terms of the other letters. 
t 


11. Change the subject of the following formula from x to h, 
_А(т +3), 
РЕ 
18, 18 co aty (i) express x in terms of a, b, c and y, (ii) 
. ax+a2by’ 
express b in terms of a, c, x and y. 


18. На=:- 28, express t in terms of the other letters. Find 
8 ct- 
tifa=4 and b=2c. 


14, Use the formula s="{20 шин n)a} юч 
© an expression for a in terms of S, 7, d; 
(ii) the value of a when S= 546, n= 12, ded: 


15. E р=а+ЬА) 2-2 find x in terms of p, Ф 9,9- Also find 
+a 


4 
the value of a to two decimal places when P= 173 X 105, g=0'9 X 107, 
*—10, b=0:3 x 105, 
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16. 1-59". ва т in terms оЁ] and gm. 
I — бтп 


17. If y= у express x in terms of y. 


18. The volume of metal in a tube is given by the formula 
V =nl{R? — (№ – t, where [= Һе length, R the radius of the out- 
side surface and # the thickness of the material. Find R in terms 
of the other letters, and hence find R, correct to 2 places of decimals, 
when V=200, /=7, » —22, t=2, 


19. From the formula tana find /, correct to the nearest 


unit, being given #= 1:20, T —3'14, g — 981. 
20. In each of the following, find x in terms of. у: 


.. ЯГ n “эн У 73 
G) y 2 mx +c, ye m Giy- Ea, 
TEST PAPERS V 
A 


1. A closed rectangular box measures inside р ft. long, q ft. wide, 
апа > ft. deep. What is the cost in shillings of lining it with lead at 
& pence per sq. ft.? How many cwt. of tea will it hold, Ёп lb. of 
tea occupies у cubic inches? 

2. Factorise (i) 6x3 — 3833 — 144%, (ii) B- 9s + st — 9t. 

?-2x-8 
8. Simplify (i) 2-2% ij ELA NES 
plify 0) wa Gi) ї2(х--17) 12(х-5) 


4. (i) If 5х= NEE and ВЕНЫ find the numerical value 
ОЁ 5x? — зу?, 2 3 

(ii) Solve 3x(6x — 1)t3(3x—- 8) 20. 

5. Find three consecutive positive integers such that the square 
of their sum exceeds the sum of their squares by 214. 

6. Draw the graphs of 524-х-2 and 3x+6. Show that they 
meet on the axis of x and find the other point of intersection. Find 
the least value of x?--  — 2 and write down the equation in x which 
is satisfied by the values of x at the points of intersection of the 
graphs. 

B 


1. Write down a sum of money in which the number of pounds 
is greater than the number of pence. Reverse this sum of money 
and subtract the new sum from the old. Prove that the difference 
is always a multiple of тоз. r1d. 
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D ne сл 41454214 vu ЖЕ ОШО) 
my Simplify (i) ab--7b ’ 095555 х+12 
8. Solve (i) 6x - 2y ~ 7 =2 + 20% — го-8х-2, 


(ii) 8x2 + 11 =4+ 40x +2027. 

4. I have a certain number of marbles to divide equally amongst 
18 boys; if the number of marbles and the number of boys were 
each increased by two, each boy would receive s marbles less. 
How many marbles have I to distribute? 

5. Find the L.C.M. of 2x2 +x — т, 6х2 + 21x + 15 and 4x°+ 8x 5. 
Leave the answer in factors. 


х ? 
6. Draw the graphs of 2х +3у=5, У=3х+1, 2+2=1, using 


the same axes and the same scales. What values, if any, of x and y 
satisfy (i) the last two equations, (ii) all three equations? 


С 
5 Ina ^ ABC, AB=AC, 4 A=x°, ®С=у°. Find x in terms 
ory. 


2. Factorise (i) (х-у)#—х+у, (0) 35- 28-08, 
(ш) 98a? — 140a + 50. 


C үү 25 СА WG, A 2289 Te 
3. Simplify o( 2 E a) ot (т - 38 


4. Solve (i) од (+ га) EE 
(ii) x? — ух —2, correct to two places of decimals. 
5. The side of one square exceeds twice the side of a second 
Square by 6 inches ; the sum of the areas of the two squares 18 
20'5square feet, Find the lengths of the sides. : 
li 6. A goods train starts at noon from a terminus at А on a single 

ne, travels at 20 m.p.h., goes into a siding for 1o minutes to allow 
ап express to pass, and then proceeds. ‘The express at noon 18 
30 miles from А and travels towards A at 40 m.p-h. without 
Stopping, Find, graphically, or otherwise, the limits P 
Es must be the distance of the siding from A. Assume а 
all speeds are uniform. 


D 


te Asum of money, ДА, is to be divided into two parts, one of 
Which is с times the other. What are the parts? 


8, Solve () + (8х-5У) =з, буг 25-32 
3 j 
(ii) 322+ 3x = 5, correct to one place of decimals. 
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: : х-2 х-т 5 

. Simplif: = + = . 

о хх -т 2-х 2351-Х-3 
т 


4. Simplify (i) err 


ci) (х A 001 x 12357 ) 
17 тури ауди" хау? yy 

5. Find the L.C.M. of 16x?-48x+36 and r23?- бх - 18, 
Leave the answer in factors. 


6. A train running between two towns arrives at its destination 
2 minutes early when it runs at 40 m.p.h. and 48 minutes late 
when it runs at 30 m.p.h. Find the distance between the towns 
and the scheduled time for the journey. 


E 
1. Factorise 
(i) ол? —4xy*, Gi) (x+y)? + 2(х + у)(х— у) - 8(х- у)®. 

8. A rectangular sheet of paper has sides of length a in. and b in. 
Equal square pieces of side x in. are cut out of the corners. The 
remainder is then folded up to form a box. What will be the 
volume and surface area of the box? 

ne < b a-b 
3. Simplif сыш аш 
NOE O а – 2ab - 38 2(a® – 4ab + 3b3y 
(ii) (e) 1 (289 a-b 
2-5 ogilB/Na-b atb” 

4. Solve (i) 1(3x—2y)—6y — 83, $(3x + 2у) =бх-17; 

(ii) о= 352+ 17x —2:6, correct to two places of 
decimals. 

‚5. The table below gives the number, N, of gallons of water 
discharged per minute from a reservoir through a pipe of diameter 
D inches, 

D = 2 4 6 8 9 то її 12 
N - 5 37 117 262 364 484 624 805 

Plot a graph to show the relation between D and N, and use the 
graph to find (a) the number of gallons discharged per minute from 
a pipe of diameter 5”, (b) the diameter in cm. of a pipe which would 
discharge 1-25 cu. m. рег minute, taking 1 сц. m. =220 gallons, and 
1" —2'54 cm. 

6. Find two whole numbers such that, in each case, five times 


the square of the next whole number above exceeds four times the 
square of the next whole number below by 545. 
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1. А cricketer has an average of x runs for у completed innings. 
How many runs must he make in his next innings to get an average 
of x-- Z, assuming that he is out? 


9. Simplify ( 18, З enm 
2Х-1 4-1 «cri 
Find also the value of the expression when x— — 2. 
n 06x Hore : 
8. Solve (i) E + 20(0-75 - 0253) =3+° ^ 


Correct to two places of decimals ; 
(ii) (x— 2) (x 8) + (x+ 2) (x - 6) = 12. 

4, Find the L.C.M. of 42 — 4x + т, 8x? + 4x - 4 and бх + 12% 6. 
Leave the answer in factors. 

B. I cycle against the wind at 8 m.p.h. to a town, Wait 3o 
minutes to have my hair cut, and ride back with the wind at 
12 m.p.h., the whole journey occupying 3 hours. How far off is 
the town? 

Бүс 
8. Draw the graph of у= 3972) for values of s from —4 to 4- 
18-x 


E how the roots of the equation 2x? — 3x — 18 =0 can be found 
om the graph, and read off approximate values for them. 


G 
1. Factorise (i) 24— 81, (ii) ala - b) (a — b) - 6P* (a +b). 
‚ One man alone can plough a field in а hours and another alone 
can plough it in b hours. What fraction of the field will be done 


VI 
m of an hour by both men working together? 


3. Solve (i) 4xt+3y_ _ 4 
ax + oy 1 
(i) 82 = ттх + 17, correct to one place of decimals. 


4. Simplify (i) (221-3) -G- 42 42), 
2 3b 2b 2a*b | 
@) @iB (azz) ala—2b) а(а+®) 


5. The hypotenuse of a right-angled triangle is 5 in. long ; of 


the remaining sides, one is 3 in. longer than the other. Calculate 


the lengths of the sides correct to three significant figures. 


14x + r08y = -85 


, 


6. Solve graphically 327 2=0, y= 3х + 10. 


260 ESSENTIALS OF SCHOOL ALGEBRA ЇСНАР, 
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1. The price of тоо apples is а shillings and b pence. How 
many should a purchaser get for y shillings? 


: . . Б 
2. Simplify (i) e STET 


Gi) 1-4 т+аһ 
2a(t+ab) 2a(x- ab) 
3. Solve (i)28x- 6'5y—12, 31:5Х-5у- I9, correct to two 
places of decimals ; 
(i) 6(x- 3)(x- 4) -x(x— 2) 3 (x — 2) x - 4). 
4. A train starts in half an hour and the station is 34 miles away. 
I cycle part of the way at 8 m.p.h. and complete the journey on 
foot at 4 m.p.h. I just catch the train. How far do I walk? 
5. Find the L.C.M. of 
9а – 40%, да – тзаъ+ 402, and ба?— 1rab — xob?, 
Leave the answer in factors. 
6. It is conjectured that the following values of x and y are con- 


nected by an equation of the form y=ax+b, where а, b are fixed 
numbers. 


AUTE 108 129 153 180 
Show that this is the case, and find the values of a and b. Plot 
the graph of the function, and from the graph deduce for what 


values of х the values of y are positive, and for what values of y the 
values of x are positive, 
I 


1. A man has a salary of ДА а year of which he spends £B. 
The next year he receives х per cent. more salary, and he saves 


У Рег cent. more than in the previous year. Find the alteration in 
his expenditure, 


2. Factorise 
(i) (¢+ 2d) (c+3d) (c 4- 4d) - (c+ d)(c+2d)(c+ 34), 
(ii) 15(c- 4) (с+а) — 16cd. 

3. Solve 
@ 232—025 а. — 0:68, correct to two 

places of бена" ? 


(ii) 7 (3х +1) - 16(3х+ 1)-8—0, correct to two places of 
decimals. 


хх] TEST PAPERS У 261 


4. A rectangular sheet of paper is 12” long and 10” wide. A 
rectangle is described on the paper with its sides parallel to and at 
the same distance from the corresponding edges of the paper. The 
area of the rectangle is two-thirds of the area of the paper. Find 
the distance of each side from the nearest parallel edge of the 
paper. 


5. Simplify — “ 


MT EE 

XI 
r+ 

3-х 

6. During certain years, income-tax оп unearned income was 

levied as follows : no tax was charged on the first £150 of a man's 
income, on the next £250 the tax was 2s. in the £, and on any 
income beyond this the tax was 43. in the £. Calculate the tax (if 
any) on incomes of £50, £100, £150, £200, and so on, up to £500, 
and draw a graph to show the tax payable on any income up to £500. 
From the graph find the tax payable on an income of £480 and 
check your result by calculation. 


J 


1. The price of coal is reduced х per cent. and a man uses х per 
cent. more. What percentage of his original expenditure does he 
gain or lose? 


2. A father is four times as old as his son. In 8 years’ time the 
sum of their ages will be 71 years. What was the father’s age (in 
years) when the son was born? 

270029057 = 
За ах-т 408 541 
a-6x+4y 2 а+зх-2у_ 
(a*23) a5). (a ayaty) 
4. Solv NETT. mer oc meer = 
е 0 уту” заву ЗН 3%—5У 
(ii) то — 1552 = 12x, correct to two decimal places. 

5. A sold some property to B at a profit of 20 per cent. B 
subsequently sold it back to A at the same rate of profit. A lost 
£12 by the double transaction. What was the original value of A’s 
property? 


6. Draw the graph of y= 5 = for values of x from -2 to 2. 


Use the graph to find approximately the value of x for which 
(1+452) (1-25) = 4x- 


, 


3. Simplify (i) 


(ii) 


5; 


m 
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K 
1. Factorise (i) ax? +x2— 18 — 9, (ii) (dl — cm)? - (cl – ат). 


8, If x men build a wall in y days, how long would = men take 
to build А such walls, at the same rate of working? 


3. Solve (i) esc s E - 


=7х + 20y, 


2 
Gi) (5х- 7)? =9 (2x + 5)2, 


ГОО а 8 то 
4. Simplify (i) 4-8x +302 2-х ЗА? 


PI 
(ii) 6a? — 5ab+b? 2024 тлаь- 62 


6a*--ab - 52 * 28? ттар. 562 р 

5. Ina tight-angled triangle ABC, in which the right-angle is 

at B, the side AB is 2 inches longer than the side BC, and the side 

BC is 18 inches shorter than the side AC. Find the lengths of the 
three sides of the triangle. 


6. Draw the graphs of (3х +2) and 13? for values of x from -3 
103. Hence solve the equation x3 — 3x +2. 


L 


l. In an examination а candidates were boys and b were a 
& per cent. of the boys passed and У per cent. of the girls, Wha! 
percentage of the whole number of candidates failed? t 
2. A certain sum of money is made up of an equal number o! 
half-crowns and florins, If 24 half-crowns are added and the num- 


ber of florins is decreased by 25 per cent., the sum is decreased by 
£1. Find the original sum. 


} 2 2 I 
8. Simplify | x+ т : а 

: ў [ 2-5! j ЕЕ y(x+y) al 
4. (i) From the Statement 


Зи Ра 24-х X 6-2a- 15a? 


2 ARRA 6 
find * when а= — 2, 
(ii) Solve the equation 2-x——1 = 5-5 
т 2-х 5 


км. The price of eggs having risen 14. each, it costs 54. more to 

ЧУ 40 eggs than it cost to buy 42 eggs before the increase. 

Was the origina] price of an egg? d 

> 6. Find the L.C.M. of 452 — 8197, 8x24 угху + 1625? an 
Leave the answer in factors. 


СНАРТЕВ ХХ1 


HARDER EQUATIONS. LITERAL EQUATIONS. 
QUADRATIC EQUATIONS BY FORMULA 


HARDER EQUATIONS 


187. We now ccnsider a: number of equations which contain 
fractions whose denominators involve the unknown quantity. In 
Chapter IV we explained how to solve equations by means of 
certain fundamental axioms, and stated that, later, it would be 
necessary to discuss the result of multiplying or dividing both sides 
9f an equation by an expression containing the unknown. We now 
proceed to deal with these points. 

(A) Multiplication. Our third axiom states that if equals are 
multiplied by equals the products are equal, ie. if w=y, then 
хха=уха. This result is true for all values of a, but, if a —o, the 
result is of no value to us, for we merely arrive at the result o —o. 
If the equation contains fractions, a further complication may 
arise, Consider the equation 


NES S 
х-2 5-2 
If each side is multiplied by (x — 2), we obtain : 
2 3 » 1 _ 2x7 m 
=at == 22220722) 


which in general reduces to (х—2)+3=2%+7. 
x(x- 2) 


5 xti 
But, if x=2, the expressions —3 x(x-2) and — 
3 х-2 х-2 


become 5хо and 3 хо respectively. These expressions have no 
о 


meaning; they have not yet been defined. 

"Thus, the result of multiplying each side of an equation by an 
expression containing the unknown may only be used if the un- 
known has a value which does not make the expression zero. For 
example, if in solving an equation we multiply both sides by 
(x--4)(x— т) the roots obtained are the required roots of the 

263 
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original equation, only if they do not make (х+4)(х-1)=о; if 
either —4 or r is obtained as a root, it may have to be rejected. 
The only way to decide whether one of these is a solution of the 
original equation is to test by substitution. It cannot be too 
strongly emphasised that the ultimate test of every solution is that 
the values obtained for the variable (or variables) shall satisfy the 
original equation (or equations). 


Note. The steps of an equation are said to be reversible, if the 
Statements are true when read in the reverse order. 
Thus, tc solve 3x--2—1 I, we write 


3xt2-11, 2, ЗО. NE, 
It would be equally true to write 
ИЕ 3Х-2-11, 


i.e. the steps of the equation 3x+2=11 are reversible. Whenever 
the steps are reversible, it is not strictly necessary (although always 
advisable) to check the solution. 


(B) Division. Our fourth axiom states that if equals are 
divided by equals, the quotients are equal, ie. if x—y, then 
&-са= у--а, with the proviso that ao. Caution must be exercised 
whenever each side of an equation is divided by an expression con- 
taining the unknown ; in general this leads to the loss of one or 
more roots. 

Thus, we cannot say 7x3 — 6x2 — x—o, 

/. 722 — 6x - 1—0, etc. Pe. E 

The operation of dividing each side of (i) by x has no meaning 
if x=0. We cannot therefore state unconditionally that (ii) is a 
consequence of (i), but we may say that if x is not equal to o, then 
79 —6x—1=0 5 Ог, in other words, either x —o or 7x3 — 6x- 1—0. 

It follows that if, in solving an equation, we divide cach side by 
an expression containing the unknown, we must examine values 
which make the expression zero and test whether they are solutions 
of the original equation, Division by an expression containing the 
unknown is a non-reversible step. 

It may also be noted that Squaring is another non-reversible step. 
Thus, if x= 2, We may say that 22-44, but it is not true to say that 
if x*—4. then Х=2. There is another possible consequence, viz. 
*— —2. We shall return to this in a later chapter. 


| 
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128. The following examples illustrate the need for caution 
whenever each side of the equation is multiplied by an expression 
containing the unknown. 


3x АВЕ (i) 
Gia) 2(4-2) (х+з)(х-) ` 
M t each side by 2(х-+3) (х - 2), we have 


Example 1. Solve 


cad x 2 (x 3)(x- 2) 


27036 1 
“үгэ” 8938-97-08 ш 

Provided that (х + 3) о and (х—2) o, this reduces to 
10(x - 2)— 3x (x +3) - 30. UTI esas (lit) 

[If either x + 3=0 or x — 2=0, lines (i) and (ii) have no meaning, 
for each then contains two undefined terms.] 

We may therefore use (iii) to obtain solutions of (i) on the under- 
standing that if we obtain either х= —3 or x=2 as a solution, it 
must be checked by substitution in (i). 

From (iii) we obtain 0—33?-x- 10, 

"^ о=(х- 2) (3х+5), 
" х=2 or — I$. 


Хх 2(®+13)(#®—2)...... (ii) 


Check. When x= - 1$, LHS=5 = 
15 15 135 ..15 
EE x 00-30 = 44 4 
*, x= - 18 is a solution. 

[Instead of checking, we might state that since х= — r$ does not 
make 2(х+ 3) (х — 2) zero, every step is reversible, 2. x= — 1$ is a 
solution.] 

When x—2, 


ПА E 
R.H.S.—2 — 15, which is meaningless, 
`. we cannot say that х=2 is a solution. It was introduced by 
multiplying by 2(x--3)(x— 2), and the step from (i) to (ii) is not 
reversible, 
The presence of a non-reversible step makes it essential to check 
by substituting in the original equation. 
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I I I I 
Example 2. Solve Peg tes areas ae 2i 


2X —12 2X—I2 
11722 ее. 
©. (2x — 12) (5 — 5) (x — 7) = (эх - 12) (x — 8) (x — 4), 
provided that (x - 8)(x— 4) (x — 5) (x-7)#0; 
+, (2x - тә) [а – 12x + 35 — (х®- тах + 32)] = о, 
* 2i (= 6). 3-0, 
. 8-6, 
Since х=6 does not make (х— 8) (x — 4) (x — 5) (x — 7) zero, every 
step is reversible, 2. х=б isa solution. 
Or, we may check as usual by substitution. 
The following exercise contains harder revision examples of the 


type given in Exercises 29 and 32, in addition to examples involving 
fractional equations. 


EXERCISE 68.4, 


Solve the following equations. If the roots are irrational, and 
also in Nos. 6-8, give the answers correct to two decimal places. 


вое X а 25-я В+ 
1. $ (2x 87-9; 4х. 2, +22; 


5 4 
3, 075+21 4t- о47 _ 8:81 
3 5 rs 
4. (3 - 5х) -$(5 - 83) -&(1 - 33). 
5. о-обх— 0:05 = 0-10. 6. 5(2-15)-2(:3-0-292. 
X х+5 x-2 
Үй Eq ae Ate 


8. 925 (2y – 0.5) - 0775 (4y — 1:2) =2, 

9, & (a+ 4) (x — 6) = (x — 2)? (x + 2). 

10. (x - 1) (2 — 7) = (x — 2)(x - 4). 

11. 2 (2x — 3)? -- 3 (2x + 3)? = 5 (2% + 2), 

12. (x - 2) (x 4) (a — 6) = (х+-2)(х-— s) (x — о). 


duc MMC HE ЛО 
18. м ОЕ 14. : 


| нэг. Take 5 2 as the unknowns. | 
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By -5% 3%+5у_ т Sone шү. 
15. DX os зо, 16. gant» tgo 2y) t1570 
1-3х + 5 7y + 19 — 0. 5x - 2y-- 6$ —0. 
17. 93.7 1,2244 8079 4er) 
2 3У 


18. -9- sy «3-1(- 5-4) 2 t». 
uos 3-2 S D ш КЫМ 


4x-3yt1 2X*yt2,5 


19. 2 (2% -y+7)=2(y4 : ae 
ae АНИ 2), 20 2 E peo 
Du E 7(2х-у) 4x-y*1,.. 

73 649 5х 13) = (aan е РДЕ = +1=0. 

21. мое (asma 2 
10(5::1) A 29. 22. и 15 
оаа затын x43 _ #47 L 
семей кес ч ЗК 24. за 
(jj =... AS x-2 Xt 3 
38-15) 3x52 is 26. А 4 
97, 3.  4.9*4x-X x8 x*12,1 
к=з з хл =20 13 28. 2% ax 6 
39 31. 24-31: ст. 
35-3 4х3 4X*4 12549 
6x —7 I 
80. = I L+ =o. 
Е Ж 2 z(s-1) 908-1) 12% 
gæti x-i ^\з#-2/ C 
gu ccce X 128758. 
x-5 х-6 х-7 x-8 
бас иштин 1207 
35-10 30-2 3Х-5 3-7 
d tol а 07-22 om 
3(®++ї) 3(х-1) 9-4 2x-5 3-3 SER 
Е umi. 38. 2v-1 2(x*1).8 
3х 3x-1 3x*2 x-3 4-2 # 


2 
реа РЕ 
2-1 X0. 


40. 


I мета ДЕРҮ 
2-10“ 30-4) бх(х+6) 
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EXERCISE 63. b 
(See note at head of Exercise 63 а) 


nes). «эрэг. 


23-11 10 В 4 r [л ) 
ha c ку раат т 
= > 1855 х)=5-2х. 4 A CENE 
5, 93x-02 osxcor 4х-1 
T 16 ee 


6. 0:2 (x —0°5) - 0-5 (o:25x — 0125) = 0:35. 
ВБК И ЕЗ 2 
в Bs X)d- Imo. 
8 O3xt r8 oo9x-o3 ogx 
' 007 009 or 
9. (ax - 3) (x I) (x 3) = (2x + 1) (a2 + 2x — 2). 
10. (x 4) (x — 5)(« - б) = (х®— 4) (x — 15) - 24. 
11. (2 - 1)(3x + 7) = (3x - 2)2. 
12. (ax - 3) (35 1) =x (8x — 3) - o5. 
6 6 1 
еа буш : ди У gl 
x 3"—-4i.-4y-rt. 14, 22725957: 5: 
EZ Take = y as the unknowns. | 


16) 22 ЭН SEA ы 


4+3 20-2 3 


16375420 1 ду-3х _ 
3 2 ' 9x-4y 


3 
CODEC 


18. 3y4+4x=0, 3... 13 


4X 9y 30xy 
X-2y 3х- 
19. хосоо 7 2: 3(x-- y) -8. 


20. 3x-9- 315 =} (эх + 3y) + 1$—$ (10% +бу)— n. 
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NTI X+2 2x7 2х + II 
91. — = Я а г 

X-1 x46 22. 2(2х-1) T= (ax —1) 
г. MM 

5 2x—3 x-4 x-5 x- 
P ванна. =o. 

3X-4 3x-2 9х°—18х+8 9 
96, 2573 *-7 1 Е 

Х-л +2 3 50-2 5+3 4 

4 E 2 

98 25411 1 2415 99. E 13 3 CE 


* 2(2e+3) | 6 3(25-3) 


Т T EXC s 
X411 12x54 25922 бх+27 
2 I 32. 2x42 х: 98). 
x-1 2(х+т) 2(x+2) а XU UNA 
пр ЩЕ . "5 7. 
201—3 25-15 20-7 28-11 
Specs o2 3 4 35 2x+4 6x-20 801) 
&X3 x4 x5 +6 о ay. cae) 
2 = 
Go £23,825 aco. 
x-1 шт uo cr. #7 
6 
2 ERA Е р 
ах 2x-1 ахаа л 89. 1s 2-0 «586 


40. 553,5-3 2(x-1) 
*—r ха Mop 


LITERAL EQUATIONS 

_ 129. The change of subject of a formula which was considered 
in the last chapter is a particular case of a literal equation. Literal 
equations are equations in which some ог all of the coefficients 
contain letters, In such equations, unless otherwise stated, it is 
understood that the letters at the end of the alphabet x, Y, 2, are 
tegarded as the unknowns to be found in terms of the other letters. 
i No new principles are involved. The methods of solving 
literal equations are essentially the methods for solving equations 
With numerical coefficients. These methods have already been 
used in changing the subject of a formula, and others are illustrated 
by the worked examples which follow. 
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Example 3. Solve c(x— 5d)=d(2d - x) + 3c*. 

Removing brackets, cx — 5cd — 2d? — dx + 30. 

Rearranging to get all the terms containing x on one side of the 
equation and all the remaining terms on the other side, 

сх + dx = 307 + sed + 242, 
і.е, (2+4) = (с+4)(зс+ за), 
xS (c+ d)(3¢ + ad) 2 e 24) —3c--2d, provided that c-- do. 

If c+d=o, the equation is an identity and is satisfied by all 
values of x. The check is left to the pupil. 

Note 1. It is essential that the pupil should realise the nature 
of the answer to be expected. In this question х is the unknown 
letter and с, 4 are the known letters. 

It is required to express the unknown in terms of the known, 
Le. x must be found in terms of c and d only. 

№2. Itis essential that x should be expressed in its simplest 


2 2 Е 
form. Thus xit Sed tad! although a true statement, is not 
c+d ? z 


the required answer, for the expression on the Б.Н.5. has not been 
reduced to its lowest terms, 


EXERCISE 64. а 
Solve the equations ; 


1. 3L - x-2m- s. 2. p(x- за) = 8a. 

8. ах-3(х-2) - b. 4. 1(х-4)-т=4(х-1. 

5. X(4c - 3)-- 26— 4c (x 4 5) - 3. 6. (х—т)(х—-2)=х(х-а). 
x 


li е 8. Иа. 

5 Зе 10. am - 3L. gy, 

11. a9 - Las - oa, 12. тш 
18. ао, 14. V=al[x? — (x — )°]. 

1% 2. 16. dca tac EP 

17. зш 18. 51-х 4т+х 


4т 51 
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EXERCISE 64. b 
Solve the equations : 
1. |- 2mx — 3n. 9, рх=24(#- 3%). 
8. 3c- 2x - 6d - c. 4. a(nx — d) - b (mx +c). 
5. (c+2d)x=h - ах. 6. (x - а)(х+а) x (x * D). 
Sonn gm шаш 8. ax - =3¢x. 
n т т 20 
и 10. £-2=a-b. 
v ста 


1122 z%b- зал) +. ( (ах--39)-5 :0-5) 12. Line 201 


х ex тою сх 8 


x х —. 
Eau 1m 14. рей! е зай 3 
ПБ 3 BS “425 о. 16. 2-4 2% 43% 31 3m n. 

b im тп Ш 
17. m(b+ x) – pei (b+x)-al. 18. «2-P=(2l- x). 

EXERCISE 64.6 
(Examples marked * should be postponed until Chapter XXIV has 
been read) 
Solve the equations : 
x-2a x-b . 2. x43a  Xt2b Rara 
'2a*b 2a-b 7 3a+2b за-20 оа*- БУГД 


3. 2-1 из al(x-3m),l-3m 
1-3т 1+3т [2-om* 1+зт 
д х 5а x тоа(54-54-9) 
5a-b илэн asa? - b? 
5* а(2х-а) , ё(ах-а-28) a+b. 
2х+а-25' 2х-а 
6* 10+ 2х),  m(m- 23) у. 
т 1 


ua 


y, 12а 3х-8а 2(2х+а) 8 x4 sl Биш (2x+ 15l) 
ра ad ива E x—10d 3 354201 
9* = T sont 2 m+n). 
b-c c-a a-b min-x) |, nmn») 
1 * иан 
0. ха x НЕЕ ru 11: n m 
2b 2 — 


18: x(a +b)? да: 3abx + 4(a + bP). 
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SIMULTANEOUS EQUATIONS WITH LITERAL 


COEFFICIENTS 
130. Example 4. Solve the equations 
ТОШУ Кн а (т) 
О: (2) 


[In this question х апа у are the unknown and /, m, n, р, q, r the 
known letters. We have therefore to find x and y in terms of 1, т, 
n, b, 4, т опу] 

Multiply (1) by q, and (2) by m ; we then have 

lax + тду= пф, 
mpx + mqy — mr ; 
whence by subtraction 
x (lq — тр) —ng — mr, 
ng -mr 
тр 

We might now obtain у by substituting in (1), but the work 
involved is awkward and it is easier to proceed thus : 

Multiply (1) by 5 and (2) by 1; we then have 

рх + тру =np, 
Ipx + у= ; 


» provided that 4 — mp +0. 


whence by subtraction 
y(mp — Iq) =np – Ir, 


_ np-lr 5 2 
571) provided that тр - 14-0. 
It is usual to write у= [m so that the fractions which equal 


X and y have the same denominators. 

Note. If Ig тр =0, there are in general no finite values of 
x and y which satisfy both equations. 

If, however, in addition fq —mr —o (or np — [r—o), it is possible 
to find an unlimited number of solutions. 


: 1 у А 
In this case we have 2 =” and the second equation is equi- 
valent to the first 3 any values of x and y which satisfy the first will 
also satisfy the second, 


Thus, (т) the equations zx— ЗУ=6, 4x — 6y— 11 have no finite 
solutions ; (2) the equations 2x — 3y — 6, 4х — 6y— 12 have an un- 
limited number of finite solutions. 
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In (1) the graphs of the equations are parallel straight lines : 


(2) they are coincident straight lines. 


EXERCISE 65. a 


Solve the equations : 


1.Їх--ту-12--1т, 2. х+у=р +20 
x+y=al. 24х + py = 404: 

3. x+y=6l, 4. сх-ау=9, 
3lx - my = ol? + т. х+у=о. 

5. ax-+by = a? + 2ab — 6, 6. 1=7х+8у, 
Ъх+ау= а? +. т= 4x + 14у. 

арза Е.Э 
x-ay+b=1=ax-y+b. 8. audis 2052 

д Я 
Be 7t а. 
By а 
SMS ае 


11. (a-2b)x - (а + 2Ь)у = - 6ab, 

(a - 2b)y - (a+ 2b)x — - 246. 
12. (sa - 4b) x — (sa + 4b) y = 25a? – 40ab — 1688, 

40ab = 4bx + 5ay- 
18. (7a - 115)x + (7a + 115) y — 2 (492? + 12109), 
тау = xxbx. 

ve Зах - sby=ba + sb, 

9а#х — 25b*y = да? + 50b”. 
15. Show that if ах + Бу +с=о and lx - my +n=0, then 

рх+ ду + —0 cannot also be true unless 
p(bn— cm) +q(cl — an) +7 (am — bl)=0. 
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Find the value of p if 2x +y- 4=0, 3%~Y— т=о,рх+2у-5=0, 


are all satisfied by one pair of values of x and у. 


EXERCISE 65.0 . 
Solve the equations : р 
1. зах — 3by = — 12ab, 2. дул" 
3bx + 2ay — 4a? — ob?. al (w+ 21) =т(т-5). 
8. сх — 3dy = 3cd, 4. х-у=2а, ° 
3dx + у= 18d? + с. ax + by= +6. 
5. ax+by=a-b, Е 
bx-ay=a+b. Из зд 


7.ах-бу-фх-ау-а +b. 
8. — (amx + 3ly) = 3] - 2m x +Y. 
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я Он -8а, gj tomm, 
Зэв 2 231561 
а. z 2yl — 6l 
11. 40°x 2 — (2a — 1), 12. (a- b) x -(a- b) y — а? — 2а6 — p, 
x+2y=0, (a+b) (+) = a? 4- 02, 
13. ax - by à? - заё?, 14. sx+y=2a, 
bx + ay — 3a?b — 53, 3y — 10x —a — 10b. 
15. If 2abu= (a? + b)x — (а? — Ь®уу, 
and 2abv = (a? + b)y — (a? — 52), 


uto х-у b 


prove that RT 


QUADRATIC LITERAL EQUATIONS 
x*-xtr а-а+т 
181. Example 5. Solve Е E AW T 
[It is a help to notice that х =а is obviously one solution.] 
We have, provided that (x2 ++ 1) (а +а+т) +0, 
(2 - x + т) (а +а+ 1) — (3 - x 4 1) (à? - a 4 1), 
^ зах? — 2x (8? -- 1) - 2a—0, 
"^ 2(x — a) (ax — 1) =о, 
^ х=а or 2 
| а 
182. Formula for the solution of quadratics, 


Example 6. Solve ax? +bx+c=0, ї 

The expression on the L.H.S. has no simple factors, so that it is 
necessary to solve by completing the square. 

Thus, ах*++Ьх= —с, 


b бал 
Ея since а=о, 
а а 


а 1 Х20/ да 27 
b? b- дас 
Цор 3 
4a 
b + ND – дас — NB — дас 
e+ = o 
2 2a 2 


a 
[If b? — 4ac is a negative number, the roots will be imaginary.] 
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b | NI —4ac b МЫ дас 

—+ огй== г . 

га га га 2а 

= bu NP – дас 


2а 


*, either x= — 


This is usually written x= 


This is the formula for solving any quadratic equation. 

For all values of a, b, ¢ the roots of the quadratic equation 

—b-ENb? — 4ае 

28 
Example 7. Solve 6x?—2x-- 1. 
We have 6x2-2x—-1=0. This is equivalent to ax? 4 bx c—0, 

ia-6,b— —2,c— —1; 

-(-а)рьУС-48-4(6(-1) 28528. 
2(6) 12 
хоо +52902 Ue кые or SEDES 

1243 12 12 

*. Я=о.бт ог —o:27, correct to 2 decimal places. 


Note 1. The use of the formula for the solution of quadratic 
equations is not recommended for beginners. The factor method 
should always be tried first, and if that fails, it is better to solve 
by completing the square. If the formula is used, the pupil should 
substitute first and simplify afterwards. It is unwise to try to do 
both at once. If the pupil intends to use the formula, he must 
learn it by heart and he must know what the letters stand for. 

Note 2. 1f the roots of a quadratic are rational, the equation 
may be solved by the factor method. The condition for this is that 
y -480 should be a perfect square, i.e. ax? + bx + e may be resolved 
into simple factors, if b?— 4ac is a perfect square. 


ax’+bx+c=0 аге x= 


*. the roots are х 


EXERCISE 66.a 
Solve the following equations : 
1. за + тосх - 8 =0. 9, 6х2 — 20 - ax. 
8. 202+ xs] = ralx. 4, 5x? сох 5C +96. 
5. x? + 2ax аЬ. 6. 542 - 4nx = SP - 417: 
7. 024. 20cd = 4cx + sdx. 8. 2ax? + 2ax —3X * 3. 
9. 2 — gl? —m(ax — m). 10. (4x - af - (ax + 3a". 


11. 4(x- af -3(x-a)2 1. 19. 156? - ax =a. 
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18. x* - Amx — Р. 14. (х+1+ x) (x m4 1)=lm. 
15. x* c 2ax - + зас. 16. + =k-2. 

2 5 
ев в: 


“ав: ati 
19 х+за х-за a(x+2a) 2 0 lt m-x l m 


а-х 5-х 


sta -а x-a 3 т-х Tee m D 
91. х (a+ 2b) =a? (x - 2). 28. (3x — 2c)? -- 2 (3x — 2c) = 24. 
2 2 І а а+ь+х 3 
28. о 24. EIOS 2 
Solve by means of the formula the equations : 
25. 43? — 10x -- 5—0. 96. 9x? — 6x + 5. 27. 34 7x — 3x? —0. 
38. 5(52-1)-0х. (99.48 -34-4-0. 30. ах 225, 
EXERCISE 66. b 
Solve the following equations : 
1. 10x? + 3ax — а-о, 2. 2х°+21#=тўх. 
8. 122? = 11l% + 1512. 4. 33 —31— 4n. 
5. 3х2 + 7х — зай -- 7a. 6. 3x? + 2]x — 3c? - acl. 
7. 402 — DP — a (4x - a). 8. 2х2 + 2bx = зах + заб. 
9. 55%? -4=2х- тосх. 10. 3(ax – 36)? – 2(ах — 3b) =16. 
11. 3*- 2mx -- m?— 9. 12. 2x?+ тор? = 21bx. 
18. (x- 2a) (x 3b - 1)=2a+ 36. 14. ox? — 12ax - P2. 
15. a(x*+a-1)=x(a@+x- т). 16. x(3x-2)-5(35 - 2) 20. 


17. abs (x-2 aa 18, 2231 1x 


3M 3b "Pai 1-6 
Төз с и а з 
X-atb x-2a-b а sap 
22-24: 32-хэл =) = 
duel er (2-2) назв (2 


2 Ж. 1 m = 
22. 8х (a - 35) = 852 (a + 3x). 23. Е ОКТО. 
24. I(l- my? m(1+m) x= 1--тр. 

Solve by means of the formula the equations : 
25. 332-2х-3-0. 26, 5 -x= x2, 27. 5а?+ ба= 10. 
"ended 29. 82 +c-3=0. 30. пе. : 

ег practice is required 2 Nos. о 
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СНАРТЕК ХХП 


FURTHER SIMULTANEOUS EQUATIONS 


188. (A) Two equations with two unknowns, one of the first 
degree and the other of the second, Or, one linear and one quad- 
ratic, 

The method used is the method of substitution (see Chapter 
XIII, Method 2). We use the equation of the first degree to elimi- 
nate one of the unknowns from the equation of the second degree. 


Example 1. Solve the equations 


4X—3y-4. cmm (x) 
4x? — gory -У=6. eee (2) 
From (1) 4x —3y +4, Е Nee (3) 


Using (3), substitute for x in (2), 

. (avy*4V 3(39+4)9 a 

n 4( 2 ) 4 у= 6, 

. &(oY*--24y-16) 3(39° +49) __ 26 

: 26 4 4 р 

`. оу?+-2ду +16 — oy? — 12y — 4? — 24; 
 —4у®+тәу-8=о, 2407 00-279: 

©. y-1-—0 or y-2=0, 2. Ут or 2. 


Substituting in (3), if y=1, x—2— =r 


_ The check is left to the pupil ; the solutions must be substituted 
in (1) and (2). 
& Note 1. The pupil should always consider whether to substitute 
pu x or for y. If possible, a substitution should be chosen which 
ocs not introduce fractions. The resulting quadratic should be 
solved by factors, if possible. 
Rohe 2. When the value of one unknown has been obtained, 
5 ЧЕН of the other must be found by substituting in the linear 
A. x 
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equation, i.e. in the equation which has been used for elimination, 
If, in Ex. г, after obtaining y=1 or 2, we had substituted in (2), we 
should have obtained у=, ХЕТ or -т, 
угз, Х=2 or - І, 
But x= -1, y=1; x=- I, УЕ2 do not satisfy (1) and are not 
solutions of the pair of equations (1) and (2). 


Note 8. In writing down the solutions care must be taken to 
pair the values correctly. The answer may be written x= 1 у=; 
x=23, у=2; or (12, т), (23, 2). It should not be written x=13 
ОГ 23, y—r or 2. 

Note 4. It should be carefully noted that 

ис “= oy" + 24у + 16 
4 16 K 
А very common error is to write 4 (2234) =(37+4)?; this 


must be avoided. Care with signs is necessary when removing 
brackets. 


The work may be much simplified, if the quadratic has factors. 


Example 9. Solve the equations 
Tox? – oxy = PERS | Gey ake cSt eee! (1) 
3x — y — 10. 
From (т) rox? - gxy — 73-0, .. (55-7) (2х +у)=о, 
^ either sx —7y—o or 2X4 y-o. 
Hence (т) and (2) are equivalent to the following pairs of 
equations : 
(0 55-7У-0, 3x y — 1o, giving x=43, y=33; 
(1) 2х+у=о, 3*-y-—1o, giving х=2, y= —4; 
^ the required solutions are (48, 33), (2, — 4). 
The check is left to the pupil. 


EXERCISE 67. а 


Solve the following equations (Nos. 28-30, correct to two places 
of decimals). . 


1. 421975, 2. Xy — 8 7y, 
de carm. X--2y4-3-—0. 

8. х+у=т, 4. 42-4ху-3, 
x? — xy rs. 


3x —4y-— 5. 
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5. x+2y+1=0, 6. Зу=7х? — 12x -- 11, 
x*-2x 3x —-4y— 1. 
7, 3x — 10y — 4, 8. тох —3y-— 25, 
бу - 5x— 34xy. xy — 20 — 2y—3- 
9. 2х-3у-3=0, 10. 273? — 12xy + 5)? — 12, 
х?— у?+4=дх. 9x —5y=8. 
11. 24y 2 12x +1, 18. 3x-2y-1, 
6y 2 3x-- xy. ay 3x?— 5 
18. x? — sxy + 352+ 5 —0, 14. 4х-3у=1, 
3x+1=2y. 8x3 – axy - 3y* — 1. 
15. х+2у=7, 16. 4(х-у)-3(х-7)=1, 
Bayt 17. х+2у=7. 
17, 2у=3+2х, 18. 4x?+y?=200, 
7 =2 yt. 450157622; 
19. 2x- 6y— 1, 20. 3x2 4xy * 5^ — 12, 
6x? = 6xy +5. 5у-3х=8. 
21. x(4x— зу) - 5?, 99. 4у-х= 22у, 
2х+у= 6. IEY TO: 
83. 2(х®+ у?) = ху, 94. oxt+2=omy + by”, 
&+у=6. 3х+2у= 2. 
85. 11x*- 20xy +9у2=16х- 14у, 26. 122? + бху — 8y? – 359 = 87, 
óx- 5y=0. Fi aperi ed 
27. 1502 = by? — ху, 28. 6x -—39=1, 
3y — 4x =3. бху —y? + 12Х--У. 
29. Ax —3y= ун се 
4Х-3у-4, 80. ёр IRN 
à 8xy- 3-0 
EXERCISE 67.59 


Solve the following equations (Nos. 24, 29, 30, correct to two 
places of decimals) : 


1 ох-у=з, 8, ху=15, 
402 — 33 — 13. х-2у=т. 
3. х®+у%= 52, 4. 2x-39=4 
~2x+y=8. у?+ту =2ху - 2. 
5, 6x? — r7xy + y? — 171, В. м 
3x -y—9. (х+ ву) — 539 +1. 
7, 3Х--ау-- то, 8. x? - y? c Ax — – 49» 
2X + 353 —35. 4y - 31-8. 
9. oy-2«—7, 10. 3xy 447 4", 


V E3xy-2. 9x —4y +10. 
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11, | 9x3-2y?- r1, 12. 222 - 3?— 1, 
15x - 8y+1=0, 3X -2y 21. 
18. 3X *2y 77, 14. 4x-3y—1 
№ -ху+у?=3. 16x? + gy? — 25, 
15. (2y - 9) (x - 1) 2o, 16. 4х + 3xy - 35? — 4, 
5Х=2у+1. I0—3y- 5x—0o. 
17. 3x7+ 4xy + 5y? — 12, 18. . 2у°+а4%=76, 
5У+3х=8. 3х -2у+7=0. 
19.  3x41-4y, 20. 4х2--27у2-36х-171, 
7% + 4ху = 207. 2Х--0у-515. 
21. 4x+3y=1, 22. зу? + дох = 18xy, 
63? + Oxy + y?— 1. 6x=2y +1. 
33. 3xt+2y+6=0, 24. x?+y?=16, 
9x? — oxy - 2y? + 6y t 4 —0. 2х-3у=5. 
25. (x+y)? х?°+у?%— б(х-у)?=о, 26. 2x—-3y—7 
. 3x — 29 =4. 2x5 — 3xy — 14)? —0. 
27. 4х? – roxy + 25y?— 21, 98. -х+у+1=0, 
4X - 5у=3. 2x? - ху+9у?=2. 
29. у=6х- 3, 30. ЗУ=2%-3, 
9x? + бху + y? = то. 16x? — 35? — 4x. 


134. (B) Simultaneous equations with three unknowns. 

"Three equations containing three unknowns may be reduced to 
two equations containing two unknowns by eliminating one un- 
known. The elimination may be performed by substitution or as 
in Ex. 3 below. The two equations so obtained may then be 
Solved by the methods previously described. 


Example 8. Solve the equations 7% — 5Y -722 —8, .......... 


4X — 2y - 32-0, 
5X-c44 +42= 35. ... 
Multiply (1) by 2, then 14X-— 10y — 142— - 16. 
Multiply (2) by 5, then 20Х-10у-158-00. . 
-. from (4) and (5) by subtraction 6x — g=16, ecc (6) 
Multiply (2) by 2, then 8x - 4y - 62—0. | 


-. from (3) and (7) by addition 13X.22—35. . 

Solving (6) and (8) as usual, we obtain x — EET AE 

Substituting these values in (2), we obtain y=3. 
The solution is therefore х= 3:093, 2-2: 

The check is left to the pupil. 
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EXERCISE 68.a 


Solve the equations : 


3x -8y + 22 — 17. 
3. оаа. 
2х—3у+ 9. 


Dé 39-32 = 69: 


б. 3x -4y +52 =4, 
ax+3y+8=42, 


х+14=2у t 32. 


9. 4xt2y-2=16, 
5x-3y-2—3 
14X-2y —- 32 — 40. 

4. 3x--2y - 2— 6, 

2х-у=2, 
58448552. 

6. 2a+b+c+19=0, 
at+2b+c+20=9, 

at+b+9=0. 


7, y-sz-x-r, 8. x-y-32-—9, 
x-3y-52—1, iizg-x—-3y—-7 
x+y+1oz=2. X—13y -212—53. 
x 

9. 2-2 Eg 10, 10. x—9-32-8, 

II2—4-— 3) -—/ 

ATIE, x- 13y+212=53+ 
ЕБУ yb 
BO 2716 

ll 2x4y-32—9, 12. Syl, 
х12у+32=3, 5x- Ра, 
xy +922=26. жет 

EXERCISE 68.6 

Solve the equations : 

І. 2х+у+а=8, 9. sx -2y t 2-3, 
8x - y — 32— 26, x -+y - 42 62, 
4X t y 4z—8. xt2y+2=15- 

8. ax+y+2=0, 4. (х +59 +22=3; 

зх+у=т, $х+7у-2®=9› 
x+z=1. 7x + 8y t 32 — 6. 
5. 4x+y=6, 6. 35-2у1+2=72, 
7-32 =т0, — Зу+28-#=48, 
— 3% - 4x — 20. 4x + 22 —60. 

7. 4x+3y+82=2, 8. к+2-2=-3 

3х+у+322= – 9, ^ n 
х+у+82= – 3. о 
y 


= -22=0. 
3х +5 
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9. 5x—3y--2—6, 10. ах--у-а-4, 
I3 334, x+2y+z=1%, 

7X -4у=5. 2 (x5 + у%+ 2%) = 13. 

п. ao 3 = 5, 12. 5x-3y+42=6, 
2х -У+22=5, 13X — 7y - 122 — 14, 

2х yz — 22? =5. 4у+8=7х. 


135. (С) Two equations with two unknowns, both quadratic. 

There is no simple general method, but solutions may be 
obtained, as follows, if the terms of the first degree are absent 
from both equations. 


Example 4. Solve 42. 5xy+y2= – 5, 


7 Gety)(x+3y)=0, 1 зх»+у=о ог x+3y=0. 
If 3x+y=0, substituting in (x), we have 
x тзх®+ол?%= —5, 2, —5х#= s, 


If x+3y=0, substituting in (1), we have 
Ө бу P= s, 2 -58-15 уз, 
ui Gn cies mec TE 22:43: (6) 
If y—, x= —3, if y= -1, X—3, since x+3y=0. 
The solutions are therefore (z, — 3), (-1, 3), 3: т), (3, 2:1): 
The check is left to the pupil. 


Note 1. After obtaining (5), the corresponding value of y must 
be obtained from 3X +y=0, i.e. from the equation which has been 
used to get (5). 

Similarly, after obtaining (6), the corresponding values of x 
must be obtained from x+ ЗУ = 0, i.e. from the equation which has 
been used to get (6). 

Note 2. Asin Art. 133, Ex. 2, the work may be much simplified 
if one of the quadratics has factors, 

Other cases may be solved, if it is possible to deduce an equation 
of the first degree from the given equations. 
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Example 5. Solve 2х+у=3®у. eene (1) 
AX y HON, eene (2) 
Multiply (1) by 3 and subtract from (2), we then have 
-2Х-2у-0, ie. х=-у. eee DT (3) 
Substituting (3) in (2), we have -3y— — 95", -.95*-3y-0, 
‚ Зу(зу-1)-0. 2. PHO OF Fe «en (4) 


If y=0, x=0; if y=}, х= —3, substituting in (3), ie. in the 
equation which has been used to get (4). : 
The solutions are (o, о), (—4, 2). The check is left to the pupil. 


EXERCISE 69.4 


Solve the equations : 
1, 4x? + 6xy + y?=1, 
43? - 2xy + y! = 13. 
3. 3x*- sy! 7, 
3Xy + 4y? - 2 —0. 
$. &* - 6xy + 2y? — тт, 
4x! + y? = 8xy - 2. 
7. (x-2) (x -- 1) =о, 
gy? = 4x", 
9. 12x" — 7xy -- y? — o, 
202? — roxy + y? + 1 —0. 
-ху-х- 9у+21=0, 
20x* + 31xy + 12y2— 0. 


2.  yrzxy-16, 
2x? + y? - xy = 16. 
4. 4xy — 3 135, 
13x? = 42Xy +40. 
6. 5у%= т] +79, 
6x? + 5xy + 6=0. 
8. xy t+ 5x=2y +10, 
х?-+у°%=29. 
10. х2-ху-24 
ху-у%=8. 
12. a? - xy t 25? — 2y, 
х? +4ху= 5у. 
14. 3x2 - 3xy - у%=15х, 


m os ох? — 2y? = 3x. 
5, 2х8 — 3ху= 26, 16. x2-3xy=7, 
1 99 = oxy — 36. У +ху=2. 
1. 3x" — xy = 120, 18. 4x? +15ху+29=0, 
30-92 4216 =o, wy t 5y 22. 
EXERCISE 69.b 


oe the equations : 
К + 4y2 7, 
V -2xy-4yM— — 1. 
4x? + 3xy + 5 =o. 
аду тї 203 


2 
б. 22 охуу. то" 145, 
y*—24 t xy. 
Ц шз I9xy + 15y?— o, 
УХ + 20xy — s2y!— — 172. 


2. х? – 4xy — 12; 
x? +12=16у”. 
4. 2х2-ху-14, 
зху+ 232=36. 
6. 333 xy t =15, 
зад - 31xy sy +45 = 


8. (а ЗО e 
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9. 6x? – 19xy + зу? — o, 10. 4xy+21=14x+ бу, 
x*-F тбу? = 25. 2 (x? у?) = 29. 
11. 4x? - oy?=64, 12. x? – зху - 3y?= 5x 
2xy +3у%=32 3x: Oy" =x. 
18. 18x?—3xy+y2=2y, 14. 2x7 - 3xy=8, 
18x7 + 12xy = sy. 4y? — 2xy + 105. 
15. -4xy ry? — 16, 16. 9x* — 14. — 3Xy, 
8x? + 2xy = 12. 3?- 3xy + 10 —0. 
17. 255025, 18. x?-- 8y = 21, 
P+ 3xy — 76. х+у%=5{. 
EXERCISE 69.c 
MISCELLANEOUS SIMULTANEOUS EQUATIONS 
Solve : 
T. 3х2 — 4xy 4 2y?— 1, 2. Xy-9y-I, 
3х+2у=5. 2Xy- зх= 14. 
8. 2» -7)(-3) =3 («+ 2) (3x: т), 4. x? -xy +y? = 14, 
3x+2y=0. x? + 2y? = 22, 
5. „ 2%+3y=1, 6. 4X —3y— 1, 
а — 352 2—0. бх + ху — 3у2= 4. 
7. зх+5у=6, 8. 3x? + 4y2=19, 
2х — sy? =8x+y, x — wy — gy2= -т7. 
9. x*+ 2xy = by? — 4x — 6, 10. Xy —2x- 3y— 6, 
7=2х+ зу. x4 xy 4- y?— 12. 
11. 4x* + 20xy + 19= тооу?, 19. 2x43y—6, 
5У— т=3х. 4X! +35 — 4x -- бу + 24. 
18 х+у-52=2, 14. 3x-4y-z-r1, 
3X--y — 52 —8, 4X -- 6y -- 42 — —3, 
X—y-rioz— —6. 2x—2y -5z— —2. 
15. 3x — 2y — ro, 16. ох? + axy + 30x = 108, 
ЗУ +2в= - 26, 9X — 2y —48. 
28-18; 
17. (х+3)(у-5)=8, 18. ox? -оху--у 1-60. 
(к+2)(у -6)—3. ох - 2y-- 4 —o. 
' x+y=a-b, 20. 8x? — бху — 7y? — 122 
(к+а)#+ (у - 5 =4 (a? +BY), За 
21. SP SUN EU а 
AS ВАЕ 
и SION: 
2 y 1. х у zr 
4X 3y - 4—0. 
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т TL 

28, х+у+2=48, 24. Г 
yey? + 22= 12%, 2 

ЕС ен gO aye 2. 


TEST PAPERS VI 


A 


1, A dealer takes off y per cent. of the marked price ш Ie 
At what price must he mark an article so as to obtain x shilling 
cash for it? 


-h 
9, Simplify (i) fa -b- eris] (a D - (a- 8), 


E . 
3b-a З 
3. For а solid which has two parallel square faces with edges 


i i i between 
aft. and b ft, respectively and the perpendicular distance 
them hin., V, the volume in cubic ft., may be calculated from the 


formula pM $ Г ger (250 


Calculate V, if a=2, b=5, h=4. 
4. 5 у, 2.2 a ш 
abe 3(x-2) 2(x42) №-4 
Gi) 4х+у=з; за - xy 2». s 
5. А vacuum-cleaner, bought for £x, is sold for {24 at a pro 
of x per cent. Find x. 


à 3b 
(ii) pup ois 


и find x in terms of the other letters. 
cxtd п’ 
х 2 
1. Factorise (i) B+- 1561, (i) mi- дтп 47? E gln - p» 
2. In what proportion should tea at a shillings per Ib. be mixe 
with tea at b Stilliigs Bee Ib. so that the mixture may be worth 
© shillings per Ib.? 


LI 


1 
7 4 =й ДЕЙЫ 
@) (ax+3)(ax—5) 44-9 (x- 3)" 
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+) 2-1 x-2 5 
4. Solve (i) а xg 


The second half took 27 min. more than the first. Find the 
distance from X to Y. 


6. The following formula is in actual use by engineers : 
_ 9900x T _L+12 р 
Pi КОЮШ src T. 
(1) Prove that T can be expressed іп the form aPD +bL +c. 
(2) Find L, if P-25o, 0-5, Т-р 


С 


1: Solve") 2222 orare ea ! 
х-а х-га х- 3а 


(9). 0) 


8. An article is marked for sale at a price which gives a profit of 
* per cent. on the cost price, А discount for cash of y per cent. is 
given on the marked Price. In the case of an article paid for by 


cash, what is the percentage profit on the cost price? 


j) 3552 хэт 3 
8. Solve (i) Ps а 


(ii) &9+у%—6х-у=т, 2х -Зу=г. 
ня 
4. Simplify ls 1 [es I 


5. A restaurant keeper finds that his daily expenses amount to 
£12, together with 1s. 4d. per customer, His daily receipts are 
given by the equation y —$x — 7, where x is the number of customers 
and y the number of £’s taken. Plot graphs of receipts and ex- 


ture are equal. Find also from your graph in £’s his daily profit 
when the number of customers is 360, 


6. The area of a rectangular field is 5 acres, and a longer side 


exceeds a shorter side by 36 yards, Find the lengths of the sides, 
correct to the nearest yard. 
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D 
1. If AX=a in, XY=b in., AP=c in, РО=а in., find a 
relation between a, b, c, d. Y 
9. Factorise X 
(i) x - y? - 8y - 16, A 


(i) г-3(а+5)-4(а+5). 


P 
3. Solve (i) 4x -2y - z— 10, 
3x 4y t 72 — 22, 
5x -— 62 = - 14. Q 
я 
x + 2X -т 


4. A is four times as old as В; in 8 years В will be twice 21 ын 
аз С; in 13 more years A will be three times as old as C. а 
are their present ages? Check your answer. 


ee “Лайн: X — I in terms of y in its simplest form. 
y ЕТ b 
6. Two kinds of coffee are mixed in the ratio of p : q. The price 
of the first kind of coffee is = shillings per Ib. What must сыр 
Price of the second kind so that the mixture may poino 
shillings per Ib.? 
E 


1. A tradesman marks his ds at ice which will give him 
goods at a pri 
а profit of х per cent. of the cost price. What percentage of the 
marked price can he deduct from it as discount, so as to have 
Profit of y per cent. on the cost price? 
2. ү %—2 2(x-r) x 4 49x" | т, 
» Solve (i) 22210-10 (ii) 7x 8y—3, “087 4y 
X—1i x- 


8. Simplify (= 2A e гу 3x-2Y) 
2y х х+2у 4-2 a 
4, From the formula 2х = + — з), obtain (i) the values 
= +N(y+ 1) -3) : 
т * when y —6:2, (ii) the values of y when x—075- Obtain also 
* corresponding formula which gives y in terms of x. 


5. Draw the 3 2 for values of х from 
graph of x?— 6х? +ох--т Tor ui 
910 4. Use the graph to solve the equation 2? — 6x7 + 9x —2. 


8. The side of one square exceeds the side of a n i 
a 4 inches ; the area of the first square together with Apes nes 
of the d ОЁ the second square is 44 square feet. Find the leng 
es 


ides in feet, correct to one place of decimals. 
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Е 
1. Factorise (i) 25 — a? + 2ab — b?, (ii) (1? + 41)? - g. 
2. Find the fraction which must be added to —2^ 


3 ———. 
the result may be US urs pos of эг апа =з 


X—b x 


3. Solve (i) ES 


ОЕ зде а 
2у 2у 


4. Find two whole numbers such that, in each case, seven times 
the square of the next whole number above exceeds eight times the 
square of the next whole number below by 220. 


5. Solve () “2 —3 2**3. 2 
20 4 2-1 
(1) х*+ху+у?=зо, 2-52-21, 

6. The volume, V cubic inches, of a hollow metal pipe is given 
by the formula V = 14nlt(d + t), where d in. is the internal diameter, 
t in. the thickness of the metal and / ft. the length of the pipe. Find 
V, if l=8, d=2, t= 025. Take r=3}3, 


G 


1. In a form consisting of x boys and y girls, the average mark 
for the boys was р and for the girls was 4. What was the average 
mark for the whole form? What should have been the average 
mark for the boys in order to make the average mark for the form 
equal to z, the average mark of the girls remaining the same? 

9. In each of the formulae Pt-m(v-u) Рз-41т(03-10) 
express v in terms of the other letters. Assuming that both 
formulae are true at the same time, show that 25 = (ut+v)t. 

8. Solve (i) (x- 2a) (33 +b) -(x-- a) (ax - b) =6ax — 3ab - 30°, 

(0) 1222 — 11my+ 2y*— o, 2x-y-2. 
I . 2(sa- 6) 
2a°-a-3 50(24-3) 

5. Find the values of 4, b, c so that an expression of the form 
ах? + bx + c shall have the values 5, 5, 4 when the values of x are 
1, 2, 3 respectively. Denoting this expression by y, draw its graph 
between x= – з and x=6. At what points on the graph is x=? 

6. Find three consecutive positive integers such that twice the 
Square of their sum exceeds three times the sum of their squares 
by 723. 


4. Simplify 2+ 
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H 
1, Factorise (i) (a? – b?) (a + 2b) + (a+ 2ab) (a + b), 
(ii) at- dà? — 2a - 1. 


9, In a town whose population is a, p per cent. are married. 
Of the males alone q per cent. are married ; of the females alone 
rpercent.are married. How many males are there in the town? 


ei PME cui 
"Ua. X-) 2х 5= 
9. Simplify I M 
х «X; 
а шаг, 
гх--у х+2у 


at2zy. ax 


а 25) ? э(х+а) 


4, Solve (i) х= 


(1) 3х+2у=5; бху-ох=4у—6. 
5. А cyclist, who rides at a steady 8 m.p.h., leaves his house at 
am. A man in a car, which he drives at 24 m.p.h., leaves the 
same house by the same road at 8.30 a.m. ; he goes to a town 
30 miles off, stops there то minutes and starts back. At what time 


ал шү far from the town will he pass the cyclist the second 
ime? 


6. Find the value of a which will make 2x— 3 ч when х= 17. 


Tf a has this value, what other value of x will also make the state- 
ment true? 


I 
x 1. A retailer often estimates his profits as a percentage of his 


turnover " (sum of receipts and expenditure). If his profit found 


in this ‘manner is а per cent., what is it as a percentage of his 
expenditure? 


ИРИ а 2 y2 2 


o 6-049 


8. If 2x — 
Ут, х-зу-2 and 3x+4y +10 all have the same 
value, what is that value? 


oni (0 Find the positive integral value of х for which the value 
2X" — 9x is nearest to 400. 


(i) Solve x? — 4y2= 13 ; 2x4 3 —5- 
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5. When the depth of liquid in a vessel is d inches, the quantity 
О cu. in. which it contains is given by Q= ros [(d-- 29 - 8]. 
Calculate values of Q for values of d. up to d— 5, and plot a graph 
taking 1” on the d-axis to represent 1” of depth, and т” on the 
Q-axis to represent roo cu. in. Taking т quart—70o cu. in., find 
from the graph the heights above the bottom of the vessel at which 
graduation marks must be made to Show 1, 2, 3, 4, 5 quarts. 


6. In a right-angled А ABC, in which / АВС =90°, the side AB 


is 4 mm. longer than the side BC, which is 3-6 cm. shorter than the 
side AC. Find the length of АВ. 


1 

a *+b х+2а 6-4 

1. Solve (i) на а 
Is the result affected if р 2а? 
Gi) (a - b)(x - 3y) + 211125 
ax — 3by – 2ab —o. 
2. Factorise (i) 2502 — z2 £2 _ tobe, 
(ii) (48-са-5)- (a? + да+ т). 


y х Ex 
[6283 13 
y x х y 


4. Water flows at the rate of v ft. per sec. in a pipe of circular 


Section and diameter x in., and а gallons per minute are delivered. 
"Taking 1 cubic ft. =6$ gallons, prove that y — 1924 
Evaluate v, if a—912, х=3%,т= 3%. 


5. Solve (i) 2553. 2-35 25 
тя Я 


3. Simplify 


12515? 


(ii) 315 I, 4Xy —3, correct to one decimal place. 


6. 'The area of a rectangular field is 2 acres, and a longer side 
exceeds twice a shorter side by 12 yards. Find the lengths of the 
Sides, correct to the nearest yard. 


K 
1. Find x and у, each in terms of K, from the equations 
$(x- 2К)+$(К+2)=о=1(у+К_ 1)-4(2К-1). 


If, in addition to the above equations, 2v+3y+5K-=r1, find the 
values of К, x, у. 
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9, Solve (i) арх? = (a — Б) (x + x), 
(ii) 5 + : FI-—O0, I2Xy— 1. 
3. (i) Of the population of a town a per cent. are adults ; of the 


adults А per cent. are men. What is the percentage of women in 
the town? 


(ii) If y a(x — 1) (x - 2) and if y=4 when x=3, find y when 
4-4. 


4. Reduce the fraction 2-2 to its simplest form when 
а= 78 о 
2-х z-y 


5. A rectangular sheet of paper is ro" long and 8” wide. A 
rectangle is described on the paper with its sides parallel to and at 
the same distance from the corresponding edges of the paper. The 
area of the rectangle is seven-sixteenths of the area of the paper. 
Find the distance of each side from the nearest parallel edge of the 
paper. 

6. Write down the values of a, b, c which make the expression 

a(x — т)(х + 3) -b(x4- 3)(x— 3) + с(®— 3) (x — 1) 
equal to 3, — 1, г when x is equal to 3, 1, —3 respectively. Draw 
the graph of the expression between х= – 4 and 4. 


L 

1. A man has п articles, each bought at the same price. He sells 
P of them at a profit of a per cent. and the rest at а loss of b per 
cent. Express his profit on the whole stock as a percentage. : 

у A circular washer, of thickness żin., is of external diameter x 1n. 
and internal diameter yin. The weight W oz. of the washer is given 
by the formula И 3:5(x2—-5?)t. Change the subject of the 
formula to y, and find the internal diameter of a washer whose 
Weight is 212; oz., external diameter 3 in. and thickness $ in. 

8. Factorise (i) x8 +203 +1 — 2825, 

(ii) (e? - a? - 5(а®- a) +6. 
4. Solve (i) х- яя, 3X 2). 3 1982/2 
(ii) x24 xy 84 ; x? - y?—24- 
5. Simplify 22^ —*— 15 шш 2135-15. 
n me (223 le is 8 in. long ; of 
+ The hypotenuse of a right-angled triangle is 5 1n. ? 

the jemaining Sides, one is 2 in. longer than the other. Calculate 

€ lengths of the sides correct to three significant figures. 


CHAPTER XXIII 


HARDER MULTIPLICATION AND DIVISION. 
FUNCTIONAL NOTATION. REMAINDER 
THEOREM. SQUARE ROOT 


186, Long Multiplication and Division were dealt with in 
Chapter XV. In this chapter we consider harder cases. 


The method of detached coefficients 

When two expressions contain powers of one letter only, the 
work may be shortened by using detached coefficients, i.e. by 
writing down the coefficients only, multiplying them together in 
the ordinary way and then inserting the successive powers of 
the letter at the end of the operation. The expressions must 
be arranged in ascending or descending powers of the common 
letter and care must be taken to insert zero coefficients to 
represent terms corresponding to missing powers of that letter. 


In the following example the work is set out in full and in 
abbreviated form. 


Examplel. Multiply 2x3 — $+ ix by 3- 2x, 
Arrange in descending powers. We have 


3x? Tix- фто 41-1 
-$x +4 -#++ 
Ti IIT =#+о -141 
Tip trow -as +25 toti - do 
EEO у-уу 


Ио Иа, 

For the final step with detached coeffi 
first term must contain x4 
order. The product is 

c do о РЕ а 

187, An algebraical expression containing two or more letters 
is called a homogeneous expression, if each term is of the same 
degree. Thus, 43+ 3+4 53 — 3Xyz, regarded as an expression in 
X, у, 2, is a homogeneous expression of the third degree, since each 
term is of the third degree in XY, g. Also x? +y? — заху is a homo- 
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НАНА. 
cients we notice that the 
» and the others follow in descending 
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geneous expression of the third degree, regarded as an expression 
in x, у, а, but it is not a homogeneous expression, if it is regarded 
аз an expression in x, у only. 

The method of detached coefficients may be used to multiply 
two homogeneous expressions. Thus, the product of 

x3- py? + fay? and Зу-38 

is —tyt +35 х?у? + ху? — doy, 
the working being identical with that given in Ex. 1 above. The 
product of two homogeneous expressions is a homogeneous ex- 
pression, the degree of which is the sum of the degrees of the 
original expressions. { 


188. In Chapter XV, it was shown that (a+b) =a + 2ab + р. 
This result may be extended to any number of letters. Thus, 
(a-- b-- с)®= а + 2a(b+e)+ (6+0)? 
= а + 2а6 + 2ас+ + 2bc с, 
which may be more conveniently written 
а? +b? +c + 2ab + 2ac + 2bc. 

More generally, the square of any multinomial is the sum of the 
squares of the several terms together with twice the product of 
each pair of terms. In writing down the product terms, it is best 
to take each term in succession and multiply it by each of the terms 
that follow it. 


Example. Expand (ax- 59-32): 
(x- sy - за) (2х) + (= 59) +( 3a)? + 2(20(~ 8) 
+2 (2x) (— 32) +2(-59)(- 32): 
= 4x" + 25y? + 92° — 20xy — 12x + 3092. 

139. The expansions of (а +3), (&- b (a--b)^ (a — p)! ete. 
The expansions of (a-- by, (a - bf, (a +b)4, (а-5) ete. may be. 
obtained by continued multiplication. Thus, 

(a+b = (a+b)? x (a + b) = (a?  2ab +b”) х (a+b) 
; =a? + 2a?b + ab? + а + зар + B= di + 3026 + За + 09. 

Similarly, (a — b)? =a? — зар + зарыг p, 

(a + b = ай даб + бай + даб? + 5, 

(a – b) = a — дазь + ба? - gab? + D^, etc. 
These products occur frequently and it is convenient to be able 
o write them down without doing the working. 


y ss 
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140. Expressions containing several letters. 

Example 8. Multiply x? Жу + 22 – any — aye — 22x by x+ у-2. 

Choose опе letter, say х, and arrange the expressions in des- 
cending powers of that letter. In writing down the second and third 
partial products, place like terms in the same vertical column. 

Xi-2xy-2xz +y? -оуд +22 
=2 


х +y 
х8 — 2x*y — о ху? – 2хуа+ хэд К ^ 
xy — 2xy* — 2xyg +y- 2у?г+ 4 5 
Nu + 2хух + 2x2? - 92242) Li 


ай- aty gata xy! — олуд ay 3072 + 3yz 
Or, using brackets to enclose the coefficients of terms in x, 

Х2- 2х(у+а)+ (9? — 2yz + 22) 

х +(y-2) 


98 — 233 (y + 2) +x (y2— 2yz + 22) 
a? (y — 2) — 2x (y2 — 22) + 03 — 3y2e + зул — 23) 
x3- x2 (y 4 32) - х(0% + aye — 32%) 4 (у8— зуг + 3y2? — 2%), 


EXERCISE 70.4 
Expand the following : 


2 2 2 5 
1. СЕЕ 2. cl) E 
qve s 3 2 ze x 


а хог 21 sp? 
3. 262 4. (14222). 
Expand the following, using detached coefficients ; 
5. (4x? – 3x? — ow + 5) (3x2 -4х-7). 
6. (т +æ- 247) (2+ 3x: — 32). 7. (553-дх4-2)(х24-х4-5), 
8. (7a - а? — 3) (за +а—3), 9. (718 —- 414 s) (sI? - 2). 
10. (3242 — sega + 26а) (4c? — 3cd - 24?). 
Expand the following in ascending powers : 
11. (1- 3x4. 24? — x’)? as far as x3, 
19. (253 — s? +x- 2)? as far as x4, 
18. (1-с+ )(1 — 40° — 63) as far as сї, 
14. (2 +31? - I5) (s – 28+ 314) as far as 14, 
Find the coefficient of : 
15. а in (1 - à? а3)(2 -a- sa?). 
16. a‘ in (1 - 24 — 4а3) (3 — q3 — 549). 


хх] HARDER MULTIPLICATION 295 
17. х3 in (1 — 2x - 3x? + 5x9). 
18. дЗу? in (sa? — 7xy? — 239) (ay — sxy — 289). 
Expand the following : 
19. (a - 2b + 3c)". 20. (sa-2b-c). 91. (2a-5b*3c- dy. 
99. (a-- 4b - sc- 3d. 28. (2x - 1). 94. (за! + 58)“. 
95. (а? + 5242 — ab - be - ca) (a b e). 
96. (zxz + 522 — 222 – 3? — вуз c Axy) (ax — 52 + 45). 


EXERCISE 70.b 
Expand the following : 


1. (22-2) (2-43): eu ай 8 a) (Eira). 


a? b ађ\ үза 25 21 5 yi 
a (EP-D) & (4-39) 
Expand the following, using detached coefficients : 
5, (4c3 — 3c? — 11e4- 2) (2c? - $с+ 9)- 
6. (2 -x+ 352) (5 — 2x + 2x?). 7. (3х2 - ох - 2) (22? - 3). 
8. (5à? — 9a — 2) (7a? + 4). 9. (348 — ad? - s) (3d? - d - 4). 
10. (5х2 — 2xy* — 6y9) (2a? + 39° — 555). 
Expand the following in ascending powers : 
11. (Ga — a? — sa +4)? as far аз a. 
19. (5 - 2x — 4х5)? as far as x*. 
18. (2t - 38 + 1) (3t - 21? — 50) as far as p 
14. (2 - x — za) (x + 3x — x°) as far ав x?. 
Find the coefficient of : 
5. а in (s - 2a - 2@) (1 - а+ 3a?). 
16. х4 in (3x 54448) (ax = 3 2) 
17. у? in (6? +  - 4y) x + y? = 29). 
18. ра? in (7p? - spq-- 4g") (3p? 40 - 59). 
Expand the following : 
19. (2a - 3b + o. 90, (a—-4b--2cy. 91. (a - 3b - 2c + 5). 
99. (“4-5-с-74). 98. (2х- 5). 24. (2a + 30)“. 
95. (34? — 24. sc — заб bc 2са)(за -26+40). 
26. (4In +12 — sm? — дтп - 21т)(21- n + 3m). 
141. Detached coefficients may be used in division, as in 
multiplication. In the following example the work is set out in 
abbreviated form. 
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Example 4. Divide łat- 2a°b + lab? — 8564 by ta? — iab + 18, 
1-1444-14044-26(1-о-4 


4-1-4 
2, 
0-4-1 
о+о+о 
3 3 
Sect 
Deb 


The quotient is 3a? – 352, 
142. Expressions containing several letters, 


Example 5. Divide a? +b 3 — sabe byat+b+e. 

Choose one letter, say a, and arrange the expressions in des- 
cending powers of that letter, 
at+(b+c)) аз — 3abc + (68+ 3) ( a? — а(Ь- c) + (b? — be +02) 

аз - a? (b 4- c) 
- a* (b - c) — abc 
-@(b+0)-alb+c)? 
+a(b? — be с?) + (63+ сЗ) 
talb? — be + c?) + (63 + 3) 

148. The following results may easily be verified; they are of 
considerable importance and should be carefully noted. 

(А) (42-02) (а-)=а+ b, 

(a? - 5) —-(a—- 0) =a? + ab +b, 
(а^ – 84) — (a - b) = a3 + gb + ap 4 63, and so on. 

Any expression of the form a^ — b", where n is an integer, is 
divisible by a-b. In the quotient all the terms are positive and all 
the coefficients are 1, . 

(B) (42--59)--(0--5)--02 - ab +. b2, 

(aë + 6°) (a+b) =at- ab + 2? — ab? + bt, 
(a? +B) (a+b) — df — ahh + ab? сар „дл аро, 
and so оп. 

Any expression of the form q^ Eb". 
is divisible by a+. In the quotient 
+ т апа -r. 

(С) (42-59-4042)-а-8, 

(21 — b4) (a+b)=a? -ab + ab? — 63, 
(af - 08) (a+b) =a — ath + аз: азыг + ght — b^, and so on. 


; Where z is an odd integer, 
the coefficients are alternately 
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Any expression of the form a^ — 5^, where п is an even integer, 
is divisible by a+b. In the quotient the coefficients are alternately 
+тапа - 1. 

(D) The expressions а? + 52, at+ bt, аб - D6, or in general a^ +b”, 
where n is an even integer, are not divisible by a+b or a - b. 


EXERCISE 71.a 

Divide : 
1. в зав + 43 by са. 2.8 — уЗ Ьу 3-5. 
3. 213+ 513 by 31+ $m. 
4, И 58 Р-Н ВБР 

Divide, using detached coefficients : 
5. 4+ 6d- 27d? by 2—34. 
6. 224-9234 42? - 25 by 223 — 32 +5. 
7. 16 - 22x + 3333 — 2249 + 33* by 2 - + 3x7. 
8, 51-259 - 15y? + 159+ 32 by У*—3У—5. 
9. 6x41 yxy? — 21xy* + оху — x by ах?  5Xy — 1. 
0. 6с5 — ch ro- 1462 - 25 by 36 4c 5. 

Divide : 
11. x: 454 by x? - 2ху+ 25%. 
12. à? - b?+ 3 + 3abe by a - b c. 
18. ба? 12b? —  — ab -- ac 4 7be by 2a - 3b +c. 
14. a? - b? + 8c? + babe by b-a- 2с. 


15. 16c* — d? by 2c d?. 16. 48-18 by a? - 2°. 
17. 64- y? by 2- y. 18. +125 by +5. 
19. 312555 + 3215 by 27+ 55. 90. x9 - y” by х? + у°. 
EXERCISE 71.0 
Divide : 

1. 4a3 — 8226 - Sab? — 363 by ta 35, 4 

2. dx? + 8y3 by 3+2. 8. 278 – ват? Бу 31-1". 

4. 2-18 bx by ад +5 - 3% 


Divide, using detached coefficients : 
5. 268 + 36? — 19¢ +15 by 26-3. 
6. sa! — да? + 3a?b? + 22488 + 8588 Бу 50 - 340 + ай, 
7. r2ch+ B— 8 —2-+70 by 1 20+ 30 
8. — 3 +14p?— agp? + 13b + хор! by 40 - 3 * 2р. 
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9. 47 + oy - 359 + 44y 10 by y? - 4y - 3. 
10. 6- 2t- i1 - 40° +25 by 8 4t 2. 
Divide : 
11. à? P - c? + 2ab – 2bc - 2ac by ab — c. 
12. 27d? + 18cd +8 - by c- 3d - 2. 
18. 81? — 83+ 36xy +27 by 2x — 2y - 3. 
14. ab- a?c-- bc - аб? + ac? - be by a-b. 


18. x* - 1 by x 1. 16. 243 -aë by 3- a. 
17. 6448 – b? by 2a +b. 18. 243x? — 312545 by 5a — зх. 
19. 28-68 by а? +52, 20. a* + ab? + b^ by а? + аЬ +b. 


Functional notation 

144. A function of x is often represented by putting х in a 
bracket and prefixing some letter, usually f or F. 

Thus f(x), F(x) denote functions of x. It should be particularly 
noted that f, F are symbols denoting functionality and not multi- 
pliers. 

The value of f(x) when x=a is represented by f(a). ‘Thus, if 
F(x) = (2x — 1) (38+ 2), /(а)= (2a - 1) (3a + 2), 
f(s)-(2.5-1)(3.52)-9.17—153, 

F(a + 3)=[2(a+3) - x][3(a-- 3) + 2] — (2а+ 5) (за+ 11). ; 

Similarly, F(x, y) denotes a function of x and у. Thus, if 
F(x, уугад - у, F(a, b) =a? - P, F(3, 1) 232 - 12-8. 

The Remainder Theorem 
145. 'T'he following example in division is very important. 
x-A] ax? + bx? + ex + d [ ах? + (b -- аһух + (c + bh + аһ?) 
ax? — aha? 
(b + ah) x? + сх 
(b + ай)? – (bh + ah?) x 
(c bh+ah)x+d 
(c+bh+ аА?ух — (ch + bh? + ah?) 
4+ ch + bh? + ah? 

Here the division has been carried on until the remainder does 
not contain x, and its value is the result obtained by replacing X 
by A in the dividend. This is a particular case of an important 
fheorem known as the Remainder Theorem: if any rational 
integral function F(x) is divided by x — A until the remainder does 
not contain x, the remainder is F(h). 
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This may easily be proved for all rational integral functions. 
For, if F(x) is divided by x—h, it is possible to continue the 
division until a remainder is obtained which does not contain x. 
Call this remainder R, and let Q(x) represent the quotient. Then 

F(x) - (x - h)Q(x) +R. 
[Just as in Arithmetic when we divide 17 by 5, 17=5*3+ 2] 
> This is an identity which is true for all values of x. 

[In any given instance it may be verified by multiplication. 
Although we naturally obtain О (а), if necessary, by division, the 
final result is not dependent upon division byx-h. It is therefore 
legitimate to put х=Й in the final result, although division by 
h-h, or zero, is impossible.] 

Let x=h. Then we get 
F(h)=R, for R is independent of «, and (x – А)О (х) becomes 
o x Q(R) —o, since Ọ (h) is finite. 

In other words, the remainder is obtained by substituting A 
for x in the dividend. 

More generally, if we divide by hx +1 until the remainder does 


not contain x, that remainder is equal to F Ci T For 
F(x) = (hx +1) Q(x) +R for all values of х. 


eee ee then 
0-0 
ie. r=F(-}): 


Example 6. Find the remainder when 28—52 +6х-3 is 
divided by 2x 4 т. j 

'The remainder is obtained by substituting -4 for x in the 
dividend and is 

аа ЮЕ 

It is possible to extend this method to divisors of higher degree 
than the first. Whatever the degree of the dividend and divisor, 
each successive remainder in the process of division is of lower 
dimensions than the preceding one. Thus the division can be 
carried on until the remainder is of lower dimensions than the 
divisor, 
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Example 7. Find the remainder when 4x4 — 2x + 2x? - x4 5 is 
divided by 2x? — 4x 4 1. 

Let Q(x) be the quotient. The remainder is of lower degree than 
the divisor; it is therefore of the first degree and of the form 
ах +b, where a and b do not contain x ; 

x 4x — 2x8 233 —х + 5 = (23 зл) Q(x) -- ax 4 b. 45138) (i) 

The factors of 212 — 3x т are (2x — 1) (« — т) and we substitute 
in (i) the values of x which make the divisor zero, i.e. x— r, х=}. 
The object of this is to make the term containing O (x) zero, thus 
making it unnecessary to calculate the quotient, 

Put x=1, then 8=0+a +b. Put «=4, then 

хаз орар 
4 4 2.2 2 
Les 5 = +5. 
Solving, we obtain а= 6, b=2; 
`. the remainder is 6x +2. 

This method is not of much practical value unless the divisor 

breaks up into factors of the first degree with rational coefficients. 


EXERCISE 72. а 
1. If f(x)=x? -x+ 1, find the values of f (s), f( 2), f(3), Ло). 
2. If f(x) = 3з - ax — 5, find the values of f(4), FG), f( - з), Ка). 


8. If f(x) -(4x--1)(3x—5), find the values of f(-1) f(- 8 
f(a-- 1), f(x). 


4, If F(n) = $n (n + т), find the values of F(30), F(n - 1), F(-7); 
F(n- 1) - F(n). 
"И P0)—2^ -1, find the values of F(6), F( 1), К(п+1), 
F'(2n - 1). 
6. If F(x, y) — ~ 9%, find the values of F(3, 2), F(x, 1), F(a, b), 
F(a- 1, +1), 
Find the remainder (not containing x) obtained on dividing : 
7. х8- Ax! E Bx - 5 by y — 2: 8. 333 — 242 — 4x 6 by x4. 
9. 8х2 — 6x — 33 by x t, 10. ox? — 532-7 by x 3. 
ll. 2x - 5x3 231 хо by 2x - s. 
12. ЗА + 233 — 3x3 аху by 3x +2, 
18. 233 - gx? — y% + 14 by 2x 4 1. 14, 4x? +x? — 9x — 11 by 45-3. 
15, 2x4 — 658 — x24 12w- g by «+2. 


ex 
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16. 21x4- 213x? + 197% — 4 by x — 1. 

Find the remainder (not containing x) obtained on dividing: 
(What conclusion do you draw in each case?) 
17. 448 - 8х2 - ох-9 byx-3. 18. А+ 8x? + 19x+12 by х+3. 
19. 433 — 4x? - 23х + 30 by 25-3. 
90. ax4+ 3х3 – 51a? -- 22x + 24 Бу 2х1. 

What is the value of a, if 
91. aci- 3с3 + ac — 6 is exactly divisible by ¢+2? 
99, ax? — 7x2 — ух + 3 is exactly divisible by х= 3? 
23. 1454 - 27x3 — ох? + тох а is exactly divisible by #— 2? 
24. 3x4+ ax? + 58x + до is exactly divisible by x+ 5? 

Find the remainder (of the first degree in x) obtained on dividing: 
95, 431— 1633 + ох? + 3x — 33 by 232 - 55-7. 
26. 2x4- 733 + 1242 — 11x —7 by 233 - 3x — 2- 

Determine a and b in order that : 
87. 3x4 +23 + ax? + sx +b may be exactly divisible by x - 1 and x * 2. 
28. axt- 233-1 bx? — 6x — 9 may be exactly divisible by x*-2x-3. 


EXERCISE 79.9 
1. If f(x) = 23? — x — 1, find the values of f(7), f( - т), FÈ), f). 
B. If f(x) = 2 — sx-t т, find the values of f(3), f(- 3), fG) ©). 
8. нө ах —т)(х +4), find the values of f(2), f( — 2), f- B» 
а- 2). 
4. If F(n) — 4^ — т, find the values of F(t), F(3); F (za), F(3n - 1). 
5. If Е) -(3n-4) (2n - s), find the values of Е(5), F(-3» 
F(n — т), F(n4- 4). 
6. If Fix, y) (ху), find the values of F(5; 2) Е(2, - 2), 
F(x- 1, у+т), F(2a, 39) А 
Find the remainder (not containing 2) obtained on dividing : 
аа ауа 
9. 4x5 — 3x — 9 by x-+2. 10. 53-2 -зБухтг. 
TL, 2st- заз + 82% - 4x — 3 by 2x - 3- 
19, 3x! 33 - gx? + 6x — 5 by 3x 1- 
18, за ый -зх-1Ьузх+2. 14. xax mirs гуед" 
15, 4-53 2424 11x — 5 Бух +3: 
16. 15-9542. 11752 — 51x-10 by X- 1. 
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Find the remainder (not containing x) obtained on dividing; 
(What conclusion do you draw in each case ?) 
17. x3 + 3x? - rox — 24 byw+4. 18. 23-8424 9x - 18 by x-3. 
19. 4x°+ 8x2 +9x+9 by 2x +3. 
20. 4x! 229 - 2x9 - y 1 by 2x - 1. 
What is the value of & if 
91. 2x!— kx3 — x — 6 is exactly divisible by x — 2? 
98. 3x? 723 -- kx — 3 is exactly divisible by x +3? 
98. Rx1— 239 — x? + on — 4 is exactly divisible by x + 1? 
24. sx*— 233 — 16x24 8x +h is exactly divisible by x+ 2? 
Find the remainder (of the first degree in x) obtained on dividing: 
85. 3x*-- 703+ 15x24 2x — 15 by 33? - x — 2. 
96. 12x4 — 1333 — 5733 + 32x +8 by 4x2+ sx — 6. 
Determine a and b in order that 
27. ax*-- 235 + Бо? — 14x + 24 may be exactly divisible by x — 3 and 
X4. 
28. gxt + ax? — 2752 18х + b may be exactly divisible by x? + 2x - 8. 


Square root 

146. It is usually possible, when given an expression which is a 
perfect square, to write down its Square root by inspection and 
check by the rule stated in Art. 138. The general method is 
shown in the following example. The pupil who is familiar with 
the arithmetical method will have no difficulty in following the 
work, but the general method should only be used in the last 
resort. It is better to use methods of inspection, if possible. 


Example 8. Find the Square root of 4x*+ 433 — ух? — Ax +4. 


232-х-2 
) gat qa — qt — 
Textes ) 4X3 — 7x2 
43+ х 
4 4%+2х-») = 8x2 


The square root is = (2x7 + - 2). 


{The divisor at each stage is obtained by doubling the terms of the 


square root already found and adding on the new term that is then 
being obtained. 


xxit.] SQUARE ROOT 
In the above working 


(i) = the given expression, say у, 
-e Gi)=y- Ge, =. 


(0) = (0) - Gv) =y- (222)? - (2: oa? x)xmy- (294%), 


(vi) = [2 (22? + x) - 21( - 2), 
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(vii) - (v) - (vi) =у - (225 + x) 4 (239 0) 24508 (aot x - 2. 


But (vii) =0, 2. y- x! +х- 2y. 
EXERCISE 73.8 

Find, if possible by inspection, the square roots of: 

1. a? + 4b? +c? — 4be 2ac - 4а. 

9, 9x! + 16y? + 427 + 24xy — 122 — 16yz. 

8, 4 — 121m + gm? + 16 – 24mn + тбл. 

4. 2534 — 30x2y2 + 9y! — 10x72? + 6y222 + 24. 

5. 4d! — 448 + ва? - 2a 1. 

6. 424 — 12486 + 25426? – 24а + 1654. 

7. 25x6 — тох® — gxt + 2249 — 5x” — 6x + 9. 

8. 1658 — дох5 + 49x* — 46x + 29x? - 12x + 4- 

9. 49 +x + 4x? + 1458 — Ax — 28x. 
10. 1608+ 48 — 24x5y — 4x5 + 25545 + тоу — гох?у?. 
11. 96+ 22/42 + Im^ + 12lm5 + 4m’ — 12]9m. 


12, мт £ А28 
wh qc 2x og tant a y 2+. 
EXERCISE 78.59 


Find, if possible by inspection, the square roots ОЁ: 

1, a - gb? +c? + 6ab — 2ac — bbc. 

8. ox? +y? + 427 — бху — 12x23 +4У2- 

3. 4 — зори + 25m? — Ат + 10mn v. 

4. 4х4 — 16x2y2 + 1635 + 20x72" — 40y!2? + 2522. 

5, at- 6a3 + 13a? — 12a * 4- 

6, 14 — 213m + 512m? — Alm? + 4m. 

7. 435 — 4x54 1333 — 26x3 + 19x? — 30% +25: : 

8. 0:5 1235 — 2x4 + 2848 — 15% — 8х + 16. 

9. 9уб + x8 — Зх5у — тахуб — 22x89 + 28x + гох 
10. 25 + 16x5 + 4x2 + зох — 40x? — 1624. 
11. a8 + 496% — бай — 144953 + дад" + 42465. 


18, aot + ont 16 - 1239 + 16x — 24+ 


CHAPTER XXIV 
HARDER FACTORS 


THE FACTOR THEOREM 


147. In Chapter XXIII we proved the Remainder Theorem, 
Le. that if any rational integral function F(x) is divided by hx+l 


t з 1 
until the remainder does not contain x, the remainder is Е (- i). 


If F(-1)=o, then x+ is a factor of F(x). This result is 
known as the Faotor Theorem, 


Examplel. Find the factors of 2x4 — 3x3 — 3x -2=F (x), 

The only possible factors of the first degree are (x — 1), (x т), 
(x - 2), (x2), (2x - 1), (2x4 1). [There is no need to consider 
(2% — 2), (2x: + 2) for these contain the factor 2, which is not a factor 
of the given expression, and when this factor has been taken out, 
the remaining factors (x — т), (x+ т) have already been considered.] 

We therefore work out in Succession F(1), F( — т), F(2), F(- 2), 
Е(3), F( — 3), until a zero result is obtained. 

F(1)= 2- 3-3-2- 76, .. (x— т) is not a factor. 
а 22658008 (x + т) is not a factor. 
F(2-32-24-6-2-o, © (x — 2) is a factor. 

By division the other factor is 208 + 2+ on¢7, = f(x). We now 
test for factors of this, There is no need to test for (x — г) and 
(:4-1), so we now work out f (2), f( — 2), f(3), f(-2). 


F(2)=16+44441=35, -. х-2 is not a factor. 
fl- 2)= - 16 +4- 4415 - r5, +. X2 is not a factor. 

FAD)=t+h4 141-93 ^. 2x- r is not a factor. 
ЛЮ о, +. 2X т is a factor. 


By division the Temaining factor is А+ т, which cannot be 
factorised any further, 
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that there cannot be any factor of the type (hx +1), if A and / have 

AN ЗЭЭР ра ЭС S 
opposite signs. For in that case -735 positive ; f (22 is then 
the sum of four positive terms and cannot be equal to zero. In the 
above working, therefore, we need not have worked out f(2) 
and f(z). 

Similarly, in searching for the factors of F(x) =3х3 - 333 +X- 5, 
there is no need to work out F(3), F( 3), Е ($), Е(-3), for in each 
case, after cancelling, the first term has a denominator 9 and all the 
other terms have denominators less than 9. It is therefore im- 
possible for the expression to equal zero. 

If the pupil constantly bears in mind such considerations, the 
Work is not often unduly laborious. 


EXERCISE 74.8 
Use the Factor ''heorem to prove that : 
І. x— 1 is a factor of 4x? — 9x? -- 3x 2. 
2. хт is a factor of 4x3 + 9x? 4- 7x 4-2. 
8. 2x-- 3 is a factor of 243442 — 9x — 9. 
4. (5x — 2) is a factor of 5x? — ух — 8x 4. 
Use the Factor Theorem to find the factors of : 


5. a - 5x44, 6. x39-a4xbpx 6. 7. 3x 2x 0 5. 
8.x eT + тбх +12. 9. a3- 190-30. 10. 218+13/ - 36. 
П. 3-38. 1064 24. 19, I1 B - 2 2L 4. 


18, 2х 533 — ox? + 11x — 4. 14. sx4+ 1133 — 18x? - 19x - 3. 

15. бм+ 1343y + зх®у® + дху®-+ ayt. 16. 248- 1482 - t4 1. 

17. 3058 — yiL 6x47, 18. goa? + 13а? — 40a + 12. 

RM that the following expressions have no factors of the first 
With rational coefficients : 

19. xt- 302 4 45-3. 20. xt + 2x3 — 333 - 4x  3- 


EXERCISE 74.b 
Use the Factor Theorem to prove that : 
* - 2 is a factor of x? — 6x? + 11x — 6. 
X+ I is a factor of 58 + 11x? - 4x - 2. 
4X — 1 is a factor of 43? — sx? - 11x 3. 
* 8-5 is a factor of 20+ 17x - 2x? — 359. 


MENORES 
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Use the Factor Theorem to find the factors of : 


5. 2x3 + 3x2 — x. 6. х3-+ 62? + 11x 4-6. 

7. х? - 3x3 — Ax — 12. 8. x3 6x 5. 

9. 213 + 31? — 121 — 20. 10. а3- а? – тоа - 8. 
11. 14+ 4I I? + 141 4-40. 12. --8c- 9c - 18. 
18. 2х*- 1330 F193?-- 5x — 4. 14. 4x* + 11x3- 473? - 9x t 5. 
15. 68 - 1122+ 6t - 1. 16. ox4 + 15x3y — 35x3y? + say? + бу, 
17. зоа? + 67а? — 28а - 20. 18. 30x? 19x? - 1. 


Show that the following expressions have no factors of the first 
degree with rational coefficients : 


19. xt- 33? — 2. 20. xt- 2x? + sx? — 4x 4 3. 


The sum or difference of two cubes 
149. If f(x) 2x3 — à9, f(a) о; .. x-a is a factor of x8- a. 
The other factor, obtained by division, is x? +ax + a?. 
Similarly, if F(x) -x3--a3, F(-a)=0; ~. «+a is a factor of 
х3 +аз. 
The other factor, obtained by division, is x? — ax + a?. 
We have therefore the following identities ; 
(x? — 83) = (x — a) (x? + ax + a?). 
(x? + a?) = (x + a) (x? — ax + a?). y 
It should be noted carefully that the sign of the middle term 1 
the second bracket is opposite to the sign of the second term in the 
first bracket. р 
By means of these identities, апу expression which is the sum 
or difference of two cubes may be factorised. 


Example 2. Find the factors of (1) x? + 279, (ii) 8x3 — 125. 


Gx +2798 = («+ 39) (32 - x(3) + (3)9) ү 
=(x+ 39) (a — зху + оу®), 3» 
(ii) 8x3 — 12593 = (2х — sy) (22) + (2x) (55) + (53)2) “ 
= (2х — sy) ax! + roxy + 2557}. 57 


It is а good plan to write in the margin the numbers which are 
cubed, 
Example 8. Factorise (x – 2y)? + 27 (3x — 2у)8= Е. 
E=[(« - 25) 3 (3x: - 2y)] Wer 
xl&-2y*-3(x-25)x-2y)-9(3x-2»?] — 3(5x- 22 
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-[1ox - 8y][x? - аху + 45? — 3 (3x? - 8xy + 4») 
+9(9%2 – 12xy + 43?)] 

=2(sw - 4y)[x® — 4xy + 49? — 9А? 24Xy — 125? + 81x" 
— то8ху+ 365*] 

=2(5x — 4y)[73x" — 88xy + 28y?]. 


EXERCISE 75.4 
Find the factors of : 


1, @+т. 2. 833 - 1. 8. 1 - Py. 

4. 1+ 88. 5. 3-27. 6. 83 +27. 

7. 343-18. 8. 5$ — 125. 9. 8х6 + 1255828. 
10. № + 64b. 11. 2713 - mên’. 12. 34335 - 10000". 
18, 21+ 250m’. 14. 3430+ 108%. 15. 3268 - 42. 

16. 5120353 +125. 17. 6+1. 18. 1°- mê. 
19. 27 - 4%. 20. 818 – 1ooox*. 
01. 64x? - (3x – 5у)?. 99. 313+ (51-3). | 
98. (72+ 59)? - (3х + 29. 94. 27 (8x - 359 - 8(2x - 40)". 
Я EXERCISE 75. 
Find the factors of : 

18-1, 2. ЗАВ +1. 3. 1+0. 

48-6. 5. 8а3 – 2763. 6. 2°+27- 

7. aè- 64. 8. 27a° +636. 9. a? +125. 

10. 343 + 82°. 11. 27а +1000). 1. 12518 - min’. 
18. 242 - 36°. 14 22 50 ОЕ 2213 
16. хоё + 64048. 17. а%-1. 18. x6 «»*. 

19. 469+ оог. 90. 8х8 — 1259" 

21. 12563 — (2a + 38). 99. 273+ (5x - гуу : 
28. (8х— 3y)8— (2х дуў. 94. 8(7x- sy) 12535122): 


Factors by grouping terms. Harder cases л 
150. Many expressions may be resolved into factors by choosing 
one letter, and arranging the expression jn ascending ог descending 
Powers of that letter. i 
Аз a rule it is better to choose first the letter which occurs in the 
lowest degree, but each letter should be tried in turn before giving 
Чр the attempt to factorise. 
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Example 4. Factorise 2ax? — 3x — 2ax — 6 - 12a. 

The highest power of a is the first, and of x is the second. So 
we arrange in descending (or ascending) powers of a. 

The expression equals 24x? — 2ax - 12a - 3x - 6 

—2a(x* - x - 6) - 3 (x +2)=2a(x — 3) (x - 2) - 3 (x ^ 2). 
[It is now clear that (х + 2) is a factor of the whole expression] 
=(х+2)[2а(х - 3) - 3] or (~+2)(2ax - 6a — 3). 

Example 8. Factorise a?(b — c) -- (c — a) + P (a — 0) — E. 

The highest power of a is the third. So also is the highest 
power of b and of c. We may therefore choose any letter, say a, and 
rearrange in descending powers of a. 

Е=а36 — ac — ab? + ack + 5с — b! 
— a (b — c) - a(b? — c9) + bc (b? — c9). 

[It is now clear that (b — c) is a factor of the whole expression, 
for (b? — 2) and (b? — c?) are each divisible by (b — c).] 

= (b - с) [а — a(b? + bct c?) + bc(b 4- c)]. 

In the big bracket the highest power of a is the third, of 5 is 
the second and of c is the second. We therefore choose either b 
ог c, say b, and rearrange in descending powers of b. 

Е= (b - c)| - ab? + bc — abc + be? + аз — ac?] 
= (b - c)|b* (c-a) - bc(c — a) - alè- a?)]. 
[It is now clear that (c - a) is a factor.] 
—(b - c)(c - a)[? + bc — a(c4- a)]. 

In the big bracket the highest power of c is the first, so We 
rearrange in descending powers of c. 

E- (b - c)(c - a)[bc — ac +b? — a] 
=(b- c)(c - a)[c(b — a) - 0 — а]. 

[It is now clear that (b — a) is a factor] 

—(b - с)(с- а)(Ь- a)[c - b - a]. 

Ап expression like this, which is unaltered by changing a into b, 
b into c, and c into a, is called a cyclic expression, with respect to 
the letters a, b, c. 

The interchange of letters is called a cyclic interchange. 

In dealing with cyclic expressions it is usual to keep to the cyclic 
order: a-b, b-c, с-а. Thus, in the above expression the third 
bracket (b — a) is usually replaced by – (a-b), and the expression 
written - (b — c) (c - a) (a - b) (a-- b -- c). 
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Expressions such as a(b—c) +0%(с- а) + с(а – b) may also be 
resolved into factors by using the Factor Theorem. We shall 
return to this later in this chapter. 


151. It is sometimes a good plan to group together terms of the 
same degree. 


Example 6. Factorise х? + 2% + 4y + 29" + 3% =. 
Group together the terms of the second degree, and also the 
terms of the first degree. 
Е= (х? + 3xy + 29") + (2x t 49) = (x y) (w+ 29) + 2(х+ 2y). 
[It is now clear that (х + zy) is a factor of the whole expression] 
= (x + 27) (x+y +2). 


EXERCISE 76.8 

Factorise : 

1. гах! — 5x +5 + ба — 8ax. 9. 3bx? - 2 - 2x — 6bx - 9b. 

8. бах? — 2x 4- 2a + I — 7ax. 4. 6 - 6ex + 86 3х +сх?. 

B. sb — 6x + 4bx? — 3 + т2Ьх. 6. ох?у - 8y - бх+ Oxy + 4. 

7. à? (b — c) - B3 (c— a) (a - D). 

8. а (аЬ c) X bc(a-- b- с) + са(а+Ь+ c) абс. 

9. 22 (y — 2) – у (s — x) + а(х) - 245. 
10. (a - Бу(а +? (b - с)(® +6)? + (c - a) (c аў. 
11. a^(b — c) + bM (c — a) *- e*(a - D). 
19. (m? — n?) + m (и? — 12) +n? (В — m). 
18. x2+5x+5xy+6y2+15y. 14 х2 - әх - 2y + 6xy + 597. 
18. з3у9—-у—2х+7ху +2. 16. 5x? - y? + 10%- 2Y +4XY. 
17. 6x2- rzy- 6y? +8x- 5xy. 18. 6y? +3% — 2y - 17Xy + 1237. 
19. sxy-6y?- т2х+8у 6х. 20. 8х?у + 4x? – зоху- 10x +257. 
21. уху — 155+ 3x — 2y + 15889. 22. roy? + 153? + 4у — тох - 31Ху. 
98. 15x? +4у-+ 2x - 8 — бху. 24. 14x? — бх + 17xy - by" - 9y. 
25. 143? - 25xy — 355-257 255". 
96. 2+зу-+ 4x + 12xy — 16x", 
97, Ay iui тух 14xy 2 6, 28. ов - 25x— 915-91, 


EXERCISE 76.1 
Factorise : 
1. sax? - 3x - 2a — 6 дах. 9. дах? -x+ 54+ X - дах. 
8. 2bx? + 21b - 9 — 13bx + 3%. 4. 12-110" - 8x — 66+ 10657. 
5. 6x!y – 10 - 15y - 6x + xy. 6. їїху-7-2Х-35у + Oxy. 


М.А. т, 
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te aè (b+ c) +6 (c +a) + c? (a+b) + 2abc. 

8. ab(a — b)  bc(b - c) + са(с - a). 

9. a(b - c --b(c— aj  c(a -by. 
10. x? (y +2) - у (2+) +27 (x =y). 
11. 2 (m? — n9) + m? (пЗ — 18) + n? (18 — m3). 
12. х(у®— 22) - y(22 — x?) + (a? -y?), 
18. x? — 352 — 34+ 9y — 2xy. 14. + 3x - xy- 12y — 20%. 
15. 3x? - y*- 5y- 150+ 2ху. 16. y - 4x* - ву? — 4x+ 19xy. 
17. бу? — 3y - 4x + ху + тах, 18, 8x24 14x — 15? — 35y— 140), 
19. 15x?y + Ay - ox? — 17Xy — 16x, 
20. roy? + 6x + 31xy + roy + 157°, 
91. 14x? + 21x - b6y2+ by - 17xy. 
22. 25x" + 13x + 30x + 30y — тох2у, 
28. 30x - 2xy - 24y*-- 36y-+15x2, 24, 6x24 42у - 5x — 21 — 184). 
25. 552-25хУ-063- 38x — 35у. 
26. 1449 — 257 +35% — 25y + 25ху. : 
27. 4 6y-28x-27xy--4sx?, 98, 21y? + 3y — 8x — 5оху - 16x 


Harder trinomial factors 

152.* The method given in Chapter XVI (Type III, Method 
1) is very effective for reasonably small numbers, but may be very 
tedious if the numbers are large. The numbers may be large 
either because of the Presence of a very large prime factor, in 
which case the work remains reasonably short, or because a 
number of prime factors occur several times. The following 
examples show how the working may be shortened. 

Example 7. Factorise 72x" + 17xy — 722. 

We must find two numbers whose sum is +17 and whose 
product is -72Х72--28, 34. We might proceed as before and 
take a table in which the first column contains unity and multiples 
of 3, the highest prime factor. But the work may be shortened by 
noticing that 17 is divisible neither by 2 nor by 3. It therefore 
cannot be the sum of two even numbers or of two numbers divisible 
by 3. 

It follows that one of the required numbers must contain 2° 48 
a factor, and one must contain 34 as a factor. In other words, for 
the purpose of forming the table, 28 and 34 may be used as if they 
‘were prime factors. We may therefore use either of the tables : 


^ 


| 


| 


| 
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- т 72х72 (obviously too large) ah 2x72 
- 64 81 81 = 64 
The numbers required are 81 and — 64, and 
72x! + 17xy — 728 — 7222 — b4xy + 81xy — 72y* 
= 8x (ox — 8y) + 9y (ox – 8y) = (9x — 8y) (8x + оу). 


Example 8. Factorise 64x* + 144ху — 243)”. 

We have to find two numbers whose sum is +144 and whose 
product is —64 x 243 = —2%. 35. ‘The work may be simplified by 
noticing that some of the factors of 144 are contained twice in 64 
(and in this case also in 243), i.e. 8 is a factor of 144 and 8? is a 
factor of 64. Also 9 is a factor of 144 and 9* is a factor of 243. 

We therefore write 8х=Х, 9у= Y. The expression then 
becomes X? + 2X Y - 3 Y?, and the factorisation is made to depend 
upon that of the simpler expression X? 4 2X Y - 3 Y, which equals 

(X4 3Y)(X- У) or (8x4 27y) (8x — 95). 

153. If the original rule does not quickly lead to a solution, it 
will nearly always be found that the method either of Ex. 7 or of 
Ex. 8 is applicable. In the last resort, however, the pupil may 
fall back upon the method of rewriting the expression as the 
difference of two squares. 


Example 9. Factorise 96x” - 20x - 875, =E. 


06 Íx? su pm 
E951» “ад 96 21025 
ова (ОК pea 1 
-96 {x 24. 5) ($ 96 24) 110 
TN 5\2 (25 +21000) 2255 
=96 (=- 5 ЕТІ: р = 285) 1425 
1425 


4416-37-00) 
pia: (+38) ( с 25) = og 02239 Gs 25) 
C Gaye as 


This method is always applicable, but it should be used sparingly, 
as it is nearly always possible to find a shorter method. 
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154. The following device is sometimes useful, 


Example 10. Factorise (0 t+ xy yt E; (ii) 34 yt Р. 
(0 Е-х 23384 у4 xy = (x? 4 2) — aya 
= (2? ну? xy) (x2 +2 ху), 
(1) Fx4+ 2x2y2 уі 2522 (x? + y2)? — (7 ху)? 
= G7 tyt Va xy) (x? у V2 ху). 

155. The method of splitting up the middle term may be used 
to factorise the general expression of the second degree in x and у. 

Example ll. Factorise 832 — бху – 9y? + rox + 21y - 12— E. 

This may be regarded as a quadratic expression in x (or 5). 

We have E-832— 2x (3Y - 5) - (oy? — ary + 12). 

We have therefore to find two numbers whose sum is —2(3y - 5) 
and whose product is — 8 (oy? — 21y + 12) 

= -25.3(3*5-7y 44) 28.3, (3» - 4)(» - 1). 

Since the sum is of the first degree in y it is clear that (3y - 4) 
must be a factor of one number and (y — 1) must be a factor of the 
other. We therefore make a table containing numerical factors of 
(3y – 4) in one column. One factor is positive and one negative: 


We place the — sign where it leads to a negative coefficient of y in 
thesum, "Thus: 


(3У-4) — -a4(y- 1) 
2(3У-4)  ~12(y—1) 
-3(3У-4) 8(у- 1) 
-4(3У-4) 6 (» — т), and this is the pair required. 
Then B= 8x2 ge (3 ~ 4) 4 6x(y — 1) - 3(3y - 4)(y - 1) 


: Ax[2x — (3y - 4)] +39- x) [zx - (y - 47]. 
[It is now clear that ay — (39 — 4), or 2x — 3y +4 is a factor] 
= (23 -3y ax + 3 (y — 1)] = (zx - 3y +4) (ax +37 - 3). 
The factors of the above expression may also be found as 
follows : 


The terms of 
obtained as the Product of the first degree terms in the required 
factors. But 8x2— бху — 952 = (2х — 3y) (4х+ 35); 

^ the factors must be ах — Зу + a and 4x+3y +b, where a and b 
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Comparing this with the given expression, we see that we 
require values of a and 5, such that 


да+ 2b—10, а.е 0) 
за-з6=21, е (ii) 
AD = —12. eee (iii) 


Solving (i) and (ii), we obtain a=4, b= —3. 
These values satisfy (iii) and are the values required ; 
г. Е=(2х-3у+4)(4х+37-3). 
Note. It should be most carefully noted that we must find values 
of a and b to satisfy the three equations (i), (ii), (iii). It is essential 
to verify that the values of a and b found from (i) and (ii) satisfy (iii). 


Example 19. Factorise 2b% + 20a? + 2a°b? - at -bt — cà =E. 
Arrange Е as a quadratic in ад, in ascending powers, 
E= - (8? - с)? + 2a? (b? + c?) -at 
=(splitting up the middle term in the usual way) 

- (02 — y +а?(ь – c + a (b o -at 
- (b - Се + o? – а] + а + 0)? - а?] 
[Ф + с а?][ — (6 - o? + а?] 

— (b - c a) (b - c— a) (a b - c)(a - b4 o), 
or (a+b+c)(b+c-a)(c+a-b)(a+b- 0). 


И 


Il 


*EXERCISE 77.4 


Factorise : 


1. 45x? — 106 + 45. 9. 72x? + 65x — 112. 

8, 32x? + 6ox -- 27. 4. sox? -- 225Xy — 243)”. 

5. 27x? — 165xy — тооу?. 6. 40x? — 438x + 189. 

7. 1003? – 641x + 100. 8. 18x? — 165xy + 3759". 

9. зол? + 161xy — 39652. 10. 147a? - 42ab - 1440. 
11. 5452 + тобх — 125. 19. 24? + 310xy + 12557. 
13. 2504? – 435а+ 189. _ 14. 108/2 — 27 ит + 63тй. 
15, 80x — утх®у— 275у?. 16. 9ба? +812ab - 2450". 
17. 1603? — 1148% + 1029. 18. 1733? + 190xy - 2497. 
19. зоох? — r4oxy - 102957. 90. 144X? - 3370) + 1449". 
91. 2253 — 7o6x +225. 22. 315%? 66xy - 249". 
28. 9633 — 79x — 135. 94. 645? – 276xy + 1350". 


85. at 952 4 bt, 26. xt- 3325? + 9. 
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87. a* 4- ga?b? + 25b. 28. 4x4 — 16x2y? + 9". 

29. ct- eq? + 1644. 30. at+ 64. 

91. 207+ xy - 6y? -4х-у+2. 89. 6х2 тзху – 5V? — x - 23y - 12. 
33. 12x? + xy - 6y? - 31x - 2y +20. 

34. 15x?-- 16xy – 15y? — 9x + 19y — 6. 

35. 422 — 4xy — 35y? — 14x + 13y +12. 

36. 6x? — 31xy -- 5y? -- 16x - 7y — 6. 

87. 6x" — 13xy – 5y? — 16x + 23y + 10. 

38. 222 - xy - 6y? - 7y - 2. 39. 15x? + 16xy — 155? - x - 21y - 6. 
40. 12x?— xy – 6y? - зох — 3y + 18. 


*EXERCISE 77.b 


Factorise : 

1. 27x? — 96x + 64. д. 723? — 145x 72. 

8. 1503? + 175xy – 29452. 4. 363? + 97xy + 36y". 

5. 125x? + 220xy + 9бу?. 6. 98x? – 189xy - 405”. 

7. 294 +4551 + 125. 8. 1086? — 215са - 6342. 

9. 545? + 165xy — 2502. 10. 36x? – r9x – 8o. 
11. 243x? + 630xy — т25у2. 12. 54а? + 231ab + 24563. 
18. 512x? + 144x 45. 14. 80a! — 237a?*cd + 17504. 
15. тбох? — 444ху + 1895?. 16. 108x?-- 713xy - то8у?. 
17. 294x? + 595xy +1257. 18. 175x* — тдох? - 24. 
19. 392c* - 223cd – тоа. 20. 640x? — 1624xy — 1029)”. 
91. 64x?-- 204xy – 135y?. 22. 96x? — 241x + 135. 
98. 5123? — 176x — 1815. 24. бдох? — 616xy + 147). 
25. at- 6a?p? + bt, 26. xt + 7x22 + 1654. 
27. x*-- 2x%y? + oyt. 28, x4+4. 
29. a*+ 4a?b? + 1654, 30. xt- 15x2y? + 974. 


ЗІ. 207+ xy — бу? — sx t: Ay +2. 

32. 6x2 + 13xy — sy2+ 6x — 19y - 12. 
33. тах? + xy — 6y? — 32x — 7y +20. 

+ 1557 — 16xy — 15y? — 37x + 5y + 20. 
85. 4x? — Axy — 35? — 14x y + 12. 
36. 6x? - з1ху+ sy? ox — 13y- 6, 
37. 635 — 13xy - sy? 19x 4 sy + 10, 
38. 233 — xy — 6y? — 3x - 8y - 2, 
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39. 15x? – 16xy — 155? - 35X +139 +20. 
40. 12x? - xy — 6y? — 33x + 12y + 18. 
Further use of the factor theorem. Symmetrical 
and alternating functions 
156.* It has already been shown in Chapter XXIII, that 
++- 3abc=(a+b+ с) (a+b? + & — bc - ca — ab). 

This is an important identity which enables us to factorise any 
expression which consists of the sum of the cubes of three quantities 
diminished by three times their product. 


Example 18. Factorise 8x? — І +y? + Oxy. 
This expression is the same as а? +6 + -3abe, if а=2х, 
b= — 1, c— y, so that it equals 
(2x - 1+5) (4x? + IHY +Y- 2xy- 2x) 
or (ax y — 1) (ax? - any НУ 23 +y t 1). 
An important corollary is that a5-- b? c? =8аре, if а + b+c=0. 
In particular, (x - y)? + (y - 2)? + (z - x) =3(@ — (9 - z)(x =x): 


Symmetrical and alternating functions 

1575 A function is said to be symmetrical with respect to any 
set of letters it contains, if its value remains unaltered when any 
two of the letters are interchanged. 

Thus, 0248, a?-sab+b?, 203+ 5016 + sab" + 26° 
are symmetrical with respect to a and 0; 

&(х+у+а), katyte) + Цу + жх+ жу), 4024-34-29) — улул 
are symmetrical with respect to x, у, 2. 
The most general homogeneous symmetrical functions of the 
first, second and third degrees respectively in а, b, саге 
k(a+b+o); h(a? + 2+ 0) + (be + ca + ab) 5 
k (a3 + 8. c9) + Кафа -- atc ac + bc + bc?) + mabe, 
where k, Z, m are constants independent of a, b, с. 
. The sum, difference and product of any two symmetrical func- 
tions are also symmetrical functions. 

158.* A function E is said to be alternating with respect to any 
Set of letters it contains, if it is transformed into - Е when any two 
of those letters are interchanged. 

Thus 42-33, (х-у)(у-#)(#—%), 58-59 
are alternating functions. 
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The sum and difference of any two alternating functions with 
respect to the same letters, if not zero, are alternating functions. 

"The product of any two alternating functions with respect to the 
same letters is a symmetrical function, 

'The product of a symmetrical function and an alternating 
function with respect to the same letters is an alternating function. 
It follows that if one alternating function is divided by another 
(with respect to the same letters), the quotient must be sym- 
metrical. | 

The pupil should verify these statements by considering 4 | 
number of simple examples. | 


159.* X and II notation. The sum of a number of quantities 
forming a symmetrical or alternating function may be conveniently 
denoted by writing down one of the terms preceded by the symbol 
2. Thus Ха stands for the sum of all the terms of which a is the 
type, i.e. a +b, if the function contains the two letters a, b. 

Similarly Xa—a--b-c, Xbc— bc ca ab, 

ха (в а - 2) +b- a?) + clat- 05), | 
if the function contains the three letters a, b, с. If there is any 


doubt about the number of letters, these letters may be written 
below the 2, e.g. Z (5-9, 
abe 


Likewise, the product of a number of quantities forming а Уй 
metrical or alternating function may be denoted by writing down 
one of the terms preceded by the symbol П. Thus П (8-0) 
stands for the product of ай the factors of which (28-2) is the 


type, ie. (b-c?) (c-a?) (42 — 02), if the function contains the 
three letters a, b, c. 


Example 14. Factorise Xa? (b? — ЕЯ. 
E=a3(b? — 2) +53 (2 — a2) + 3(a2- p). 
This may be regarded as a function of a. By trial Е=о when 
a=b; 1. (2—6) is a factor of E. Similarly, it may be shown that 
(0-0) and (с-а) are factors of E. Е is therefore divisible bY 


(b — c) (е-а)(а-8), which is a homogeneous alternating functio? 
of the third degree. 


But E is a homogeneous alternating function of the fifth degre? 
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5 E--(b - c) (c - a) (a - b) is a homogeneous symmetrical function 
of the second degree. 

It must therefore be of the form 

В (а? +02 2) +1 (be+ ca чад), 
where k, Z are constants independent of а, 5, с; 
а 2) + b -a»)v (а? - b?) 
= [Е (а? + b2 + 2) + L(bc 4- са+ ab)] (b — c) (c - а) (a - b). 

Since А, | are constants independent of а, b, c, their values may 
be found by giving particular values of a, b, c, avoiding of course 
values which make the expressions Zero. 

Putting a=0, БЕТ, c=2, we get 

4-8 = [58+ 2l](- 1)(2)(— 1), or БЕ -2. зөн (i) 

Putting а-о, БЕТ, c= - 1, we get 

r+(-1)(- т) =[2k -1](2)(- 1)(-1), ог орт. (Ш) 
From (i) and (ii), k=0, l= -1; 
2, Sa (b2- в) = —(be+ cat ab) (b — c)(c - a)(a - b). 


*EXERCISE 78.8 


Resolve into factors : 
І. a+b – с + 3abc. 9, 8/8- 1-5? - Oly. 
8. 8a? — 2763 —  — 18abc. 
4. (a— 3b) 4-27 (b — 2c)? + (6c — ay. 
5. a+ (26+ 30 - (а+ 25+ зо). 
6. (за— by + (35 — o9 (зс— à, if at b+ co. 


7. Za* (b - c). 8. Xa. Zbc- abc. 
9. Z(a-b)(a- by. 10. Уа$(Ь- О). 
11. 23(y - 2). 19, Z xy? (x-y). 
хуз 
18, X(a - b) (a +b). 14. (Ха)в+ Z(a - b - 0. 
abc abc abc 
15. 26-6) (b+ c- 2a. 16. X(a--Db) (a )*(6 - д). 


*EXERCISE 78.b 
Resolve into factors : 
1. a +03 + 863 – бабе. 2. 2748 - B+ c-r gabe. 
8. à? — 83 +27 + 18ab. 
4. (sa — 4b + (4b — 30% — (5a — 30) 
5, 8(a — b)? + (26 — c +(c- 2a. 
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6. (sa 25 - c (sb - 2c — a) + (sc за - by, if a-- b - co; 


7. Ха (b -- c) -- zabc. 8. Xab(a — b). 
. abe 
9. Ха(5- ey. 10. £1? (m? – 13). 
11. Z(x- y). 12. (Zay + Z (a - b - cy. 
ays abc abe 
18. (2 a)5- Хав, 14. (2a)*-F (b+0)44+ E dh, 
abe abe abe abe abe 
15. (6-6) (b+¢-2a)?, 16. Z (6-03 (a - x). 
abe 
EXERCISE 79 


MISCELLANEOUS Factors 
Factorise completely : 


1. (5x - 1)ya + ха®- 542, 2. даб — збаё?. 
8. 42а? — ab – 308). 4. 5041-доа. 
5. а3- 13а? + 5a - 65. 6. 3o(x? — т) - 32x. 
tf gat — 1? — 4m? + A, 8. 1 - (a - 22)с2 - ap? c^. 
9. ба? — 1995 — 3607. 10. (x-y)? + (y – 2) + (2-2). 
11. зәЗу — 12x53, 12. 4(3? - г) - sx - 5. 
18. a? — 7 (xd- 3) - 27. 14. хї+ 6х3 + 1342+ 12x +4. 
15. (ab — 20)? + (ac + 22), 16. (x+y) - 8(x - y). 
17. 400 - d?) - 20+ 25. 18. гух? + 201x — 36. 
19. @ + - Q1) - 2 (b Fa). 20. 6x3 — 19x? + 11x +6. 
21. 18x? + oxy — 2052, 22. 32 - 2(2a - 1). 
23. 8a3 — 26a + 12. 24. 48a? – 88a - 45. 
25. (2x — 39) (3x - 2y)8, 96. x*-- 3-273 4: 27. 


27. a^ (25 — 1) - 43а) орча, 98. 32x? — 52x — 45. 
29. x3 + 2943 — 962% — т8аЁ?. 80. 1083? — 24x — 175. 


81. 4x?4- Tox? — r4x - g, 82. 9x? — 9x - (y — 2) (y + 1). 
33. ХА — 413 + 400, 84. 5? 6y -9 (x? — 1). 

85. 3x* — гоху — 8y*-2x-8y. 36. (9x? + 9x — 2)? – (gx? - өх + 2)% 
37. 402 — 9? — 2x 4 y, 88. 2a* — 3ab — ac - + bc. 

39. (2a— 35)? — (4 — by, 40. a(a — 4) - b(b — 4). 

41. а tob. 5 т. 42. m(l-4- m) - n(n - I). 

48. (32-4) (2... 44. (1--8x-- 8x2)? — (эх + 1)? 
45. 4x3— 8x?y — oxy? + 1832, 46. ox? — a-- 3ax - 1. 


47. à ab 2g b. 48. 7225 — 1405 — 8a?. 
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49. 
51. 


9x? (3x + 5а)? – 36a*. 50. a(x* +а-1) - x(a? +x- 1). 

а? -ab - ас- 2b? + 2bc. 59. (x? 4- y? - 12 — тё)? — 4 (xy - In. 
‚ 6x? - x — 15 – 4xy + бу. 54. (x?-- ax +b)? + (a? — ax + b)’. 
‚ (7х+ 8)? - 2(7х- 8) - 15. 56. Ха(Ь + с)? – 4abc. 


‚ (4x? — зху +Y?) 4(02 + axy — 9")? 
‚ 4—5Х-5у+х°+2ху+у°. 


59, (3? - у?)а®?— 2 (3? - yaja + x? = 2. 60. x*+2x +9. 

61, 20?-3ab+B2+3a-2b+1. 62. xà c 4xy - x - 12y - 6. 

68. 1 - 4c - 166+ 646%. 64. x? — 5y? + зах - 4xy – 15ау. 
65. 6x? — 113? — 37x +70. 66. (4x – 5y)y? + (Sx + 4y) x3. 
67. (y -- z)? + (z +x) - (x +y 22). 

68, x?-3ax-4xy+6ay+4y?. 69. 433 — 39y2?- 3527. 

70. 15a?--irab - 8b — 120? — ба. 71. 2458 — 2x3y — 3129? - 129%. 
72. 6x? – ax + тому- 2y + 4у°. 

78, 18x! + oxy — 952 — 27x +459 — 56. 

74, 24x? — sox?y — зху? + 368. 


‚ 4552 + 56x — 45. ‚76. 36x? — 65xy — 367”. 

„ 1552 -- 2xy — 18x — 249? — 24. 

‚ 6x? + 31xy +552 —32x - 15y + 10. 

, 108a? -- 745a +108. 80. 25oc? — 705cd? + 1894“. 

+ 4x? + Axy — 353? —16x — 20y +15. 

. 7y + 16x% — soxy —2х — 217. 

‚ xy — 3x2 + xy? — xy — 8x —2y — 4. 

. 6x?y — 1232 — 27x — 2xy? тому +5 — 15. 

» 6x? + 31xy +552 — 17x — 27у + 10. 

. т27их? +23тх +72 — 9m + 32%. 

‚ айу + 2х9? + sx? + ттху — бу +2% —3. 

‚ 15x°y — 6xy? — ху — 10x? + 8у — 14x + 12. 

. Find р, so that 3x3 + px? + 9х — 9 may be divisible by х+3. 

. Factorise 3x2 + 14x + 15 and deduce the prime factors of 31415. 
- Find А, зо that х3 — 6x +h may be divisible by x – 2. 

. Find the two values of р for which the quadratic expressions 


тох? — 21x — то, 1oox? + rox +p have a common factor. 


. F(x)-(3i—3x--2) leaves remainder ax+b. If F(1)=4, 


Е (2) —2, find a and b. eo 
Find р and q, so that a — a3 4- px? + qx + 6 may be divisible by 
х+2 апа x-3. 


CHAPTER XXV 


HARDER FRACTIONS. H.C.F. BY LONG METHOD. 
HARDER FRACTIONAL EQUATIONS 


160. In the first part of this chapter the work of Chapter XIX 
is continued. No new principles are introduced, but the work in- 
volves a knowledge of the factors dealt with in Chapter XXIV. 
The worked examples illustrate a number of devices for shortening 
the working. ! : 

Зарс,1-ажта! arta 

Example 1. Simplify NS D aras E 


tius Cx ada) rale) сач ip d 
(т+а)(т-а+а®) (14a) rra (+a) 
жаза І 


"Gta? xay 
Note. It is most important that the pupil should reduce each 
fraction to its lowest terms before adding the fractions. 


Example 9: Simplify L...3 8 ME 
xample 2. Simplify 2х 2(x FI) Ко 2) 2(#+3) | 
It is easier to combine the fractions in pairs, instead of finding the 
L.C.M. of all the denominators at once. 


oer I I I 
та oma Кис 

База 3 

2%(х+3) 2(х--1)(х 2) 
= Sle t (x 2) -x(x  3)] 

2x (x + 3) (x -- 1) (x +2) 

Эд 3.2 гэ 3 =й 
+) ele + Tyler 2) 3) 


Example 3. Simplify mts nat ЕЙ, 


т+а Itat 
2 У 
ЖЕ dili air taking the first two terms together, 
Roue 6708 
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Example 4. Simplify 


I ES I 27 X =Ё 
@-y@-a) (у-х)(у-а) (-3G-» | 


Keeping the usual cyclic order of the expressions, we write 
(x—2)= - (2-2), (y¥-x)=-(@-9), (2—0)= -0-23- 
We then have 


E= 


E 1 I 
(ку) аа) (-»0-2 G-20-2 
y-ztzu-xtx— E 

(ху) (== х)(у=2) | 


Example б. Simplify ot г ГЕ 
3x-1 3x-2 3*-3 
6x-r1i Ó6x-2t1. 


38-Е 323 Bx) ak 
ї2х-6 12х-8+2 
=4+ 
38:02 4Х-2 3x-2 
6x-5 6x-6-1 I 
3%-3 35-3 3х-3 
5 E=2-44+2+——- Cres 
3x-1 34-2 3*-3 
coi зт ЖЕДИ EE {ка 68-96") 
(3x = 1)(3x-3) (3-2) (gx — 1) (3% — 2) (3% - 3) 


-$ 2 
“(зи-1)(38-2)(35-3) 


EXERCISE 80.a 


after simplifying the numerator. 


Simplify : 
(a+b) а-у В eal ср. 
1, Gabe apab" 2 2. арр aie D 


YU Ry E #22) 8x4 ) 
азу Чам xP + gay’ 


a (eio etr 
5. (2+2) (ы (en) 


сана 2o xX-y e ro 
x any — 1592 xixaxy-33 | ` x-3Yy 
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7 { 4-8 .‚ә2+8х+ ES . XM xt 16 


=2% -24 ` x? + 8x16 x? — 36 
8 12x? - Ax - 1 9 8a? + 53 5 Ва — b? 
* 8х9—дх°—-2х+т "да? 2ab + 6? 4a?- 2ab +b? 
a+ 42% – 563 See У a 
35 a — 3ab? + 259 i» E RN x*—y? 2(x? +y?) 
es es т+а? 4a! 2_ 
db УЕ d rta 18. р Дре Dog 
(a+b)? 459 » 
He ёр а- а [ (a-b) o 
u 2 
i ls 2y Iu о 
/ ASE LAS QUK 
195258 Riad boa +a 
х+5у Fay на, т тол. ва 
23 ХБаху x-3» За 18. czd 24-с 82-48 
и 8p, SE Le 
X-1 x x1 хаа х-ї1 x-2 x-3 
6xy зха 
21. + 3 
(3x - 2у) (2-я) (3% - 8) (2— ay) 
22. E І тесе, 
28 626-3 6-36-23  (-56-5 
98. та кы Кашы 
&-3)&-2 (у—я)(у-х) (-3(- 
94 b+e cta a+b 
CU (=m) (T= п)" ne 1)(m=n) HEE l)(n-m) 
548 EXERCISE 80.5 
Simplify 
ДУ? a+b? 
y 0 че DUM 2-3 
d xt» 9 сеш 
TEES 8х3 + уз A DER: аз +08 
У 2х b а 


3 (саа ir-x|.fr-xc-x т+х 
: тай Туя ее жур | 
x+ т-х 
„4, @= ad? d a-b 
(Fab a-b ath 
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5 8c! — 27cd? . 4C +6cd-+ gd? дә?у? – 2ху% tyt, 
i -od? `  2(2c-c3d) 7 8x3 + уз 
aad т) (2 20) И 
да +02 ) х 22 ip / TINGAN ; Ge 2) 
8 [at а22 DA. а3+1%\. a= 8a?b - gab? 
"Lo а-в Ha zal a-b 
9 A axi 40—24. 10. (b – 2a)? (да? + 2ab + b?) 
* x3 6x2 UR (да? — b?) (8a — 53) 


{5 E fx аб т... 
11. nee 2 12. Pra 3 BETA 


18. as Scd Wet 5y 2.2 


23—93 pay ty x-y 


bla Fo) Шар b 9-а g+a 16a -3 
35, 03-55 b-a a-b 15. 3(r-a) 3(1 +a) “3(1-09) 
19; 55. T И 

252 – ух 3(sx-y) s(5x-y) 

17; 12. 1009 ee) ва 

х+4у xt3y Xt2) ХТУ 

зачева 3 10020465 se 
EERIE 2(1-a) 19. 2139 а®+заб a-3b 
' 90 4x-3 8x-14, 4х-11 

к-т 4-2 5-3 
21. ы 5 : 

р) а) (- к =x) 
$9. ——— 2-7 с. Р MU = ЧЕ, 

(>-4)(р—?) “асаан ET (Gen D) ЛЕВ: 

x+y МИ х х-С 
НЫ те 2ху tay АА дуб Га ас(4-8)(8-0) 
EXERCISE 80.0 
Simplify : 
I I 1 I 


l аза) аз 3083) 

9, 52-36 тоё-3 56 - 6c 
isbc 256—158 156490 
т +2х + 242 +23 a ee Зон (ELM NEED 
т ^ “35-59 7Х+5У 33857 7%—5У 
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т т да? — ob? 


5 2а(2а- aay 3b(2a+ 32) 6ab(4a? + 98) 


4x8 — 8x2 + 5x — 1 
2x3 — 3x* — 3x +2 


Nel 4 Э 
[а pesa) 
(a I d^ а pag етт 


2+а 2-а І І 


i +—— +. 
ї+а+а®% г-а+а rta т-а 


bc(x — a) ca(x — b) ab(x — c) 


2 ODE d (-0(5-4) (c-ayc-5y 
ЕЕ и. 
' "bc(a- B)(a—c) 
а a 
u 2 Arp Pel. 2b 
Шаш | a a tail tare 
Dt tp 
т 2 2 I 
m 1-5 4-3 343 Е 
ин. (+o) (B+ 0?) 
is (a? + 1)* — 4a (a? + 1) + за? ed bc 


н 
м 


18. 


19. 
20. 


"e (а-5)Ух-с 


a ИИ (Take + sign for each root). 


2(5% – 2°) (y+ 2 — 2x) 


2%? (у- я) 
Tf (x -- 1) y— 1, express = - É. т in terms of x only, reducing 
the answer to its lowest terms. 
If x=a +b, find in its simplest form the value of 


a ү a+b 
T Аа E T NA 


If Ут — express сш in terms of y in its simplest form. 
If x—a - b, find in its e form the value of 


I I I 
хана 8 ая 


— PR 
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GENERAL METHOD OF FINDING THE H.C.F. 


161. We have previously found the Н.С.Е. of two or more 
expressions by resolving the expressions into their factors, and then 
selecting the H.C.F. by inspection. When the expressions are 
not easily resolved into factors, itis better to use a more general 
method. This method, which is similar to the “ Division Method ” 
used in Arithmetic, depends upon the following theorem : 

If X - YQ +В, where X, Y, Q, R are rational integral functions, 
then the common factors of X and Y are the same as those of 
Y and R. 

(1) Let A be a common factor of Y and В; then Y=AC, 
R- AD, and X 2 ACQ-- AD— A(CQ * D), ic. A is a factor of X. 

(2) Let К be a common factor of X and У; then, Х= KL, 
Y-KM, and В=Х- YO- KL -KMQ - K(L- MQ), i.e. К isa 
factor of R. 

Hence (1) every common factor of Y and В is a factor of Х, and 
is therefore also a common factor of Х and У; (2) every common 
factor of X and У is a factor of R, and is therefore also a common 
factor of Y and R. Hence the common factors of X and Y are 
the same as those of Y and R. 

In particular, if X and Y are rational integral expressions in x, 
and R is any one of the remainders in the process of dividing Х by 
Y, the common factors of X and Y are the same as those of Y and 
R; for if Q is the quotient corresponding to the remainder R, we 
have X = УО+ Е. 

The application of this theorem is best illustrated by numerical 
examples. The method is based on the fact that R is of lower 
degree than either X or Y and it is therefore easier to find the 
Н.С.Е. of В and У (or X) than of X and Y. The process may be 
repeated until the result is obtained. 


Example 6. Find the H.C.F. of х? à - 3x 6 (X) and 
№ -зх+2 (У). 
We first divide У into Х and obtain the remainder Ry, 
23-3542) 3-м -3х+6(1 
3 -з3х+2 
=x? +4 (R) 
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The Н.С.Е. of X and Y is the same as the Н.С.Е. of У and В, 
We apply the same method to find the Н.С.Е. of У and Ri: 
-384-4)48-3х-2(-х 
x3 — 4x 
х+2 (Rə). 
The Н.С.Е. of У and Ry is the same as the H.C.F. of К, and Ry 
We apply the same method to find the H.C.F, of В, and Rs. 
x+2) -x2 +4(-x+2 
2 — 2х 


Еа 2 
2х+4 
2x44 


*+ 2 (Ry) is a factor of Ву, and therefore the common factor of Ry 
and R, and therefore of В, and Y, and therefore of Y and X. The 
required H.C.F, is therefore x 4- 2. 


Note. The process has been written out in full in order to 
illustrate the Principle. But in practice it is often possible to 
Shorten the work, Thus, in the example above, it is easily seen 
that А) = – (x — 2) (x 4- 2). 

Since we only require the common factor or factors of R, and Y, 
we need only find whether x — 2 and x +2 are factors of Y. 

We have Y-f(x) - x - 3x 4 2, ©. f(2)=8-6+2=4, 

^ X—2 is not a factor of Y. 
Again, /(-2)- О о раа factor ory; 


>. X-2 is the common factor of Y and R,, and therefore of 
Xand У. 


162. In the Process outlined above Ri, R, ... need not be the 
final remainders in the divisions, Any remainder is sufficient for 
the purpose. Again, we are only concerned with the common 
factors of X and Y, Y and Ку, Е, and R, etc. 

Consider any pair chosen out of the quantities X, Y, R,, Ry. 
Say Y and Ry. The final result of the process will not be altered 
by changing Y or KR, or both Y and Ку, in any way which does not 
introduce or тетоуе a common factor. 

Hence, without altering the final result, we may multiply or 
divide Y or R, (or any other Pair) by a constant or by a function of x, 
Provided that these are not factors of R, or Y respectively. 
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Example 7. Find the Н.С.Е. of 3 -4x-16x?--9a?(X) and 
4T 7x — 19x? + 8x3 (У). 

If we divide Х by Y or Y by X, we introduce fractional coeffi- 
cients. To avoid this, we introduce a suitable multiplier, e.g. we 
may multiply X by 4 and divide 4X by Y. It is clear that 4 is not 
a factor of Y, and therefore the common factor of X and Y is the 
same as the common factor of 4X and Y. Dividing 4.X by Y, we get 

4+ 7x — 19x" + 8x3 ) 12 + 16x — 6422 + 36x3 ( 3 
12+ 215—575? +2458 
= sx- 7X +1258 (Ry) 
= -ax(s47x-12x?). 

The factor - x is now removed, since it is clearly not a factor of 
Y, and to avoid introducing fractional coefficients, Y is multiplied 
by 5 (which is not a factor of 5 +7% - 12x?) before we divide by 
5-7x-1i2x?. We have 

5-- 7x — 12x?) 20 4 35x — 952 + 40x? ( 4. 
20 + 28x — 48x" 
7x - 47x" + 40x? (Re) 
=х(7- 47% + 40x"). 

As before, we reject the factor х, and multiply by 5 (which is 
not a factor of 5--7x— 123?) before completing the division by 
§+7x-12x7, Thus, 

5+7 — 12x2) 35 - 235% + 20052 ( 7 
35+ 49x- 84x 
- 284x + 284x? 
= -284х(1-х). 

As above, 284 and — x may be rejected, and it is easily seen that 
I - x divides exactly into 5 -- 7x — 124?, /. ће Н.С.Е. is 1 — x. 


Note 1. The above example has been set out in full to show 
how (1) factors containing x may be rejected without affecting the 
result, (2) factors may be introduced without affecting the result. 

But it is much shorter to consider the factors of Ry 

= -ax(x - x)(5 + 124). 
By the Factor Theorem it is easily seen that т -х is the only 
common factor of Y and В, and therefore of X and У. 

Note 2. With a different order of working, we might obtain 
x- 1 as the Н.С.Е. It does not matter which result we take, since 
— 1 may be considered a factor of any algebraical expression. 
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Note 8. If X and Y contain obvious common factors, they 

should be at once removed. Thus, to find the Н.С.Е. of 
бх + 827 — 323+ 1854 (Х) and 8x + 14? — 38x34 1634, 

we notice that Х=2х(3 + 4x — 16x? + 938) 
and Y=2x(4+7x- 19x? + 8x3), 
2x is therefore a common factor; the other common factor is the 
Н.С.Е. of з+4х- 16+ 9x3 and 4--7x — 19x24. 8х3, which has 
been found above to be 1 х, .. the Н.С.Е, is 2x(x - x). 


Note 4. 'Тһе work may be shortened by the use of Detached 
Coefficients. 


Note 5. One of the principal uses of H.C.F. is to reduce 
fractions to their lowest terms. 


168. The Н.С.Е. of more than two expressions must be а 


factor of the Н.С.Е. of any two of them. It may therefore be 
obtained as follows : 


(1) Find the H.C.F. of any two of the given expressions. 


(2) Take this result and a third expression, and find their Н.С.Е, 
and so on. 


The Н.С.Е. last found must be the Н.С.Е. required, for it is the 
highest factor contained in all the expressions. 


EXERCISE 81.a 

Find the H.C.F. of: 
Акула + 14x 8 and x 4-632 4- 113 6, 
. 8x? — тох? + 5x — 3 and 1633 — 2842 + I2X- 9. 
- 428+ 110? + 256 -7 and 268 - sc? 110-7, 
. x8 — 18x — 35 and x2 - 21x — 20, 
. 16x? — 16x + 30 and 7222 — 4822 +75. 
. ба“ + да? — зда? — зба and 2а%+ 130? – 28a? — 32a. 
Reduce to their lowest terms : 

18x? + 32x? + 8x — 6 2043-02-25 
од" М ТЯ атг 
Find the Н.С.Е. оғ: 


9. 858 — 1612 + Зи — 3, 8х3 — 4x? — 14x +3, 8х3 — 20x? + 18x - 9. 
10. r-c- c5, 1 - e - 9 ~ 7, 


an согон 


гт» 
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EXERCISE 81.b 
Find the Н.С.Е. of : 
‚ + 7x3 + 11x +5 and o + 832 + 13x +6. 
813 – 241? — 1721 - 35 and 8/3 — 20/2 — 1981 + 40. 
4x? — ox? — 2x + т and 4x? - 10x? +2. 
1253 — 2x? y + 12xy? — 70y? and 3x3 + 7x?y — 47xy? + 4559. 
За“ — 6a? — 12a? + 24a and 4a* — тда? + 8а? + 8a. 
3x1 — тта? + 15x? — 6x and 223 — 12x? + 24x — 18. 
Reduce to their lowest terms : 
2x3 — ух? — rox + 24. 
253 —3x* -- 2x — 3 
Find the H.C.F. of : 
9. 27a? + ga? — 21a +2, 5443 — 9a? — 21a + 2, gà? — 12a* - 7a - 2. 
10. 6х5 — тох? +4, 6x5 — 15x? 4- 9. 


HARDER FRACTIONAL EQUATIONS 


164, The following example illustrates a method of shortening 
the work involved in solving fractional equations. 


9 p PE 


x*- 5x -6 


8. 3x14 5x3 8 


бх- AT 25-07 3Х-14 55-34 
5 7 + 
Example 8. Solve xc BA Fae ae P 


We have 
(6x48) х /(ах-8)-: (35-15) +1, (5-35) 1 
x-8 x-4 (| МЕБ ЕЯ 
т т т т 
. | = +——. 
5 875 tta 20 Ве: мя, 
1 1 1 


ge = — 266. 
WES x. МЕРЕ t5 ею. , аз опр. 


EXERCISE 82.a 
Solve the equations: 
E deren I 
' 2х-$ 2x-9 20-3 25-7. 
DESI 10 22:12 ри 


&-12 х-10 x-6 x-4 
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5 3x40 4x- 24 2X3 +6%+5. 
и Е +з биг 
т XM Ges 3 
'x*2 x6 2+3 2(x43) 
4X -2x-1 4x'4 2x1 28% 
2x-I 2X1 p-r 

g, 3-7 x- 8 x- 3 *-4 
“х-8 x-9 x- 4 x-5 
Е ELA SUM 
2Х+1 25-43 2x-1 2x-2 
10. 25-27 2*-12 4x-17 2x- 2x - 7 
PE 25-13 2x-9 2x-8 
11. 4€. -2х+т аад + 20+ 1 
2Х-1 2X--I 


m 


EXERCISE 82.5 
Solve the equations : 
I LEMET т 
"3-10 35-35 3#-7 3x-2 
2 т TUPEN I Е І | 
* 3®+2 3x47 3(%+1) 3(+2) 
з = 34 5 
Х+ї xt2 Xt3 х+4 
4. Ч ан шилээ 2361 Ee) 
х-9 х-5 x-6 x-8 
2712-5563. 
25-1: 4х+1 2х+5 4(x+1) 
6. 2% тааб 4%__5-6х 
4X-1 а25-3 6x+4 12x48 
7. TS заза) 
4+3 4%+2 4+5 
8, 55- 63 8х- 30 6x- 69 | 6x — 15 
X—12 25-9 25-21" wo 3 
9 28:53 аэх= 3 
25-13 2х+3 
10. LE se x+8 Бах 
х-8 х+4 x49 x3 
I ду 35-8 зх- 3i 
3x-2 3x-1 3x-9 3x-8 


n 


СНАРТЕВ ХХУГ 


HARDER PROBLEMS 
165. We shall now consider some harder problems. 
Example 1. А certain number of men agreed to travel by private 
omnibus, each paying his own fare. If there had been 8 fewer, each 
would have paid 10d. more; and if there had been 2 fewer, each 


would have paid 2d. more. Find the number of men and what each 
had to pay. 


Let x be the number of men and y shillings the amount each had 
to pay. Then the total number of shillings paid is ху. But this is 


also equal to (x — 8) (> +3) and to (5-2) (» +), 


Ш 
| 


un 
= 
у 
о 

A 

= 


" ху=(х-8) (2+3), 2, 8у 


GRES 
and xy=(x-2) (> + 3, e 2у-6= - УТЕ (ii) 
Multiply (ii) by 4, n 8y- B= - - мы (iii) 
Subtract (i) from (iii), Š= =, ЯЭЭЭ 
Substitute x—32 in (ii), 2 2y— s- = ; 


`. 2у=в, 2. Y= OR 
Thus, there were 32 persons and each paid 2s. 6d. 
Check. 'The total cost for 32 persons at 2s. 6d. each is £4. 
Race dC NE A ob ОВ 
р yn о Зоны, азаа 


Thus the conditions are satisfied and the solution is correct. 
331 
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Example 2. The perimeter of a rectangular playground was 324 
metres. The length was increased by 6 metres and the breadth by 
3 metres. The area was thereby increased by one-ninth of its former 
value. Find the original dimensions of the playground. 

Suppose that х metres was the length of the original shorter side; 
then (162 — x) metres was the length of the original longer side. The 
new sides are (x-- 3) metres and (168 – x) metres ; 


^ (3) (168 — x) = I9t(162 ~ х) 


“+ 9(594 + 165x — x?) = 1620x — 10x, 
и. x- 135x-- 4536 =o, 
0 (x-72)(x-63)-0, 2, Х=72 or 63. 
Thus the dimensions may be 
either 90 metres by 72 metres or 99 metres by 63 metres. 
"The check is left to the pupil. 


Nofe. Both roots of the quadratic lead to valid solutions of tbe 
problem. This is not always the case, and the pupil must decide 
in each instance whether each root of the equation corresponds to 
а valid solution of the problem. 


Example 8. A train runs 120 miles at a uniform rate ; if the rate 
had been 5 miles an hour more, it would have taken 20 minutes less for 
the journey. Find the rate of the train, ^ 

Let the rate of the train be x m.p.h.; then the time taken is 


эс hours, If the rate is increased by 5 m.p.h., the time taken is 


120 
хэд Hours; 
. 120 120 1 sees esee eR 
tx xag tese 5 
whence 360 x 5 — x (4r 5), 


7 А®+5х-18оо=о, > (x – 40) (4 -- 45) — o, 
>. 35:40 or —45. Hence the train travels at 4o m.p.h. The 
negative root does not correspond to a valid solution of the problem. 
The check is left to the pupil, 


Note 1. In most Problems, though not in all, the quadratic 
equation may be solved by factors. The pupil should always try 
to factorise, unless there is reason to suppose that the roots may be 
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irrational (see Note 3, below). In all other cases, if the equation 
cannot be solved by factors, he should look through his work to 
make sure that there is no error. Only after this should he proceed 
to solve by completing the square. 


Note 2. The most common source of error is a mistake in sign 
in (i). The pupil should always stop to consider whether what he 
has written at this stage is sensible. Thus, in this instance, since x 


120 


А n MURS ISO 
18 necessarily positive, S must be greater than m It would 


2520 13071 

therefore be a gross blunder to write —— -—-=-. Neglect of 
Mae 9 

this precaution often leads to serious loss of time, if not to failure to 


solve the problem. 


Note 8. In deciding whether to solve by factors or by com- 
pleting the square, the nature of the answer expected is often a 
guide. Thus, if we are asked to find how many eggs are sold for 
a shilling, we expect the answer to be a rational number and there- 
fore that the equation may be solved by factors. On the other 
hand, if we are asked to find the length of the side of a square, 
correct to one decimal place, the presumption is that the answer 
will be the approximate value of an irrational number, and that the 
equation must be solved by completing the square. 


EXERCISE 83. а 
(Unless otherwise stated all speeds are to be taken as uniform) 


1. A person buys 60 yd. of cloth and 75 yd. of canvas for 
£5 12s. 64. By selling the cloth at а gain of 15 per cent, and the 
canvas at a gain of 20 per cent., he gains 18s. 9d. Find the price 
of each per yd. 


2. The perimeter of a rectangle is 68 ft. If the length were 
increased by 4 ft. and the breadth diminished by 4 ft, the 
са would be diminished Бу до sq. ft. Find the length and 

readth. 


8. In an action between two battleships А and B, A fired 
3 times as many shells as B. The total number of misses was 
7 times the total number of hits. The number of B's misses was 
357, but B's hits exceeded A’s hits Бу 66. What was the number 
of A's hits? 
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4, If the breadth of a certain rectangle were increased by то yd., 
and its length diminished by 20 yd., its area would be increased by 
800 sq. yd. ; whilst if its breadth were diminished by ro yd. and its 
length increased by 30 yd., its area would be decreased by 300 sq. 
yd. What are its dimensions ? 


5. A sum of money is to be divided equally among a certain 
number of boys. If there were 5 fewer, each would get 4s.; if 
there were 4 more, each would get 2s. 6d. What is the sum of 
money? 


6. At 1.15 p.m. a train leaves X and arrives at Y at 5.15 p.m. 
Another train leaves Y at 2.35 p.m. and arrives at X at 5.15 p.m. 
Find when they meet. 

[HiT. Let л miles be the distance between Х and Y, and let 
the trains meet x hours after т.т 5 p.m] 


7. At 10.10 a.m. А sets out from P and reaches Q at 3.30 p.m. 
At 9.48 a.m. B leaves Q for P and arrives there at 2.36 p.m. Find 
when they meet. 


8. In walking from A to B at the rate of 4 m.p.h., X meets Y 
when he has gone three-quarters of the way. He rides back with Y 
in his car for 2 miles at the rate of 24 m.p.h. Resuming his walk, 
he increases his speed and reaches В 4 hr. 17 min. after he left 4. 
If he had walked straight through at the faster rate, his time would 
have been 3 hr. 12 min. Find his faster rate of walking and the 
distance from А to B. 


9. The perimeter of a rectangular playground was 216 yd. The 
length was increased by 4 yd. and the breadth by 2 yd.; the area 
was thereby increased by one-ninth of its former value. Find the 
original dimensions of the playground. 


10. Find the price of eggs, if giving two less for a shilling in- 
creases the cost of тоо by rs, 84. 


11. The difference in the average speeds of two trains is 25 


slower train takes to travel 125 miles. Find the speed of the two 
trains. 


12. Two turnstiles 4 and B admit to a football ground, On an 
average it takes a spectator 0:2 sec. longer to pass through A than 
through B, and B admits on an average Io more spectators рег 
minute than 4. How many spectators can enter the ground in a 
quarter of an hour? 


18. А man, having to walk 8 miles, increases his speed by } mile 
per hr. immediately after the first 2 miles, thus reducing by 6 min. 
his time for the Journey. How long does he actually take? 
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14. The circumference of each front wheel of a traction engine 
is 5 ft. less than that of each back wheel. In travelling 250 yd. a 
back wheel makes 12$ fewer revolutions than a front wheel. Find 
the circumference of each back wheel. 


15. How long will it take each of two pipes to fill a cistern, if one 
of them alone takes 9 minutes longer to fill it than the other, and 
25 minutes longer than the two together? 

16. A man set apart £24 for a certain length of holiday, but, 
wishing to extend it without extra expense, found that he could 
manage an extra 6 days by reducing his expenditure by 4s. per day 
throughout. What length of holiday did he plan at first? 

17. A man converted some English money into francs; if he 
had done so 2 days later, he would have obtained 4 francs less for 
each Дт, because the value of a franc had risen id. How many 
francs, correct to 1 decimal place, did he actually obtain for each Дт? 

18. A motorist completes a journey of 200 miles in two stages, 
with a rest of + hr. before the second stage. His average speed 
during the first stage of 150 miles is 36 m.p.h., while during the 
Second stage the average speed is 5 m.p.h. less than the average 
speed for the whole journey. Find the average speed for the whole 
Journey. 

19. Find a number consisting of 2 digits such that the sum 
of twice this number and 3 times the number formed by inter- 
changing the digits is 183, and such that the number exceeds by 5 
twice the product of its digits. 

20. ABCD is a rectangular field. Three men start from A and 
run at the same speed, the first man running along the diagonal АС, 
the second along AB and BC, and the third along AD and DC. 
When the first man reaches C the second is on BC and 6 yd. from B, 
while the third is on DC and 36 yd. from C. Find the lengths of 
the sides of the rectangle. 

21. An aeroplane flying between 2 towns takes 20 min. more than 
its usual time when its normal speed is reduced by 30 m.p.h., and 
то min. less than its usual time when its normal speed is increased 
by 20 m.p.h. Find the normal speed and the distance between the 
towns, 

22. A garden path, bounded by two circles, is gravelled at 2s. per 
sq. yd., the cost being £6 12s. Along both edges of the path is a 
stone edging at 3s. per yd., the cost of this being £19 16s. Find 
the width and inner radius of the path. [Take т=3.] 1 

23. 4 and B run a тоо yd. race, В having 5 yd. start. During 
the earlier part of the race their speeds are as 21 to 20, and during 
the remainder as 19 to 18. How far has B run at the instant the 
change in speed takes place, if the race ends in a dead heat? 
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24. A convoy a mile in length is travelling at the rate of 3 m.p.h. 
А cyclist carries a message from the rear to the front and at once 
returns to the rear, riding at the same speed throughout, and taking 
то min. 40 sec. over the double journey. Find his speed in m.p.h. 


25. А man rows to a place 12 miles down a river and back in 
5 hours. If the speed of the current had been 3 times as great, he 
would have taken 73 hours. Find the rate at which the man rows. 


EXERCISE 83.b 
(Unless otherwise stated all speeds are to be taken as uniform) 


1. А grocer buys 22 Ib. of figs and 35 Ib. of currants for Дт тоз. 
By selling the figs at a loss of 20 per cent. and the currants at a gain 


of um cent., he gains 2s, 24. How much per lb. does he pay for 
eac 


2. A train 52 yd. long passed in 8 sec. another train от yd. long 
which was travelling in the same direction. If the slower train had 
been travelling one-third as fast again, the faster train would have 
Passed itin 12 sec. Find the speeds of the two trains in m.p.h. 


_ 3. A certain subscription is raised in a girls’ school ; had each 
girl given 3d. less, the money would have been obtained from 100 
more, and if each girl had given 4d. more, from 40 fewer sub- 
soen How many subscribers were there and what did each 
give 


4. A train travelled a certain distance; had the speed been 
2 miles an hour less, the journey would have taken 2 hours тоге; 
had the speed been 8 miles an hour more, the journey would have 
taken 6 hours less. Find the distance and speed. 

‚ 5. If the floor of a room were 18 ft. longer and 12 ft. narrower, 
it would take r6 sq. yd. less carpet; but if it were 12 ft. shorter 
and 12 ft, wider, it would not change its area. Find its dimensions. 

6. X starts to cycle from P at то a.m. and reaches О at 2 pm. 
Y leaves Q at 10.45 a.m. and reaches P at 1.15 p.m. Find when 
they meet. [See hint to Ex. 83 a, No. 6] 

7. А train leaves A at тат p.m. and reaches B at 4.56 ра. 
Another train leaves B at 2.6 p.m. and reaches A at 5.26 p.m. ind 
when they meet. 

8. In walking from X to Y at the rate of ЗЕ m.p.h., A meets В 
at half-way and rides back with him in his car for one-seventh 0 
the total distance at 3o m.p.h. Resuming his walk he increases his 
Speed and arrives at Y 4 hr. 19 min. after he left X. If he had 
walked straight through at the faster speed, he would have taken 


32 hr. over the walk, Fi i i d the 
S E eas ind his faster rate of walking an 
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9. The denominator of a fraction exceeds the numerator by 3, 
both being positive. A new fraction is formed by adding 10 to the 
numerator and 9 to the denominator. The product of the two 
fractions is $; find the original fraction. 


10. A swimming bath is rectangular at the surface and the water 
is 5 ft. deep at the shallow end, but the bottom slopes uniformly, so 
that it is x ft, deeper at the other end. After half the water it con- 
tains has been drained off, the depth at the deep end is x times the 
depth at the other. Find the two possible values of х. 

11. When the price of a certain kind of tea was reduced by 34. 
a lb. it was found that at the lower price 3 Ib. more could be 
bought for £/4 7s. rod. than at the higher price. Find the original 
price per Ib. of the tea. 

19. A merchant spends £100 in buying coal of one grade and £51 
in buying a poorer grade at 7s. 6d. per ton cheaper. In all, he buys 
64 tons. Find the cost per ton of each grade of coal. 

18. A man who can swim 48 yd. per min. in still water swims 
200 yd. against the current and 200 yd. with the current. If the 
difference between the two times is 10 min., find the speed of the 
current in yd. per min. 

14. A train is scheduled to run 350 miles in a certain time. At 
the end of the first 150 miles it is то min. behind time. For the 
remainder of the journey the speed is increased by 2 m.p.h. beyond 
that at which the train was scheduled to run, and the whole distance 
is covered in the appointed time. Find the speed at which the train 
was scheduled to run. 

15. Working alone A could do a piece of work in 20 hours less 
time than B alone would take for the same work ; working to- 
gether A and В could do it in 18% hours, if each worked ас the same 
rate as when working separately. How long would each take to do 
it separately? 

16. A certain number of persons promised to subscribe equally 
to a gift of £30. Five of them failed to keep their promise, and each 
of the others increased his subscription by ros. ‘The exact amount 
required was obtained. How many persons subscribed? 

17. An expert estimates that the receipts at a show, with a cer- 
tain entrance fee, will be £500, but that if the entrance fee is 
reduced by 64., 3000 more people will attend and the receipts will 
be £100 more. What is the number of people expected at the lower 
fee, and what is that fee? 

18. A motorist starts to ride 108 miles in a given time. After 
riding five-sixths of the distance he is detained for 2% min., but by 
increasing his speed thereafter by 12 m.p.h. he finishes the journey 
in s min. less than the given time. Find his speeds. 
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„ 19. The area of a rectangular plot of land is 12,000 sq. yd., and 
its diagonal is 170 yd.; find the length and breadth of the plot. 

20. Two numbers, each consisting of 2 digits, are such that each 
is obtained from the other by reversing its digits. If the sum and 
product of the two numbers are 121 and 3154 respectively, find the 
numbers. 

21. The difference between the Squares of two numbers is 21. 
If one number is reduced by 2, its ratio to the other number is then 
3:2. Find the numbers. 

22. In a trapezium one of the parallel sides is three-quarters of 
the other, and the other two sides are equal. The height is 4 cm., 
and the perimeter is 52 cm. Find the lengths of the sides. 

р 23. Ina гоо yd. race when A gives В 1 yd. start he wins by $sec., 
but when he gives В 41 yd. start В wins by 4 sec. What are their 
times respectively for running тоо yd.? 

24. А walks along a road from P to О, starting at 10.50 a.m. 
-B cycles from Q to P and straight back again, starting at 11.42 a.m. 
and nassing А at 11.50 a.m. They arrive at О at the same time. 
What is that time? 

25. A motorist and a cyclist start together from a place A to 
travel by the same road to a place B 18 miles away. 'ТҺе motorist 
‘Starts at a uniform speed г 5 m.p.h. greater than that of the cyclist. 
When the motorist has got half-way he is delayed for 30 min., and 
thereafter travels at a speed 20 per cent. less than his original speed ; 
ihe reaches В 15 min. before the cyclist. Find the cyclist's speed. 


TEST PAPERS VII 


A 
1. Factorise: (i) at— x2. 95? — 6a?b, 
(ii) 1422 — 65x + 56, 
ү (tii) 8x9 + 2252 + 7х — то, 
2. Simplify 
kazai и, 2х + за 4х+3а * 
2х%+7ах+ба? 4(х2- Зах + за?) 2(ax*--sax + за?) 


А 8. If АВ=хш., BX=yin., AC=t іп, 
CY=vin., ВС=и in. and XY = in., and 
if BC, XY are parallel, find и and о in 
terms of x, y, z, t. 


, 


8 С 4. Solve (i) 2-98 -3 - 2 d = = 


хаа ade er 
x Y P URS. 
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5. Two men started at the same time to meet each other from 
points which were 22 miles apart. If one took 3 minutes longer 
than the other to walk a mile, and they met 3 hours after starting, 
find the speed of each in m.p.h. 

6. Find the square root of (х+т)(х+2)(х+3)(х+4) +1, and 
solve the equation (x + 1) (x + 2) (x +3) (х+ 4) + 1 =о, correct to two 
places of decimals. 

. pg 28? - ab - 3D? 

1. Simplify m 
2x 8752- 875 x 250 — 3 x 250* 

875? — 2507 

9, Factorise: (i) 16232 — 9x — 10, 

(ii) [х®+ 3x +3]? - [2x + з], 
(iii) 3--6cx — 4c — 3x — 2cx*. 

3. А and B can do a piece of work together in a days. After 
working together for 6 days, А falls ill and В is left to finish the 
work, which he does in c more days. How long would it have taken 
(1) А, (ii) В separately to have done the work? 

-d 2c d 

4. 5 ду = -—— 

ое BO x-2ctd x-2c xtd 
(ii) 9x? 16? —65, 3x-4y—13. 

5. Find the H.C.F. of 2x3 — x? — 15% + 18 апада? — 20x? + 27x 9. 
Complete the factorisation of the expressions and solve the equation 
233 — x? — 15x 4 18—0. 

6. Two towns X and Y are зо miles apart. А man takes 8 hr. 
45 min. to travel from X to Y and back again to Х, his average rate 
оп the return journey being 2 m.p.h. slower than on the outward 
Journey. At what average rate did he travel on the outward 
journey? 


, and use the result to calculate the 


value of 


C 
1. Factorise: (i 2-7у)- 
Ф ex m ot 
(11) 352 — y + row — 3557 +5057. 
2. Find the square root of 
xê + 6x9 + x4 — 2033 + 28x? — 16x + 4. 
оха? gx?+2a да) 
а2-зах зах а 9x! -a* 
4. The area of a rectangular floor was 396 sq. ft. If it had been 


2 ft. shorter and also 2 ft. wider, the area would have been тт sq. ft. 
more, Find its length and width. 


8. Simplify 
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рИсое 2272-2133. 
20-3 25-43 2x49 


6. Solve: зх+2у=т, 5х2 – тоху +15у=2. 


р 
1. Factorise: (i) 6x? + 77xy + 245, 
(1) (a? +x + 10)? — (7x +2), 
(ii) xt + 333 + x3 + Ax 4- 3. 
2. (a) Find the value of c, if the L.C.M. of o?-3x- 10, 
X^ —2x — 35, and 3? — 5x? — 29x +c is (x — 2) (x -- 5) (x — 3) (x — 7). 


(6) Simplify (i » (n- ry - (2+ ") (im + 5) 


8. (a) If В-ха3, с=х+?, find а їп terms of x, у, с. 


(b) If ? + (4a — 3)t-- 4a* — 6a +2=о, find t in terms of a. 
4. OT is a tangent to the 
Y circle XYT. OX-gin, XY 
=p in, OT—r in., XT=vin, 
YL=tin. 
X Find a relation between f, 
4, 7; and one between 4, ^ 
9:5 3,0. $ 
5. Ina journey of 240 miles 
to increase the average зрее 
by 15 m.p.h. would shorten by 
: T 8o minutes the time taken by 
a certain train. Find the train's average speed. 
6. Values of x and y are to be found which will make the three 
expressions 2x+3y-1, х-у-8, х-з3у- all have the same 
numerical values, but one of them is to have its sign opposite to 


that of the other two. Solve the problem in as many ways as you 
сап. 
Е 


1. What sum of money amounts to £K in T years at C per cent. 
per annum Compound Interest? 


9. Factorise: (i) 24x?— 10x — 25; 
(ii) 56+ 2x + 4bx* — т — 12bx, 
(ii) т+2а+ 26+ a? — 5? — c, 
8. Find the Н.С.Е. of 
бай a3- 472+ зох and 36х4- 273 — 162+ 12%. 
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4. Solve: () За 

elve ЕП) 2(х +3) ыг 2(х-1) 

(ii) gx+5y+3=0, 9*-У=45. 

5. If 1+2=5, express (1) r in terms of u and v, (2) r-u and 

r-vinterms ofuandv. Show ha ete 
r-u 7-0 MH V 

6. Two motor-cars make the journey between two towns which 
are 112 miles apart, both starting from the same town. One car 
travels 10 m.p.h. faster than the other, but leaves the starting point 
3 hr. 20 min. later. If both cars arrive at the second town at the 
same time, find the pace of each car. 


F 
. Factorise: (i) 16x9-- 2(2x — 35), 
(ii) 54x? + 8y – 15xy — 6? + 36%, 
(iii) 2x2 + зху- 545? — 21y — 2. 
9. Find the square root of 
x9 — 6x5-- 212 — 44x3 + бох? — 48x + 16, 


Га" 


ez 


. Solve: (i) ab(25 - 33) = sx (a? — b°), 

Gi) 4x? 7xy +12уё=1ф x+y =I. 
4, Simplify LEES ee 
Simplify (хз) ина) 255824 Ge 3)(5%— 2)" 

5. A cyclist sets out to ride from A to B, a distance of 30 miles. 
After riding 25 miles, he has a puncture and walks the remainder 
of the distance, and finds that the journey takes 4 hr. то min. 
Had he ridden 2 m.p.h. faster, and the puncture occurred 1 mile 
earlier, the journey would have taken 4 hours. What is his rate of 
riding? 

6. Draw the graph of (x+1)(x% +2) for values of x from —3 to 
rs. Between what values of x within this range does the expression 
(x+ 1)(x-- 2) decrease in value as x increases? Use your graph to 
solve 2 -- 3х +0'4=0. Draw (and label) the line whose points of 
intersection with the curve would give solutions of the equation 
+ 3x 4 1:5 —0. 


G 
l. Factorise: (i = am? 5 (1+ 3m)’, 
бск à eon Ш + 11% 12. 


258 — 4х®-+х-—2 
#—-х-2 
М.А. м 


2. Simplify : 


342 ESSENTIALS OF SCHOOL ALGEBRA [СНАР, 


3. LOPR=90°= 4 PSQ. PQ=a in, PS-x in, QS=b in, 
SR=cin. Find a in terms 
of (i) b, x, (ii) b, с. P 
4. A man bought a number 
of sheep for £240. He lost 5, 
but was able to make up the 
deficiency by selling the rest 
at 4 shillings profit per head. 
How many did he buy? QL S R 


5. Solve: 3x-2y-2xy, 9x4 4y — 5xy. 
6. (a) If 3x —y —4, prove that 27x? — 36xy — 33 = 64. 


(b) If 2s=a+b +c, find in its simplest form, in terms of a, 8, 6 
only, the value of s? (s а)? + (s — b)? + (s — с)?, 


H 


2a I—a x+y . ї 
1. (а) If x=—— and у=^—@ expres — in terms of 2 in 
(а) ag т+а! Xpress у 


its simplest form. 
(b) If f(a, b, c)=a2 +82 + c- ab- be- ca, evaluate 
f(a-- x, b4- x, £t X) —Х(а, b, c). 
2. Factorise: (i) тдай- 33a? – 56, 
(1) 8ax? - x + 10a -- 1 — 18ax, 
(iti) a*(b-- c) – E (c-- a) 4- c* (a — D). 
3. Find the H.C.F. of 
2x4 — 3х9 + 9х2 7x-L15 and 4x4 — 7х3 + 133? — зх +9. 
4 Soke E TT 12842985 25-09 
&-2 Х-3 xt2 х+І 

5. А farmer bought а number of horses for £720. Four of them 
died, and he sold the rest at £14 per head more than he gave for 
them. On the whole transaction he made a profit of £80. Fin 
the price he originally paid for each horse. 

6. The floor levels of a building are т 5 ft. apart, and the lift 
moves at an average rate of 3 ft. per sec. upwards and 5 ft. per sec. 
downwards. А man ascends from the ground floor by the staircase, 
rising vertically at a uniform rate of т ft. per sec. At the same 
moment the lift leaves the ground floor, stops for 5 sec. at the 
second floor, and returns to.the ground. After 9 sec. it ascends to 
the first floor, remaining there 5 sec., and finally ascends to the 
fourth floor. Find graphically when the man and the lift are 
simultaneously at the same height from the ground. 
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I 


1. (a) A man invests £X in a c per cent. stock at А. What is 
his income? 

(b) Find the values of a and b, if the expression 2x? — 15x? + ax + b 
is divisible by both х- 4 and 2x - г. 

2. Factorise: (i) (7a — 30)? - (sa + 25%, 

(1) 12y + 14x? + 17x — 42ху - 6, 
(iii) 4c? + 1x2xy — 9x? +d? + 4cd - 4y?. 
i ано бе 
8. Solve (i) х rt үст 
Gi) 4x? +зху-зу=4, 5x +3y=T0. 

4. A man’s total income is ДА. On £220 of this he pays no 
income-tax, on the next £135 he pays tax at 1/6 in the £, and on 
the remainder he pays tax at 4/6 inthe £. What is his total tax and 
what percentage is this of his total income (1) if A>355, (2) if 
355 >A >220, (3) if A< 220. ; 

5. A man walks a certain distance. Had he walked half the 
distance further at the same rate, he would have taken 40 min. 
longer, and had he walked at the rate of # m.p.h. slower, he would 
have taken 16 min. longer to cover the original distance. Find the 
distance and the time of walking. 

6. Solve x ya, y zb, 02 - а=. 

J 
RE; 25 za ызы) 

1. (а) If x ТЕЎ апа Улт) Рохе that z um 

(b) Determine а and В so that 12x! — 312? + 14x? + ах + b may be 
divisible by (x — 1)? without remainder ; and factorise the quotient. 

2. If a suitable value be given to A, the square root of the ex- 
pression 0х6 — 6х5 + 25x* — sox? + 30x? +Ах+49 works out exactly. 
Work the square root and find the value of À. 

8. Factorise: (i) боох? – 13oxy – 639”, 

(ii) (12x? — 700 +45)? — (53% - 3), 
(iii) 4x + 24x?y — 22ху — 7 — 357. 
4. (a) НЕ - ТУ find + in terms of the other letters. 
Itet 14008 


(B) Solve L— 4 —-—: S 
253 


gno gea Е 
5. A bookseller bought a certain number of books of equal value 
for £13 ros. od. Не sold all but 20 at 94. each more than he paid 
for them, and the remaining 20, which were shop soiled, he sold 
for half as much each as he obtained for the others. His profit was 
£3. How many books did he Блу? 
“Быз м2 
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6. Show that the values of x and y which satisfy the two equations 
(6+ c)x * by 2 ax + (a 4- с)у = – c, also satisfy the equation 
a (x 4- 1) 2 b(y +1). 
K 
1. Factorise: (i) 16 - 4cd- c- 44?, 
(ii) 48x? — 5бху + тбу?, 
(iii) 4-6у+ 28x — 27xy + 45x. 
T 7 5х-4 2 15x —6 
2. Simplify We eem pps De cesar ве 
гс) 
8. (а) Ехрапа С ue T pi 
(b) Divide 
аз - B+ 68+ gabc-- 362 + 3ab 4- 36 1 by a-—b+c+1. 
4. Solve (i) (42+ Et - (18-4 k3- x)w (9 - 1) о, 
(Ш) 4x°-roxy+25y2=21, 4x —sy=3. 
5 (a) If F(x, y)=x3 +33, find F(2a+1, a - 3). 
(b) Determine а and b in order that axt + 5x3 — 2832 — 32x +21 
may be exactly divisible by 2x? + 5x — 3. 
6. A man rented a certain number of acres for £60. He worked 
4 acres himself, and by letting the rest for 10s. per acre more than 
he paid for it, he received for this portion an amount equal to the 
rent of the whole. How many acres did he rent altogether? 
L 
1, Find the remainder (of the first degree in x) obtained on 
dividing 6x5 — 193 x9 + 49x? — 12x. 5 by 2x? — 5x-I. 
2. Factorise: (i) so(x— 3)? — 95 (x — 3)(2х + 1) + 42 (zx + 1), 
(Ш) 4x* -- 1239 + 3x2 — 4x — r, 
(Ш) 12x? — xy ~ 6y? - 31x + 2y + 20. 
3. Find the Н.С.Е. of 
а? — за — 75? + 12b? and 2a1—q3b— 54252 + 13ab? — 125. 
4. The sum of two numbers is nine times their difference, and 


their product is less by 4 than nine times their sum. Find the 
numbers, 


2 4 
Б 3 а 28Жжа-5 state 
о (х—бБу(х+с) 3 x-b e+e? 
2 6 8 
@) Sx42y х-зу 2 Е 


6. Draw in the same diagram and with the same scales the, 
graphs of $x? and (25-32) for values of x from o to 4. Fin 
a value of x which satisfies x3 +х°=25. 


РАКТ Ш 


СНАРТЕВ ХХУП 


INDICES, SURDS, IRRATIONAL EQUATIONS 


166. Indices. In Chapter XI, the following laws of indices 
were proved : 

(1) a™xa"xa?xa"x... 

(2) a-a” =a", provided that m >п and a +0, 


= ат++Р++..., 


sag 
ат" 

(3) (a'")^ — qnn. 

These laws have only been proved, if all the letters m, n, Р, 7... 
represent positive integers, for the proofs were based on the defini- 
tion that а" stands for the product of т factors each equal to а, and 
this definition is unintelligible, unless m is a positive integer. Up 
to the present no meaning has been assigned to such expressions 
as at, а, а ; if we wish to use such symbols, we must first define 
them. 

Now it would clearly be very inconvenient, if we had one set of 
rules for positive integral indices and a different set of rules for 
fractional or negative indices. We therefore determine meanings 
for symbols such as 


Or  a"—g^— provided that л >т and a#o, 


ai, a?, а, at, а" 
in the following way : 
We assume that they obey the fundamental law of indices, 
айхал x a? xat ocv cma m e PEE Eee, 
and accept the meaning derived from this assumption. It will be 
found that the symbols so interpreted will also obey the other laws 
given above. 
345 


346 ESSENTIALS OF SCHOOL ALGEBRA [СНАР, 
р К 
167. To find a meaning for a2, where р, q are positive integers, 
Consider first a simple case, say аё. 


Since а? obeys the fundamental law of indices, we have 


а ГИШИ 
аз х аз ха = аз13173 = а2, 


Since the result of cubing a’ is а?, it follows that at —4/d?, 
More generally, 


Ap. p P,P p 
£ E 2 +... tog terms 
atx atx ax to д factors cad 4 4 


Р 
=а?, і.е. а“ = Xa, 
Р 
In other words, a? is equal to the qth root of а?, 


Note. The pupil is already familiar with the fact that the square 
root of 4 may be +2 or -2. This is a particular case of a more 
general result, viz. that, if n is a Positive integer, every quantity has 
n nth roots. 

When z is even, two of these are real, one being positive and the 
other negative (e.g. two values of 4/81 are + 3 and - 3), and the 
others are imaginary (e.g. two values of 4/81 are V -g and - V - 9). 

When т is odd there is only one real root and the others m 
imaginary. The real positive root of a real positive quantity 1$ 
called the principal root. 

In using the fractional index notation we consider the principal 
root only. Thus, 8:1Í— +3, while — 3, the other real root, 8 
written — 814. 

When a is a negative quantity, e.g. — 27, it cannot have an even 
real root, since an even number of positive or negative quantities 
multiplied together gives a positive quantity. But a negative 
quantity has one real negative odd root ; this will be the principal 
root. Thus, the Principal cube root of — 27 is) —3. 


168. To find а meaning for ад, By the fundamental law of 
indices, we have а" x а0 = gm40.— om. 
Provided that az o, we may divide each side by а”, obtaining 
| aD — qm тт, 
ч should be particularly noted that we have assigned no meaning 
to o9. 
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169. To find a meaning for аг", where n is a positive number. 
Consider first a simple case, say a~’. 
Since a7? obeys the fundamental law of indices, we have 
a x gà =at =а0=т, provided that a zo. 
Dividing each side by а3, we have 
gaz z provided that a +o. 
More generally, 
a7? x а%а-""=а%=1, provided that a#o. 
Dividing each side by a^, we have 


а" = provided that ажо. 


It follows that any factor may be transferred from the numerator 
to the denominator of an expression, or vice versa, provided that 
the sign of the index is changed. 


Thus, pd —=ш—, 


It should be particularly noted that we have assigned no meaning 
to a^", when a—o. 

170. We have now obtained meanings for а”, when m has any 
rational value, with the proviso that if » is negative or zero, a must 
not be zero. It should be noted that we have not defined а” when 
т is irrational or unreal, e.g. for m= 7 or m= М-4. 

In the work which follows it is assumed that all indices are 
rational and real, and that the following propositions are true. 

(1) am--an — am-n (a = 0) for all values of m and n. 

(2) (am)n = алш for ай values of m and n. 

[а must not be zero, if either т or и is negative or zero.] 

(3) (ар) = апра for all values of n. 

[ab must not be zero, if n is negative or zero.] 

Мое 1. In general, ab” can be simplified only if either a=b 
ОГ т=п. 

[If a and b have a common factor, it may be possible to obtain а 
simpler expression for a"5^.] 

Note 2, There is no simple form equivalent to (a + b)", 

The methods to be used are illustrated by the following examples. 
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171. Example 1. Simplify 
(i) авхай, (ii) ст (iii) (24-2у3, 
(1) ах х ай=аї+%=а}. 
(i) сё-9---08-5--60-37-0--4--8-0, 
А -2)-3— 5-3 0761, 3681 6 
(ii) (2d) = 2 8a. po tas 
Example 2. Evaluate 81-5 
Е Int 2-5 Е. 
8 т (8:48 3° 27 
Note that we may regard 81% either as (811)? ог аз (813); the 
result is the same in either case, but the work is considerably 
shortened by taking (814)3, etc., as above, instead of 4331441, etc. 
Nab x Ap (ӘС? 
Ыз Jaw 00) (зуут 
Nab x Yb b2 at x bi 1i 
+ 0,1 = 
0) з акб Li. х шин ibti =a% =b. 
И су 
(зу) 33y3 29:85 дай 


Example 3. Simplify (i) 


EXERCISE 84 
(Nos. 1-7 may be taken orally) 
1. Read off the values of : 
atxas; bs x be; ci xc; аха; hxhĵ; 
1-131-5: тахт? 2h x aros j atxa; уёху; 
ай-ай; Мсуз. di 3 ата; pH; 
LIC, mimt; meine, abist; узи 
2. Express in words : 
Vas; №; Net s уз; Уз; Vas. 
3. Express sth a single index : 


e CE (a3)° ; (63; e»t; 
(Зу; 0-59; abi; (дуз, ^ (9 
(0; (95: (ab Ш у; 


1\а# 
ОООО of, wht; сы (29. 
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4. Express with positive indices and without root signs : 


Ма ; А, сз; Yar; Mrs; Va. 


5. Express with root signs and with positive indices : 
a 
2 з a " E 211 т -5 
аб ; 87, саах pipe pee aves 208; 
6. Express with positive indices and without root signs : 
3 -8 i 
a^; x5; Eua 213 ar ый 
ор мара 


7. Find the numerical yalues of : 


161; 45; 258; 8-8; (ооф); 216—8; 
323; 643; (62599; 418; (-8 В; 34375; 
(ог5)#; 144; (-512) №; зат; 64; 77; 
(-3435; (oor); 27; (008;  (-38-5; 
Gi; аха; gk x ont; (ИЙ: 25х25; 
32704; 35x38; (4); 58x 5-3; 4" 2x42"; 1024-09 
Express with positive indices and without root signs : 

8. 3x7? 9.58, 10. 7273, 11. 357445, 
12. at 18. wt 14. x? x4x7}. 15. «7x 8$, 
16. x-* x (4x). 17. а? x (4x)73. 18. y 
19. ко, 90. газ х СЕРЫ 21. тк. 

22. 1—(4x -i. 23. ab? x b2c3. ОД. bx-1—3x 
95. bxi (3x)-, — 96. т-м. 27. 3-4 y 5. 
98. MA rà, 29. Hgy. — 80. Vai Vatt. 
31. 1- (99-8. 39, atb? xb. 88. 3a? x 447. 
34. зай x (да)-?. 35. gxt = (27). 86. 9-9. 
87. 4 — 8273, 38. dy-5-—(ay)?. 389. 1 = Nasc. 


40. Vx Aat. 41. 4/548--Узаа 3, 49. (zab) ? x 022. 
43. Express as a power of 8: 4, 16, І, $, V2, 128. 
44. Find x, if 

Gx" хх” =з, Gi) a xx X, (ii) (i) МУЛ, 08) A" = хук. 
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172. Example 4, Divide 24a-3+ 13a? + 11a - 6 Буза" - 1 


34-1) 2443 + 130-2 + т1а-1- 6 ( 8273 4- ya*+6 
24a 3- 8q-2 
214? + 1147 
214 ?- таг! 
1821-6 
1801-6 
Detached coefficients may be used, if desired. 
БСТ MAT 
Example 5. Simplify БН x ght X ar 
2... 
The expression equals S EMT : 


2 пи-пи пт 2 s". 


Example 6. Simplify eo ет» 3 um A 


22221 
-8 
The expression $5 hi (n + x ? 


2" 
xe шар 2x? у 
am ya $' za 


XE 0 271432 
засах рс УН 
Byz? 3-®уту— 
2 


22 Qi tym 


z at 
$99. 


uj 
ES 
2 32 


xyz 
EXERCISE 85 

Multiply : 

1. 324 - 7+ ox-t by axt — samt. 

2. azb? i a-35-3 by ab? — 2а- 6-8. 

8. axt зат by xb ат, 

4. аб -asb +58 by a5 + atb? +38, 
Divide : р 

5. 160-2 + 6-3 + sa~} 6 by 2a-t — т. 


SHE grt х Su fo! 45-^ — (59° 


[онав, 


-n 
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6. 21x5 +5 E xS +I by 3x5 + 1: 
7. х +3 
8. 3x77- 5x71 x7 —1 by 3x77 - 2x71 +1. 
Find the square root of : 
9. ox? - 12x + 10 - 4x1 4 x7. 


х- by x 4 x-1— 


10. 4x5 + 9x75 - 24x72 — 16x$ + 28. 
1-3 223 al 
11, Že oB- 63b 1 +< (1-380). 
12. 9х8 – 12208-2 +4х78 +076 
Simplify and express with positive indices : 
13. (Vx2y5)8, 14. (Yay, 15. (4a-4-+256%)-2. 


ве вой в. 


19. (ху р, (ея). 80. YEP T-V ар: 


81. = = 88, (225) x (72)— x (100), 
28, (83 x 167 bn». : 24. (өч х ола". 
25, (3x7 354) ү: 2) 5 26. тар”: 


27. (841873 4a 307i. 28, Var х Varia Nat. 

99. (9x13) х Мху®. 30. M N Муд, 

а. (225 `-( у * гә, (2-2) x (at - 071. 
83, (5-14/3)-3 x Vet, 34. өл + „Аля, 
a re 86° Эрэн 


Solve the following equations : 


87. ax5 =p, 38. ай = ne. 39. а 4 2 Hn 
40. aix ctet. 41, c iy bed iw i, 42. Hix-8 = hix, 
43. х?уЗ zb: 44. x3y$ 3-2: 5 45. дут =а-8 ; 
xy? = 8. уй = 107%. ait =D’, : 
46. 2*— 32. 47. 4-3". 48. 105" — 1000. 
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Write down the value оЁ: 


49. (x? — 4) (xt + 5). 50. (4a — 3) (3 /a 4-2). 
51. (xi - 64) (xt - 4). 52. (1+ 125c-5) —- (1 + 50). 
53. (as - заг), 54. (xt + 2374), 


Express in simplest form, free from radical signs and negative 
indices ; 


1 
а+ а+то Х— 5%? — 14. 
EDS ^ oon m 
8 + 4-8 — 12 x3 — 8xdy 
57. = . 58. a, 
x8 – -8-6 2 


x T : 

X8 + 2x33 + 43 
xitay xt 

59. 3--—— 

хуту. dart y 

Simplify and express with positive indices : 


60. (xt + 7) (x — 7x? +49). 


61. (УхЗубуз, 62. (167-5151. 63. (72555). 
Six —2 31-85 F rasani, 
"et «28 nim 
67. 3235-8? (216592, 68. 242 . 16-8. 54-5. 
69, М(2х)у—®у хА/8ху-%, 70. 5/2858 x (а85-1у-2, 
772 — 35 gna зат о $ 
a Zixii ` 72. Ga" gm aya 


SURDS 

178. If a is a rational quantity which is not a perfect nth 
power, х/а is called a surd of the nth order. 

Thus, /3 is a surd of the second order, or a quadratic surd ; 
A5 is a surd of the third order, But V 2:25 and 4/27 are arithmetical 
numbers in surd form, since 2:25 is a perfect square and 27 is à 
perfect cube. It should also be noted that 4/7 + 4/5 is not a surd 
but a surd expression. Some surd expressions can be reduced to 
surds ; thus, 4/ V2 is equal to 19/2 ; in the latter form it satisfies the 
definition of a surd. 

Surds are inexpressible either as integers or as fractions, but the 
value of a surd can be obtained to any degree of accuracy, i.e. à 
Surd is an irrational quantity. Thus, /2= 1'41421...; i.e. ^/2 lies 
between 1:4142 and 14143. The error in using either of these 
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quantities instead of y2 is less than о'ооог. By taking the square 
root to a greater number of decimal places we can obtain greater 
It is therefore not necessary to introduce surds into 
numerical work, but in practice it will be found that, even where 
approximate numerical results are required, the work is consider- 
ably simplified by using surd symbols. 


174. Surds may always be expressed as quantities with frac- 
tional indices. Expressions involving surds may be transformed 
into other expressions by using the laws stated earlier in this 
chapter. 

Thus, а surd of any order may be transformed into a surd of a 
different order. 

For RIS = 33 = зт = M33. 

In particular, 80108 of different orders may be transformed into 
surds of the same order. ‘This order may be any common multiple 
of each of the given orders, but it is usually most convenient to 
choose the /east common multiple. ‘Thus А/ а, 2) x, Vas may each 
be expressed as surds of order 24 (the L.C.M. of 4, 3, 8) or any 
multiple of 24, for V@=ait =qu=WVa'8, Similarly Яя = x% and 
Ха = Nas, 

'T'o compare surds of different orders, they must first be trans- 
formed to surds of the same order. Thus, to compare > N3, 4/6 and 
Ато, we express them in the form A729, К/т296, \тооо. Thus 
4/6, У то, 4/3 are in descending order of magnitude. 


1 simt 
175. Since (ab)" —a"b", the nth root of any expression is equal 


to the product of the nth roots of the factors of the expression. 


Thus А15 = 95.53, 
M18 — Jo ./2 9 3 2, «enne (ii) 


A32 = 416 . Цагаа. emen (iii) 
From (ii) and (iii) it is clear that a surd may sometimes be expressed 
as the product of a rational quantity and a surd. When a surd is 
expressed so that the integer under the root sign is as small as 
possible it is said to be in its simplest form. Thus, 34/2 is the 
simplest form of V18. Conversely, a coefficient of a : surd may be 
brought under the root sign; thus, 2^/5 = у4у5 = Мзо. А surd so 
expressed is called an entire surd. 
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176. When surds can be expressed with the same irration 
factor they are said to be like ; otherwise they are said to be un 
Thus, 44/7, 94/7 are like, and y5, бУтг are unlike surds. 
It should be carefully noted that Уа--б, x — y, etc. cannot be 
simplified, unless we know the numerical values of a, b, х, у, ett. 
177. Addition and subtraction of surds. The sum of a numi 


of like surds can be found when they have been expressed in their 
simplest form, 


Example 7. Find the sum of N108, V48 and Мз. 

The required sum = 6\/3 + 44/3 + 5/3 = 1543. 
Example 8. Simplify 3N147 — x13; - 21. 

The expression = 214/3 — “33 - 55/3 


= (21-4 - 4) 3 = 10943. 4 
Note. It is usual to express a surd with a rational denominator. 
Thus V8 — N$ X 3— Wt X V3 =3V3. 


Example 9. Express x4/2723y + 29 — yz? — 85у 8хбу in its simple 
form. 

The expression =x . 3x4/y + z( - z)/y — 2x* gy 

= (3x? — 2? — 2x?) Yy = (x? – 2) у. 

Unlike surds cannot be collected. 

Thus, the sum of 3,/5 and 74/2 is 3 /5-- 74/2, and can only 
simplified further by substituting approximate values for 5 pU d 
м2. Such an expression is called a compound surd. 


Example 10. Simplify №252 +2^294 — т2^/%. 
The expression= 64/7 + 145/6 — 24/6 = 64/7 + 124/6. UM 
178. Multiplication and division of surds. The process is 
illustrated by the following examples : 4 
Example 11. Find the product of 232, N27, Мтзо, 7 
The product=2.4./2.3.V3.5./2. N3 
—72.4.3.5.N2.N2.N/3.N/3 
=2.4.3.5.2.3=720. 
Example 19. Find the numerical value of 3 
2 


-3 23-42 E INZ _ 3x 1414 


2427342. 37 4 g ro6os approx 
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This example illustrates a very important practical principle. 
Fractions with surds in the denominator should always be replaced 
by equivalent fractions with rational denominators. This process 
is called rationalising the denominator; the factor by which 
numerator and denominator are multiplied to effect this result is 
called a rationalising factor. Thus, in Ex. 12, ^/2 is a rationalising 
factor. 

The advantage of this process is that the divisor is an integer 
instead of an inexact decimal. Not only is the working shortened, 
but it is much easier to obtain the answer correct to any required 
number of figures. 


Ехашрїе 13. Evaluate аза = 
The expression = 4 = : 7 X TERCER 75 5 2 кол 
=2 -1:8 oo7o7 approx. 
EXERCISE 86 


1. Express as surds of the twelfth order with positive indices : 
@) мз, G) #2, üi) 7, Gv) 4/25, (v) Va, (vi) Vag. 
2. Arrange in descending order : st 
(i) Yo, Vaa, 95; 0046, Nir, N3. 
3. Express as surds of the same lowest order : 
G) ух, 5; Gi) 2, уа; (8) Va, Ча; (iv) 47, Ма, V9- 
Express the following surds in their simplest form : 
4. (i) V288, (ii) 18, (iii) V27, (iv) Мтбх (v) 12809, (vi) 4716. 
5. (бу No8, (ii) 242, (Ш) М720, Gv) V128, 
(v) 93758, (vi) 54768. 
6. 0) аму, (i) a xy, (1) V- asy", 
(iv) Nab + 2а гай, (v) зсУ250с'4°. 
Express as entire surds : 
7. (i) дуг, (ii) 115, (8) 5443, v) 24/2, (у) 718, (Wi) 445. _ 
5 7 
8. @5 \/ 2, 0) 3 Vias, (ii) 2 ya (iv) 8 4 56, E 2 
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Simplify the following : 
9. 4У45 — 3N20-- 8V5. 10. 6^/63 + 5^/28 — 1647. 
11. 6/363-10V243--6V192. 19, 5V44 - 8v 176 4- 4 99. 
13. 39189 + 69875 - 114/56. 14. roY81 — 12192 + 7/648. 
15. 6Ут28 +575 — 10V 162. 16. 39 54-55 — 16 +2Ñ 1029. 
17. 5147 - ЖА - 7 Ns. 18. бо - 2V54 — 12V. 
19. 2хУх8у? + x*y Nox — x9 25x. 
20. х2Ў27хуз — 32 — 8x28 — A 125xy523. 


Simplify the following surds, and find their numerical values, | 
correct to two places of decimals, given 


N2— 14142, N3 7 17321, 5 = 2/2361, 6 — 2/4495, V7 = 2/6458. 


21. 5N98. 99. 5У18 + Мо. 23. 3М147. 
24. V200 — 128. 25. 2Ут5о — №243. 
26. 8128 — то\то8 + 5125. — 97. зМлох Vis. 
98. 5/8 x 24/6. 99. 2v 7o x N35. 30. 3V15 x 45. 
81. 2/33x5N22. 89. 327-350. 33. 22 
34, 32. 22:49) 36. 43. ‚809. 
^18 a N7 35 9N2 2^ Мї25 
а. 1043 „ Ут26, 
N75 à 5/8 9 7N27 3N8 


179. Compound surds. In simplifying expressions containing 
compound surds we may proceed as in dealing with rational 
expressions. 


Example 14. Multiply 24/x — 54/у by 3x 24/y. 
The product — (2x — 5^/у) (3x + 24y) 
—2NX .3 x — 5МУ. 3N% + 2X . 2Y — 5МУ.2МУ 
=6x- I5Nxy + AN xy — тоу 
-бх- 11Nxy — тоу. 
Example 15, Find the value of (7/2 + 5/3) (7/2 — 5/3). 
Since (а+6)(а-5)=а?- 2, we have 
(7/24 543) (74/2 – 54/3) = (74/2)? — (5/3) 
=49х2-25х3=98-75 
= 23. 
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This example is of great importance. If we multiply together the 
sum and the difference of any two surds of the second order (quad- 
ratic surds), we obtain a rational product. 


180. Binomial expressions such as 7/2 + 54/3, 74/2 — 54/3, which 
differ only in the sign which connects their terms, are said to be 
conjugate. We have shown above that the product of two conju- 
gate surds is rational. ‘This result enables us to rationalise the 
denominator of a fraction, when the denominator is a binomial. 
'The rationalising factor is the surd which is conjugate to the de- 
nominator. 


Example 16. Divide 74342 by 5—32, and find the value of 
the quotient correct to 3 significant figures. 
: +3^/2) 
Th URNA (7+ 3^/2) (5 
e quotient 52412 (5342) (5 +342) 
_35+15/2+21/2+ 18 537 36/2 
Де 25—18 7 
Erie T — 14:8, correct to 3 significant figures. 
Example 17, Express MORS with a rational denominator. 


Here it is impossible to rationalise in one step. We have 
I uy /5+ 2-1 77 М5+ 2-1 
замаа (5210) (М5 + М2—1) (м5 + N2)* 1 
Ms-twa-1  w5tw2-I (Js + 2 - т) (Уто 3) 
5+2+2Мто-1 2(У10+3) 2(Nx0 4-3)(V10 - 3) 
sJ2-3/st2/8-3N2- NIO 3.28. —NS -Ni0+3. 
2(10- 9) 2 
181. Square root of binomial quadratic surds. From the 
formula (x E Xy)? =x% + У-Е2МхУ we can write down the square 
root of an expression A+ 24B, if we can find two quantities х, y 
such that their sum is A and their product is B. 


Example 18. Find the square root of 10- 2N21. ie 
The expression may be written in the form 7+3- 2N7X 3. 
It is then clear that the square root is V7 - N3- 
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Example 19. Find the square root of 22 + 124/2. 

We first write the expression so that the coefficient of the surd 
is 2. 

Thus, | 22-12/2-22-2У36Х2-22-2М72. 

We must therefore find two numbers such that their sum is 22 
and their product is 72. The numbers are 18 and 4} 

^ 224 1242 — МІЗ N4 — 3 /2 +2. 

If the numbers cannot be readily guessed, we solve the equations 

&-y-22, xy —72 in the usual manner, 


Note. Since every quantity has two square roots, — (4/7 — V3) 
and — (3/2 + 2) are also square roots of the expressions 10 — 2У21, 
22--I24/2 respectively; but it is a convention that only the 
positive root should be considered. 


182. Irrational equations. An irrational equation is one in 
which the unknown or unknowns occur under a root sign. 

In the following examples the positive value of the square root is 
always taken. Thus, a term such as Мох — 3, when х=6, means 
the positive value of yọ, i.e. +2. 

The method of solution is illustrated in the following examples. 


Example 20. Solve Vx 9+тт=х. 

There is only one term in which the unknown occurs under а 
root sign. Rearrange the equation so that this term is by itself on 
one side of the equation. This is known as isolating the term. 
We then have Мх+д=х- тт. Square each side, 

`. X9c(x- 11)? =x? - 22~-+4 121, 
"ox -23«*-12-0, “у, (x- 16) (x — 7) 2o, 
© х=16 or x=7, 

Check. When x=16, L.H.S.— Vag +11=5+11=16, 

R.H.S.=16, 
/. *=16 is a solution. 
When х=7, L.H.S.=Vi6+11=4+11=15, 
R.H.S.—7, 
/. Х=7 is not a solution. 

It should be carefully noted that the process of squaring each 
side of an equation is a non-reversible step. It may therefore 
introduce a root or roots which do not satisfy the original equation. 


——— АҢ 
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It is therefore essential to test the results by substituting in the 
original equation. The root х=7 is a root of the equation 
-Mx-c9-ir-x. If we solve this equation by the method given 
above, we shall find that it leads to the same equation as before, 
x*— 23x + 112—0, giving x— 16 or x—7; but, on checking, it will 
be seen that we must now reject x= 16 and take x— 7. 

Example 91. Solve Nx--6-- Nx--1- Мбх+7. 

Square each side, 2.2 x-- 6--x-- 1 4 2N(x-- 6) (x 4 1) e 6x 7. 

Isolate the term containing the root, .’. 2N (x T 6)(x t 1) = 4x. 

Divide each side by 2, .. N(w + 6) (x 4- 1) 2 2x. 

Square each side, 2. (x--6)(x-- 1) = 4x?, which reduces to 

3х2 -7х-6=о, or (x-3)(3x42)-0, 


vox Or Cl: 
Check, When x=3, L.H.S.— J9-- 4473-275, 
В.Н.5.= V25 55, 


*. Х=З is a solution. 
When х= —2, L.H.S.— VIE + /$—$4/3-- $3 — $43, 
R.H.S.— 4/3, 
-. x= —$ is not a solution, but it is easily seen that x= —$ is a 
solution of Vx 4-6 — Vx + 1 — N6x +7. 

It should be noted that the check is not complete, unless it is 
seen that the rejécted root satisfies ап equation derived from the 
original equation by one or more changes of sign. It must not be 
overlooked that a root may fail to satisfy because of some error in 
the working. 


EXERCISE 87 
Find the value of : 
І. (sx — 3) хаух. 2. (4 74/1) x aWl. 
$. (2/5 - 542). 4. (3x 4) (a Nx + 5 /У). 
5. (4/8 — 3J2)(3N/8-- 7/2). 6. (24/7-- 3/5) (2N7 - 375). 
7. (6+ 5/3)? 8. (7/5 - 5v3}. 


9. (Ух+2у-Мх-2у)х Nx--2y. 10. (М2 +x- N2 - х). 
11. (2+5 — М7) (2 — Js + 7). 12. (3 +242- /5)(3 + 22+ NS). 
Simplify and express with rational denominators : 
18. 1—(9 - 43). 14. 9—(543 = 642). 
15. (13 - /5)--(2 +35). 16. (3+ Js) —- (Vs +1). 
17. 5У14--(у7 + ма). 18. (6--44/3)--(6 — 34/3). 
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19. (243 + 342)-- (5 - 24/6). 90. 5—(a- а? - 2). 

21. (V16-x*--4)—-(V16--33—4). 99. r—(3 - JsY! (2 + 4/5). 
23. (1+ 43) —- (2 + J3) (34/3 4- 5). 94. (3-- 24/2) -(1 + м2), 


Given ү/2-1:4142, /3=1-7321, 5-223601, /6=2'4495, 
4/7 — 2:6458, find, correct to two decimal places, the value of : 


252527 28. 5. 

PL T 98. EE EE У: 3. 
a мэн" 
Eu © түрд 


88. Verify by substitution that 3 + 2^/5 is a root of х?—бх=11. 

84. Verify by substitution that А/5 + 3 is a root of x* — 16x? + 4=0 

85. Given that m=./7+/5 and n=\/7-\/s, find the values of 
(i) mn, (ii) m? +n”, (Ш) m* + nê. 


36. If х= J7 + 4/3, show that Е 


= 2 
37. Show that 2 = is a rational number when х= V3 +1. 


88. If x—3 — Js, calculate the value of x? — Зах: 

39. Find the value of 8y — у? when y = (4/5 — /3)-- (4/5 + 4/3): 

40. Find the value of x3 — 114? +27х — 17 when x—5 - 24/2. 
Find the square root of : 


41. 64 24/5. 42. 8-- 2v 15. 43. 12 - 232. 
44. 9- 2718. 45. 30 - 124/6. 46. 67 — 125/7. 
47. 57 +1215. 48. 8+N55. 
49. 10-2N(4—%)(6 +x). 50. 4x - 5-- 2N3x? — 11x +6. 
51. 6- 17 - 1242. 52. 9-t | 29 - 2428. 

Solve the equations : 
58. Узх+4=7. 54. Vox -5— N22. 
55. 8x: 3— 40. 56. 2- X x- 1-7. 
57. 5x7 - Мах но. 58. 3N2x —2N x 4- 5. m 
59. Vx +6+ Nx -1—5. 60. дхн Nx т= NX 4 


61. N3X 2+ /3x — 11 —9. 68. V2x 45 – Vax — 11— V2x — 16. 
63. Мухі V sx — L5 wil. 64. Vax - 1: Vx 4 3—3- 


ue 
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65. 
67. 


24Х4-1-1-4М4Х-7. 66. Vax -3— N8x - 12- Nx +3. 
Мх+ т + Мх+8В=Мбх+т. 68. Мх+2а+ x Мтах +a. 


69. Vx—2+Nx—-10-2=0. 70. 2N6+3x=V4— 3x + N28 — 3x. 
71. Мә+х-Мз-хж-х=о._ 19, Nzxt I1-- V3x — 12= Мух +15, 
мх + х— 

pe te 74. Vora avem а 
75, Мах 5 — Мах - 3— Мб 4-2 - NOx. 
76, Vax? — 4x —3 — Nax? + sx — 12 — N2X — 3. 
77. 3x? — 21x + 26 = AN x — 7x + 10. 

(Hunt; Let y= + Мл? - 7x4 xo.] 
78. х2 +27 = 10x + 6Nx? — тох+ 18. 
79. бх - 22x + 12x +4=4- 2%. 
80. 4x+5 - 22 -4x - 3 5 33 — 1. 

Find, correct to two decimal places, the value of : 

I 3+5 7-2/6 
81. SERE 9. NEC 83. S. 
2-5 5-243 40 
ИЕ MITTEN 
2 І 
em УЗ N27 88. за 
89. Verify by substitution that 7 — 2^/5 isa root of x? — 14% +29 — 0. 
90. Given that m=3 + 2/2 and n—3 - 2/2, find the values of 
(i) mn, (ii) m+ n°, (ii) m +n?. 3: 

91. Find the value of х®— 8x3 + 4х? + 8x - 3 when х=4— Уп. 
92. Find the value of 428 — 12x? — 5x + 11 when 2х=4+ М5. 

Solve the equations : 
98, 5--2/x —3— 13. 94. Vx 25473. 
95. Узх-5-М16-3-Мх-6. 96. Wax 7 - NX - 5= Ух. 


97. 
99. 


12 Vx - 11 _ us 98 Мих 
ANx--1  Мх+3 EE ES 


Маз 3-8 —x—2. 


100. ›/4х#+ 17x15 - Nzx! sx - 3 = МА 2x - 3- 


ТА 


ЕА 


CHAPTER XXVIII 
LOGARITHMS 


183. It is frequently convenient to express a number N in the 
form a*, where a is some fixed number other than zero. 'ТҺиз, we 


а 3 ў : я -2 
may write тоо in the form ro?, 8 in the form 23, 4l in the form 6-3. 


Definition. Ifa number N can be expressed in the form a*, the 
index x is called the logarithm of the number N to the base a. 

Thus, since тоо = 10?, 2 is the logarithm of roo to base то, 
since 8-23, 3 


» » » Ot gs ES 
since 3526.5 —2 


й 6 
” » 86 » x 
The logarithm of N to base a is usually written log, М, so that 
the statements М = a? and x—log,N are equivalent. 


EXERCISE 88 (Oral) 
1. Find the logarithms (or indices) to base го of : 
1000, O'OI, 1,000,000, о’оот, Ол, I. 
9. Find the logarithms (or indices) to base 4 of : 
16, 256, wz, 2, 58, 8. 
3. Find the logarithms (or indices) to base 27 of : 
729, 3, 9, 81, 243, dr 
4. Find the logarithms (or indices) to base 25 of : 
625, 5, ws, 125, 15,625, 3125. 
184. It is recommended that the proofs in this Article be omitted 
at a first reading. 
The following general Propositions are applicable to all log- 
arithms, whatever the base. 
(т) The logarithm of 1 is 0, and the logarithm of the base is 1. 
For a¥#o, г. aà?- 1, ie, Іоват =о. Also a!—a, i.e. log, a — 1. 
(2) The logarithm of a product MN is the sum of the logarithms 
of the factors М, М, i.e. log, MN =log, M+ log, N. 
Let log, M =, log,N=k. Then M= a^, N=a*, 
We may then proceed 
either М.Ма" = а, 
* by the definition log, MN=h+h= log, M+log, N ; 
362 
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or M .N=alogaM , glogaN = glog; M+loga N ; 
-. by the definition log, MN=log, M + log, N. 
Similarly, it may be shown that 
log, MNP =log, M + log,N + log, P ; 
and so on for any number of factors. 


(3) The logarithm of a fraction ч is the logarithm of the 
numerator, M, minus the logarithm of the denominator, N, 
ie. log, z =1ор„М - log, N. 


As before, we have 


i M “ль. 
either Wren? 
/. by the definition log, я =h-k=log,M -log,N ; 
М algzaM 2 
or N = 078, = qlogaM-logaN ; 


`. by Фе definition log, у — log, М - log, N. 


(4) The logarithm of М” is y times the logarithm of М, i.e. 
log, M^ => log, M, where ғ is any rational number. 
Аз before, we have 


either М'= (a^ =a"; 
2. by the definition log, M" =rh=r log, M; 
or w= (ава му =a" loga M; 


2, by the definition log, M' =r log, M. 

Thus, log, M5— 5 log, M ; log, /M —1og, Mt =$ log, M. 

185. Any number may be taken as base, and the logarithms of 
all positive numbers to any given base may be calculated to any 
required degree of accuracy. But in all practical calculations it is 
customary to use то аз the base. 

Logarithms to base то are called Common Logarithms. 

Unless there is any danger of ambiguity, the suffix denoting the 
base may be omitted. ‘Thus, we usually write log 2, log 5, ... 
instead of logy 2, 108105, ... If, in any piece of work, the suffix 
denoting the base is omitted, it is implied that all logarithms which 
occur haye the same base, unless otherwise stated. 


ж: 
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. 1 и с . 

186. Powers of 10. Since то? = ло, we can find its value to 
as many places of decimals as we like by using the process for 
calculating square roots. We may also calculate the values of 

1 3 5 3 7 o 1 таң 
108, 101, 108, 108, 104, ros, For то E iot, 105 = rol 

3 1 TO E 1 TTE 1 PET: 3. 
108= IO4 X IO8, IO8 = IO? X 108, 101 = IO? X rot, ТОВ = 104 Х 108, 

The values correct to two decimal places are found to be: 

1 3 5 3 
108— 1:33, 101 = 1:78, гоё 2:37, 102 = 3:16, тоё = 4:22, 104 = 562, 

4 о 
108=7'50. Also 10°=1, ro!— ro. 

We may therefore plot the values of 10% for 


=, 1 3 1 7 
х=0, $, t, 3,3, $ & ir. 


у 
10 г 
8 
5 в 
E 
4 
TERI 
2 
— 
о 0:2 0:4 0:6 0:8 то х 
Indices 
Fic. 21. 


These points are plotted in Fig. 21 and they have been joined by 
а smooth curve. This curve is, in fact, the graph of y= 1o" for 
values of х between о and т, although we are not strictly justified 
in saying this until we have considered the values of то? for irra- 
tional values of x. The curve may be used to read off powers of x. 
Thus, from the curve we obtain 1992— 1:6, 1098 = 4-о, in each case 
correct to 2 significant figures. We may also read off numbers as 
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powers of то. Thus 2— 10999, 3 — 1095, 5— 10979, etc. In other 
words, we have found from the graph that 

log 2=0:30 approx., log 3=0:48 approx., log 5 =0:70 approx. 

It is clear that by using the graph we could obtain the logarithms 
of any number between г and то, and that these logarithms all lie 
between o and 1. But the degree of accuracy obtained from the 
graph is insufficient for practical purposes, and it would be incon- 
venient to read off the logarithms of such numbers as 1'773. 'To 
obtain a higher degree of accuracy it is necessary to use the tables 
which are given at the end of the book. Whenever these tables are 
used it is implied that the base of logarithms is 1o, and there is no 
need to write the suffix denoting the base. 


USE OF FOUR-FIGURE TABLES 


187. Numbers between 1 and 10. ‘The following is an extract 
from the tables at the end of the book. 


Differences 
No. 5 | таг ш cra atl 
12131451 617 1819 
23 ЗИ ИЛ 20 37693784 4 dr 9тт [131517 
24 [380213820|3838|5856]3874 3892139993927 39453962214] 5 79111214 16 

Example 1. Find log 2:3, log 2°32, log 2:328. 

"Го find log 2:3 we find the number 23 in the left-hand column. 
Opposite to this and beneath the figure o we find the digits 3617, 
and since we know that the logarithm of a number between 1 and 10 
lies between о and 1, we place the decimal point before the first 
digit. Thus, log 2:3 = 0:3617, or 23 = 10°". 

"Го save space the decimal points are usually omitted in the table. 
It is understood that we always look up the logarithm of a number 
between r and ro, and that o: is always prefixed to the number 
found in the table. 

To find log 2:32, we find the number 23 in the left-hand column. 
Opposite to this and beneath the first figure 2 we find the digits 
3655. Reasoning as above, we have 

log2:32—0:3655 or 232 

То find log 2:328, we proceed аз before and obtain 

log 2:32 —0:3655. 


= тоб-3655, 
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The increase required on account of the final figure 8 is obtained 
by adding to 3655 the number in the 23 row which appears under 
the second 8, i.e. under the 8 in the narrow columns on the right 
called difference columns. This number is 15, so that 

log 2:328=0:3670 ог 2:328 = 1993670. 


Example 2. Find the numbers whose logarithms are 0'3856, 
0:3861, 0:3862, 

From the tables we see that the digits 3856 come in the 24 row 
under the first figure 3. But o:3856 is a number between o and 1 ; 
it is therefore the logarithm of a number between 1 and то. We 
conclude that 0-3856 = log 2:43. 

The digits 3861 do not occur in the table, but can be obtained 
from 3856 by adding 5. The digit 5 occurs in the 24 row, in the 
difference columns beneath the figure з. Thus o:3861 = log 2'433. 

The digits 3862 do not occur in the table, but can be obtained 
from 3856 by adding 6. The digit 6 does not occur in the 
difference columns in the row 24. But 6 is mid-way between 5 
and 7 which occur in the difference columns beneath 3 and 4 
respectively. It may be inferred that 0:3862 lies approximately 
mid-way between log 2:433 and log 2:434. 

This last example serves to emphasise that the results obtained 
from the tables are approximate only. The numbers obtained from 
the tables are correct to 4 significant figures only, and we cannot 
always rely upon the accuracy of the fourth figure. It will be found 
that the results of calculations performed with the aid of 4-figure 
tables may in general be relied upon to 3 significant figures only. 
The pupil should therefore make a habit of giving his result to 
3 significant figures whenever he uses 4-figure tables. 


188. T'he number corresponding to a given logarithm is called 
its antilogarithm. Thus, in the last example 2:433 is the number 
whose logarithm is o- 3861 ; this is the same аз saying that the anti- 
logarithm of o:386r is 2433, or апор 0:3861 —2:433. 

In the last example it has been shown how to obtain from the 
logarithm tables the number corresponding to a given logarithm, 
i.e. the anti-logarithm of a given number. The beginner is strongly 
advised to use this method ; later on he may prefer to use the anti- 
logarithm tables given at the end of the book. But it should be 
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realised that antilogarithm tables are a luxury, not a necessity—a 
luxury which it is well to do without. 


EXERCISE 89 (Oral) 

Use tables to express as powers of то (i.e. find the logarithm of) : 
Give your answer “ 2:3 = 109387, i.e. log 2:3 —0:3617 ”. 

1. 34. 2. 48. 8. 5:9. 4. 6-2. 5. 7. 

6. 2-83. 7. 9:02. 8. 9:47. 9. 672. 10. 7-31. 
11. 5417. 12. 4879. 18. 5:933. 14. 67258. 15, 7:044. 
16. 2:836. 17. 9:007. 18. 9479. 19. 6-721. 20. 7:312. 
21. 7143. 99.9704. 98. 3:395. 94. 8:506. 25. 4407. 
26. 6-386. 97. 7:209. 28. 9:749. 99. 1:276. 30. 2:108. 

Use tables to find the values of : 

31. 1091584, 89, 1004548, 38, 1909995, 84, 100-4299, 85, 1008306, 
36. 109-226, 87, 100-8989, 88, 10907887, 89, 1000192, 40. 1002548, 
Use tables to find the numbers whose logarithms аге: 
41. о-1644. 49. 04472. 48, 09304, 44. 04089. 45. o-898r. 
46. о-5915. 47. о:6063. 48. o:8271. 49. 00224. 50. o:2513. 
189. Multiplication and division. 
Example 8. Find the value of 3°97 X 2'03. 


Rough estimate : 4x 2=8. 
Hither 3:97 X 2703 = 100-5988 х 101'305 = 90598603075 


= т00:088-58:00: 0:5988 
Or Let x—3:97 X 2:03. €3975 
09063 


Then log х =108 3:97 + log 2:03 
=0'5988 + 03075 —0:9063, 
", *=8'06, 
Example 4. Find the value of 3'97--2'03. 
Rough estimate : 3:07--2= 1:985. 


Either 3:97 2°03 = 1909988. 100-8015 — y o0:588-0:0075 
= 1002918 — 1-956 0:5988 
— 1:96, correct to 3 sig. figs. 0:3075 
Or Let х--3:07--2:03. 0:2913 


Then log х= log 3:97 - log 2:03 
—0:5988 — 0:3075 —0'2913, 
*, x= 1'956=1°96, correct to 3 sig. figs. 
Note. The working should always show (1) the result as ob- 
tained from the tables, (2) the result correct to 3 sig. figs. 
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EXERCISE 90 
Find the value of : 


(Give the answers to 4 figures as given by the tables and also 
correct to 3 figures.) 


І. 1-32 x 7:07. 2. 2:31 x 3:92. 8. (2:89)*. 
4. 3431 X 2-117. 5. 6:382 х 1:182. 6. 5:934 х 1:343. 
7. 9:35—7:19. 8. 8-46--5:20. 9. 4°117--4`о39. 
10. 9:859--6-003. 11. 7-282- 5008, 12. 3:223—2:112. 
13. 1-13 x 1:35 х 1:57. 14. 1-89 x 1:98 x 2:04. 
18. 3:93 x 1-93 х г'005. 16. 5:903 х 2-58— 1-78. 
17. 3°77 x 1: 87--2:10. 18. 0:38 x 1:002 +-6-73. 


190. Numbers of any magnitude, 
Example 5. Find the logarithm of 232:8. 


In Ex. x above it was shown that log 2:328 =0:3670, ot 
2:328 = 100-3670, 


But 232:8 = 2-328 x тоо = 1003670 х то? 102'3070, 
-. by the definition log 232:8 —2:3670. 
Or Since log MN = log М + log М, 
we have 


log 232:8 = log (2:328 х тоо) = log 2:328 + log тоо 
=0'3670 +2, since log 100— 2, —2:3670. 
Similarly 


log 23:28 = 1:3670, log 2328 — 3:3670, log 23280 — 4:3670, etc. 


Example 6. Find the number whose logarithm is 2:3861. 
In Ex. 2 above it was shown that 
0°3861 =log 2433 or 100-3861 — 2°433- 
But 10? $861 — 100-3861 x тоз — 2:433 X 100 22433, 
<. by the definition 2:3861 —log 243:3. 
Or we have 2:3861 —0:3861 +2 = log 2:433 + log 100 
=log (2:433 x тоо), since log M + log N = log MN 
=log 2433. 
Similarly 


13861 = log 24:33, 3:3861 =log 2433, 4:3861 = log 24330, ей. 
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Example 7. Find the logarithm of 0:02328. 
In Ex. 1 above it was shown that 

log 2.328 =0'3670 or 2:328 

But 0:02328—2:328--x00 = 10% %70 то? = 100'3670—2, 

*. by the definition log 0-02328 —0:3670 - 2. 


= 100-2870, 


Ог Since log ын log M - log М, 


we have log 0-02328 —1log(2:328-- 100) =log 2:328 - log тоо 
—0:3670 - 2. 


191. Logarithms of numbers between o and г are negative, but 
it is usual to write them so that the decimal portion is positive ; 
thus, we write log 0:0238 —0:3670 — 2, instead of — 1:6330. For 
brevity it is usually written 2:3670, the “ minus ” being placed 
above the 2 to show that it refers only to the 2 and not to :3670. 
It may be read 

either “ minus 2 plus point 5679”, 
or * bar 2 point 3670 ”. 

Similarly, log 0:2328 = 1:3670, log 00002328 = 43070, etc. 

Example 8. Find the number whose logarithm is 2:3861. 

In Ex. 2 above it was shown that 

o:3861—1og2:433 ог 1009991 2:433. 
But 107-3861 — 19-2 x 1900:9861.— 545 x 2:433 = 002433; 
2. by the definition 2-3861 = log 0:02433. 
Or we have 2:3861—0:3861 - 2 = log 2:433 - log 100 
=108(2:433— 100), since log M - log N=log N 
= log (002433). 
Similarly, 7:3861 = log 0:2433, 373861 = log 0:002433, 
3:3861 = log 0'0002433, etc. 

192. By considering Exs. 1, 5, 7 above the following results are 
easily seen : { 

(1) The logarithm of a number (or the index corresponding toa 
number) consists of two parts: an integral part (which may be 
Positive, zero or negative) and a fractional part (which is usually 
Written as a positive decimal). : 

The integral part is called the characteristic, and the fractional 
Part, when written as a positive decimal, is called the mantissa. 
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(2) In finding the logarithm of а number (or the index corre- 
sponding to a number), 

(a) ай numbers with the same significant figures have the same 

mantissa, 

(6) the position of the decimal point in the number determines 

the characteristic. 

If the number is in standard form (i.e. if it lies between т and 
то), the integral part of the logarithm (or index) is о, and the o 
should be written down. If the number is not in standard form, it 
should be written as a number in standard form multiplied by a 
power of то, e.g. 532-9 should be written 5:329 x 107; 0:05320 
should be written 5:329 x 107%, etc. 

(3) In finding the number which has a given logarithm (or the 
number corresponding to a given index), 

(a) the fractional part of the logarithm or index determines the 

significant figures in the number, 

(5) the integral part of the logarithm or index determines the 

Position of the decimal point in the number. 

Always write the number in the form (decimal part) plus or 
minus (integral part). This corresponds to a number in standard 
form multiplied or divided by a power of 10. If the integral part 
is o, the corresponding number is in standard form. 


EXERCISE 91 (Oral) 
Use tables to find the logarithms of ; 


1. 34. 9. 4800. 8. о:59. 4. o:062, 65, 700. 

6. 0:00283. 7. догоо. 8. 94-7. 9. 0:672. 10. 7310. 
11. 34:17. 12. с 4879. 18. 0:05933. 14. 625800. 
15. 7о4-4. 16. 283-6. 17. 0:9007. 18. 0:009479. 
19. 672-т. 20. 73:12. 21. 0.7143. 22. 970-4. 

23. 0°03395. | 24. 0.8506. 95. 44070. 36. о:о6386. 
27. 077209. 98. 974:9. 29. 1276. 30. 0:00002108 


Use tables to find the values of : 
ЗІ. 10254, 39, 101458, 88, 1020885. 84, 1074230, 35, 102809. 
86. 1009926. 37, 1076080, 38. 105-787, 39, 103-012, 40, 1012548, 
Use tables to find the numbers whose logarithms are : 
41. 11644, 49, 24472. 48. 3:9304. 44. T-4089. 45, 38981. 
46, 45915. 47. 2.6963. 48, 1.8271. 49. z:0224. 50. 3`2513. 
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198. Some preliminary practice in working with negative 
characteristics is desirable before proceeding to apply logarithms 
to more difficult calculations. 


Example 9. Simplify and express with the decimal portion 
positive : 
(1) 343+ 6:82, (ii) 2:383 1:822. 


O з+ 43 (i) -24 :383 
-6+ 82 =ї+ 1822 
—3-t1'25—2:25 —3 + 1:205 —2:205 


Example 10. Simplify and express with the decimal portion 
positive : 
(i) 3:832-1:012, (ii) 1-412 3:816. 


(i) -3+-832 (1) -1+'412 
ош KC uiid 
—5-t:920— 5'920 1+:596=1:596 


Ог (i) 3:832- 1-912 = – 3 4-832 - (1+'912) 
= -3-r832-1-1-:912— — 5-920 = 5'920. 
(ii) т-412-3:816= —1+-412 -(-3 +°816) 
= -1+1:412-1+43- '816= 1596. 
Mistakes frequently occur in such subtractions and it is essential 
that the pupil should make a habit of checking his subtraction by 
adding the result to the bottom line. 


Example 11. Simplify and express with the decimal portion 
positive : 

(i) т-72х5, (ii) 4:856—2. (iii) 5:384-—-4. 
(i) (-1 +72) x 5= -5+3'6= -2+:6=2.6. 
(i) (-4+.856)-=2=-2+:428=2'428, " 

(ii) (— 5 ++384)+-4=(- 8+ 3°384)-+4= — 2 +846 — 2:846. 

ч Note. In (iii) since — 5 is not exactly divisible by 4, we write 
it in the form — 8 +3, so that after division the negative portion is 
ап integer. 

Mistakes frequently occur in such divisions, and if is essential that 
the student should make a habit of checking his division by multi- 
Plying the result by the divisor. 

As soon as these processes are understood the work should be 
done mentally. 
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EXERCISE 92 (Mainly oral) 
Simplify and express with the decimal portion positive : 


1. 3:22+ 4°19. 2. 3:17 - 1:44. 8. 2-83 + 1:96. 
4. 3-79 + 2:41. 5. 4:55+2:65. 6. 3:67 +433. 
7. 3:22- 4719. 8. 3:17- 1:44. 9. 2-83 - 1:96. 
10. 3:79 - 2:41. 11. 2:65- 3:55. 12. 3:67 - 4:03. 
13. o- 1:2. 14. 2:64 – 5:88. 15. 3:69 - 3°75. 
16. о- 5:28. Я, 31:853; 18. 2:3 х5. 
19, 99x77. 20. 3:9x2. 91. 2:942. 
22. 6:87—3. 23. 3:04--2. 24. 2-893. 
98. 6:28—4. 26. 3:05--5. 27. т-82--6. 
98. 9:444. 29. 8-26--3. 30. 2:38—5. 
31. 3:277. 32. 1:22--0. 88. 2:7 x (-3)- 
34. 2-7 x (- 3). 85. 2:7--(-3). 86. 28—(-3) 
194. Example 19. Find the value of (о'3937)5. 
Rough estimate : (0:4) = o-o1024. 1:5952 
Either (o:3937)5— (101:5992)5 = 191-5952 x 5 — 103-9760 585 
—9:462 x 10? or 9:463 x 10? 379760 
=0:00946, correct to 3 sig. figs. 
Or Let х= (о-3937)5. 
Then log x= 5 108(3'937--10) =5 x 175952 = 3'9760, 


`. Х=9:462— 103 or 9:463—10° 
=0'00946, correct to 3 sig. figs. 
Example 18. Find the value of Уо-4326. 
Rough estimate: 04326 lies between (o:7)), ie. 0°343 and 
(0-8)3 i.e. о-5т2. 
Either —4/o:4326— (xoL6301)$ — ro16361 x $ 


= 1018787 — 7-563 x то-{ or 7:564. хто! 

=0:756, correct to 3 sig. figs. 3 [7.6361 
Ог Let х--Уогд3а6. Hv 
Then log x =$ log (4:326+10)=4 x 16361 = 1:8787, 


^. Х=7-563 то or 7:564.2- 10 — 0:756, correct to 3 sig. figs. 


195. When the principles have been grasped the working may 
be set out as in the following examples. 


ххуш.] LOGARITHMS 373 
: -бзах) x Мого253 
Example 14. Find the value o Коза 00353. 
/ 6% x У0:002037 
To avoid replacing 6$ by an inexact decimal, we write the ex- 
OAM, 3 x (0°6321)* х Уого253 
pression in the form > ш 
19 х Уогоо2017 


Number Logarithm Number Logarithm 
3 0:4771 Numerator | 1" 1480 
(о:6321)* | 78008 x 4 | 172032 Denominator | 0:7406 


75:02538 2:4031 x4 iu 4677 Expression. 2:4074 ^ 
= expression = 2"555--10 


Numerator |. 1:1480 
: =0'0255 ог 00256, correct to 
уе дд 1:2788 3 sig. figs. 
Yo-002037 | 3:3090 х $ | 1:4618 
Denominator 0:74.06 
Example 15. Find the value of (000313) ^ ^- 
Number Logarithm. 
(o:00313)31? | 3:4955 X (~ 12) 319954 
=(-3+0-4955) (— 12) 
= 3:6 -0:5946 
or 


=(- 2:5045)(- 12) 
*. expression = 1'012 X 108 or тго13 x 10° 
= тото, correct to 3 sig. figs. 


Example 16. Find the value of (1:938)5- 1/21:83. 
Here the terms must be calculated separately. 


Number Logarithm 
(т) (1:9038)5 | 02874 x 5 1.4370, г. (1'938)8=27'35» 
(2) (21:83)? | 1:3301х$ O1913, ~ 1/21:83— 1:554 5 


“, the given expression — 25:796 
— 25:8, correct to 3 sig. figs. 


EXERCISE 93 
Find the values of : 
(Give the answers to 4 figu: 
torrect to 3 figures.) 
1. 44:8 x 21:9. 9, 838 x 1277- 3. 4366 х 1'372. 
4, 24400x 10:32. 5. 575722152. 6. 703:9—22'91: 
М.А. х 


res as given by the tables, and also 
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7. 87650--291:9. 8. 2468—1357. 9. (12:33). 


10. (14:97)5. 11. 28.5. 12. 1487-6. 

18. 193:427, 14. (27:35). 15. 20--1:031. 

16. (11:47)*. 17. J2 Nos. 18. 3:142 x (15:29)*. 

тө, 31х31 90. 1:483 х 193 281, 23 VERE 
23:26 21:22 х 10:09 4°79 

22. 0:317 х 44:2. 23. 0-819 x 0:234. 84. 0-0089 x 21:73. 

25. 0-09581 x 01423. 26. 006655 х 249. 

27. 010009837 х 52:93. 28. о:7832--11:43. 

29. 3:684— 16-87. 30. 0:003259—-0:00083. 


31. 16:47+0:09229. 89. 433:4--0:7117. 88. 32:23--899:8. 


“062 х 21)? 
34. 1-0°07654. 35, 5789845 gg, 006275 х (37:207 


23 г 27731 
37. Yo-07896. 88. Vo:o147. 39. Yo-7896. 
40. (о:1846)3-:6:206. 41. (0:395)3. 42. (0:08341)*. 
43. 1--(1'025)80, 44. (0'5621)3. 45. 20:57--0'084. 
ав, 41433352. ду У25°67 x07323, 
6-952 453:1 
48. (03714) x (42°38)-8. 49. 9546 x 36:25 x 0'373: 


50. (26-54) x о:3377--121:8. 51. 34:47 x (59-11)? 1937. 
52. 27 x 4744--(1$ X214:8). 58. 1000—-(0:9989)*. 

54. 5:871 x ог005437--(112 х 0001525). 

55. 42 x Vo:338—(8:87)?. 56. #477-—-3'т42. 


pasha И 67:58 
57. V1+0-003129. 58. хав. 557). 
3129 $966 (3:57) 
8 { 
58. үт хог 80. Ух Ваз7 xis. 


In the following examples, take log 7=0°4971. 
61. The Simple Interest £7 on £P for t years at рег cent. рег 


annum is given by J= a Find J if P=68:73, r=2:25, t=3'6- 


62. If a body starts from rest with uniform acceleration f ft. рег 
Sec. per sec., the velocity, о ft. per sec., acquired in passing А 
s ft. is given by v—2fs. Find (i) v if f=32-2, s=10°7, (ii) 51 
f= 18:09, v=113. : 

68. At a height of h ft., the distance of the horizon is 4 miles, 
where d=Nr.5h. Find (i) d when h=221, (ii) h when d=5'113- 
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64. The area of an equilateral triangle, side a cm. long, is 4 sq. 


la ar 
Х34 Find (i) A when а=3 171, (ii) а when 


cm., where A = ; 
4-33:83. T 

65. The volume of a cylinder, base-radius r cm., height A cm., 
is V cu. cm., where V=rrh and r= МИ. Find (i) V if 
r=7-62, Ї--3:15, (ii) r if V=164, h= 3°65. 

66. A body falls freely from rest to the ground from a height 
h ft. The time taken is £ sec., where 1—N2h-g, and g—32:2. 
Find (i) 2 when h=75, (ii) A when t— 2:37. 

67. The volume of a cylinder J ft. long, outer radius 7 in., thick- 
ness tin. is V cu. in., where V = 12zit(2r — 1). Find (i) Vif l=0-65, 
7=3,1=0%2, (ii) Z if V=260, 2477, t= 0°35. 

68. If a sum of money, ДР, is lent at Compound Interest at r per 

n 


Я 5 r : 
cent. per annum, it amounts in и years to ДР (s ЕЯ Find 


the amount if (i) Р= 5оо, r—3:5, 1 —4, (ii) P=282'5, 7=4, = 3- 
EXERCISE 98.с 


Find the values of : 
(Give the answers to 4 figures as given by the tables, and also 
correct to 3 figures, unless otherwise stated.) 


1, 275, о 2705 020137. 
(1:63)? 5 7:46 
зе озер ү оу еш; 
М276:9 Y 7 0:9036 
5. NEUE 1073 | go I$ s 05028 
55'09xo173 ' 13:93X 727 dig 
i ibus 2:83 x V472, 
8. V77. 9. (008009). 10. — ут 
11, (1393 727 » 12. 2731 х (070354) 
13:03 X 727 520 No224 
18. (o:3149)0?3, 14. 1713 x 2771819, 
15. 463 - 45-63. 16. оч 225 (x cogo 18} 
-2 
17. log 2 (262.25 ‚ 18. (3725) e (2f. 
10155 \304:3 45) ( х) 
19, 42:6. s. ВА 
9. Va-56+ 0-638. 20. C248 1 
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з ал)? гтл) 
91, 9:15 +(0'15)%, ! 22. (19:37)* - (9:14)? 


PIS 3'046. 1273 
E 
59:26 x (1:414)? = 
Y onka ` 94 V78 96x 02895 - 0-780 x 2:895. 
as, CSP х(зо50Й ов, (©3456 278r 
Уо:06333 (о:02450)5 
87. (5:62)-99. 28. (0:704)-14, 29. (74о:2):355, 
80. (o:0065)- i. 31. (о:о4)2"7. 32. (0:2) ?. 


In the following examples take log т —0:4971. 
38. The volume V cu. cm. of a sphere is given by the formula 


C= ш where r cm. is the radius. Find (i) the volume of a sphere 


of radius 2:51 cm., (ii) the radius of a sphere whose volume is 
7296 cm. 


84, Given the formula s= BE find d when s— 8:9, M=2°51, 
h= 15. ah 
85. Evaluate s(s- a) 


2s=atb+e (s- B)(s - o) when а=351, b=41, 05320, 


86. 1822-42-02, find b На=23-8т, c—6:19. 

37. Evaluate Ма3--5, where а= 0:702, b —o:189. 

38. Evaluate а204с-2, where a= 24:67, 8--0:0426, c—0:007843- 
39. Evaluate Mv?—gr, where M = 35, v= 582, g = 32:2, r = 1:843: 
40. Evaluate z VI—g, where l= 3:25, @=32'2. 


LR м 
41. Calculate A from the formula Ep tes given tha: 
Р= 26:67, К = ross, t=20. R-i 


42. Evaluate a 41, where a — 47:2, 8--0:3413, с--0:265- 


48. Evaluate NES ү» where #=0:549т, r—0:05972. 
44. Evaluate zd(d-- 25)--4, where d—0:967, h= 4:162. 
п 
45. Evaluate е !, where e—27718, r=1-7, 1-:0:08, t— 18 


46. If = 16385 Е 
. it y= (P toga)? find У when x=23:2, = 15'0б. 


47. A formula for F, the frictional resistance of an aeroplane of 
plane area A, moving with velocity v, is F— 49999199, Find F, 
to the nearest unit, when k= 8:2 x 1076, 4 —2500, V= 132. 
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48. If &теуЗ — 242, and e— 7-7, calculate the value of 478. 
49, Evaluate N where 
2,4, 
е” ™  h=6-545 x 19-27, e—47774* 10-19, == 1:767 х 107. 
2 
50. If W=C?R+ > find the value of W when 
R=0:044, C 2411, t- 1:8. 


1:25 
51, If 1 — 500 \ 795, find the value of л, when h=20, 
5-75. 6 

52, The area of the curved surface of а right circular cone of 
height л and radius of base ris given Бу пуу +72. Find the area 
of the curved surface of such a cone, if the height is 20:3 cm., and 
the base-radius is 12°7 cm. 

58. If Р--са9 54355, find с when d=0'6, п= so, Р=0:15. 

54, If D=sWEB+384EI, find D when W=1500, 1-240, 
Е = боо x 2240, 1— 54. 

55. Find V from the formula V —o'56V2g(H - Л), when g — 322, 
Н=125:3, h 5 12. 

87224808 

56. Evaluate азва. where a=2'53, 2= 34:7, c=0'018. 

196. We now proceed to consider further examples illustrating 
the general propositions proved in Art. 184. 


Example 17. Without using tables, find the value of : 
G) 1081035 + l0g10% 1091038 
Gi) log 22 + log 27 - log 53. 
(i) Since log a+ log b + log c—log(a x b x с), 
the expression = 10210(35 x 7 X 42) = log, 9100 = 2. 3 
ax 
(ii) Since log a + log b - log c= log (a x b) - loge= log =), 
the expression = log (42 x 12-3) =102 (0 x 15 x 4,)—logr-o. 
This result is true whatever base is chosen. 
Example 18. Without using tables, find the values of : 
4 108625 у тоювьт, 
(i) jon тай (i) x 
j 108625 logs! 4logs 4. I 


I 
05125 logs? 31085 3 bb 
Gi) Since N= тоювы by definition, it follows that 10980 =7. 
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But beginners often find difficulty in realising that N and xologuN 
are identical and they may prefer to proceed as follows : 

Let x = І010207, 

Take logarithms of each side to base ro. 

Then log;ox = 108107 x logy) 10—10g,47 x 1 = 108107, 

И 

Note. If the base is not specified, as in Ex. 17 (ii) and Ex. 18 (i), 
it is implied that all logarithms which occur have the same base, 
unless otherwise stated. The expressions in those examples are 
d log, 625 


зрес- 
log, 125 s 


abbreviations for log, 22+ log, UM log, 51 
tively. 5 7 7 

It should also be noted that examples such as Ex. 17 (i) have 
frequently been set in examinations in the form: “ without using 
tables, find the value of log 35 t log $--log 3%”. 

It is then implied that the base of logarithms is ro, i.e. that the 
logarithms are common logarithms. It is necessary for the pupil 
to be acquainted with these conventions. 


Example 19. Solve (i) 4°=32, Gi) 4?—2:. 


(i) We have 4°=32, .. (229—235, 
ЗЕЕ tae, у д=злї. 
(ii) We have LIE SPA Y 
Take logarithms of each side to base то. 
Then x logy)4= 1081021, .. x(o'6021)—1:3222. ........::: @ 
2 = =2'20, by ordinary division, correct to 3 sig. figs. 


It should be carefully noted that after taking logarithms we obtain 
a simple equation containing х, i.e. (1) is an ordinary simple equa- 
tion. The beginner is sometimes confused by this process, because 
the equations previously obtained in this chapter have given the 
value of log x, and it has then been necessary to obtain x from the 
tables. 


The value of = may of course be obtained by logarithms, 


if desired, but the beginner is advised to avoid the double use of 


logarithms, except possibly to check the result obtained by ordinary 
division. 
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Example 20. Solve: 
(i) (0-93) = 1-832, (ii) 6841 , 31522 — 21, (iii) 4299--5, 379 =7. 
(i) Taking logarithms of each side to base 10, we have 

x log (093) =log 1:832, .. x(1:9685)-— 02630, 
_ 02630 _ 


Сюй — 8:35, by ordinary 


*, Х(-0:0315)-0:2630, .. х= 
division. 

Tf it is desired to do the final step by logarithms, care must be 
exercised, for we cannot find the logarithm to base 10 of a 
negative quantity. But we may proceed as follows : 

02630 1'4200 
log( - x) =log E = log 0:2630 - log 0'0315=0`9217, 7.1983 
‚ -х=8:350, .. w= – 8:35, correct to 3 sig. figs. 0'9217 

(ii) Taking logarithms of each side to base 10, we have 

(3x + 1) log 6+ (15x - 2) log 3=108 21, 
. «(3 log 6 +15 log 3) =log 21 - log 6+2 log 3, 
1. x (2:3346 + 771565) = 1'3222 — 0°7782 +0'9542, 
2, x(9:4911,— 14982, .. х=0-16 approx. ! 
(iii) Taking logarithms to Базе ro of each side of each equation, 
we have 
(«+y)log 4=log 5; (x-9)leg3—1o8 7, 
z log5 0:6991 26, тох. 
УГ) од о:бо2т TOE SRRA a 
log 7 _О:8451 
E 9945" — 1-771 approx. 
x-y log3 04771 771 арр , 
. 2x—2:932, 2у= - 6:61; 
-~ х=1%466=1:5, у= —0°305= — 0.3, 
Correct {о т dec. place in each case. 

197. Example 21. Given logy2=0'30103, 1091030747712 
108107 —o:84310, find, without using tables, the value of (i) 102105 
(ii) logyN т 176. 

(i) logy 5 = logy (10-2) =logy919 — 108102 

= 1 — 0.30103 =0:69897. 
(ii) log, x 176= 3 log;o(2?. 3- 7) 
=4[3 108102 +102003 +2 108107] 
= Цогдодоо t 047712 + 1:69020] 
=1(3:07041) = 1'02347. 
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Example 22. If 3 logy /y +2 log,gx = 3, express у in terms of x. 
3 2 
We have 3 log,y?-+2 logipx=3, (2. logy? + log, x*=3, 
T logigy#x® = 10601000, 2, уйх®= 1000, 
Л y®=r1000K-2, 2, у= (1000x~2)i = 100x73, 
198. If we have a table of logarithms calculated for some given 
base а, it is possible to deduce the logarithms for any other base b, 
Suppose that it is required to find the logarithm of х to base 0. 
Let log,x=k, then by definition 5*— x. 
Taking logarithms of each side to base a, we have 


kloggb=logyx, г. к-рых 
i.e. log, x= fe. 
а 


Or By definition, х= Мо, 
‘Taking logarithms of each side to base a, we have 
log, x = log, (b!°8 =) = log, x . log, b, etc., as above. 


Note. If x=a, the above result becomes log, a= 1+ log, 2 
in practice it is unwise to tely upon this formula ; it is wiser to 
work from first principles in each case. 


Example 23. Find log,21. 
Let x=log,21. Then by definition Мот, 
^ x—2:20, the working being as in Ex. 19 (ii). 


199. Determination of laws from experimental data (continued). 
The law y—kx". In Chapter XVIII we have shown that m 
certain cases a series of plotted points may be used to determine а 
linear equation between two variables whose values have been 
found experimentally. If the graph is not linear, the problem B 
not always easily solved, but there is one very important case, which 
occurs frequently, in which the use of logarithms reduces the 
problem to that already dealt with. 

If x and y satisfy an equation of the form у= Ах", where №, п are 
constants, we have, by taking logarithms, 


log y=logk+nlogx or Y=K+ nX, 
where Y=logy, K— log А, X=log x. 
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This is а linear equation in X and Y. 16, therefore, the values 
of X, Y, i.e. of log x, log y, are plotted against each other, the 
points lie on a straight line and the values of the constants can be 
found. 

We conclude that, if difficulty is found in deducing an equation 
from plotted points, the logarithms of the variables should be 
plotted. If, after allowing for small experimental errors, the points 
lie on a line, we can deduce an equation of the type ЕЕ”. 


Example 94, The table gives corresponding values of x and y 
found by experiment. Test whether the law is of the type y= kx”, and 
if so, find the values of k and n. 

мы 20 24 98 39 SONE go 
уулсан 108 60 40 24 168 12:8 
From the tables, we have 
Іор х... 1:3010 1:3802 14472 r5051 1:5563 1:6021 
log у... 270334 177782 16021 1:3802 12253 111072 


After allowing бог experi- 


mental errors, the graph is 
as shown in Fig. 22. Г] 
The equation of the 15 їй 
graph is У=К+пХ. jae) H 
To obtain K and n, Li | 
choose two suitable points 17———— РИ КЕЕН 
on the line, say (14, 1'72), X HH | Ё 
(1:55, 1:25). Since these Soe) S "n 
lie on. the line, we have 3 4 шинн EEIEIE 
+ НЕЕ 
1:72-К 41:47 I- ui 
and — r25— K +1551, LECHE 
К |_| 
. O47 = -O'ISn, х ҮЙ ЕН 1-1 
n= — 3-1 approx. 
Aho (2200 Е m 
—6:1067 approx H me Li 
^ log k=6: is i 
g 1067 approx., Log хог X 
Г. ЕЕ 1.28 x 109 approx., Fic. 22. 


2 к ОХУ CIA A 6 
. the required equation 18 х31у= 1:28 x 10° approx. 
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EXERCISE 94 
(In this exercise log x means log, x, unless otherwise stated) 
Without using tables, find the value of : 


1. log;12 + log, 3. 


26 log 27 

4. 10236 5 lots 81. 5, ВЕ: 
log 216 
2: DE 


9. log 42 + log 14+ log 17%. 


9. 1084128 — log, 8. 


8. 8103, 
log, 64. 
* log, 32 


I 
8. log тт +log T 


10. log 35 - log 1ł+ log 5. 


11. log $--2 log 2$ - log x - log 27. 
12. log 233 +3 log 18 +105 4+ log 768. 


13. logV84 + logv65o – log” 546. 


14. log 5 +105 їт+; log 12-7 log 21. 


16. log,, 8. 17. тоїод9, 


15. 1081900. 


то 


18. log то!7. 


Solve (if possible, without using tables) : 


20. 2325-32-44 , 42-1, 
23. 812248 — 2435-2, 


21. 5.07-4174: 
24. $#®=тат®+1, 71708, 


19. о5--42-г, 

99. 352 — 3645. 

25. 2*.8/ —32 ; 4*—8 . av, 

26. 3711 | 24H — 669; 2% , 30H = зоо, 
27. 5®=7”; 102-73, 


. 25? — 5*H _ 6, 
112(1:03)" — 155. 


I2 (: оа 
4 тоо/ — 459: 


P(1-05)"=4P. 


Given log 2= 0°30103, 
without using tables, 
87. log 729." 


40. log “доо. 

43. log V27=64. 

46. log У5-0, 
Tn the following 


35. 


log 3= 
the value of : 


38. log o:512. 

41. log (270—-64). 

44. log V40—-8r. 

47. log 0:0343. 
examples obtain an equation connecting x and y 


98, 232 = 82-44 7 9?” = tero 
80. 
32. 


84, 


Bo 347567: 
430(1:025)" = боо. 


5 
oo (1 +) =940. 
4 
zy. 
40 


36. а 
0:47712, log 7=0:84510, find, 


тоо. 


39. log 4392. 

42. log 540. 

45. log (1:44) V 1-44- 
48. log(122:5)-3. 


. Which does not involve logarithms : 


49. log x +log y*—log 7. 
51. log x-- log /y— 1. 


50. log x? – log у? —1og тт. х 
59. 4 log x=3 log y. 


xxviii] LOGARITHMS 383 


58. log 2x +3 log y=log 5. 54. x log 5 =2y log 6. 

55. log х= у log 2+ log 3. 56. 2log х=у log 5 +2. 

57. log у= r's log x--o:30103. 58. log x-—log(a - by) - log a. 

59. 3105 У/лх®+у%=21опу+2. 60. 2 log(x 4 y)«log(x - у) +3. 
Evaluate : 

61. log; 4. 62. 1овото. 63. 1082. ат5:67. 64. logo.s73°7+ 
In 64-70 the observations given are thought to obey laws of the 

type y=hx"; by graphing logarithms of the variables find the 

most probable laws. 


65. X esses ү 2 3 4 
y дт 8500132 
66. х. 7 b 
y. 6:22 67 Тм 756 8:14 
67. х. o4 05 o6 0907 
y. 125 108 95 8-6 
du x. E T 
у. 228 16 12:6 104 
89. x. 243 318 360 403 
y. 320 480 640 740 
70, х r7 r4 r2 I 
y 216 288 362 480 
EXERCISE 94.0 


(In this exercise log x means logy)x, unless otherwise stated) 
Find (if possible, without using tables) the value of : 


1. log (Уто х тоо). 2. 1080-55 8- 
8. log N28 + log 325 — log Vox. А Но 
5. log 32-10816. 6. log 125 +2 log 27 - 3 log 4'5. 


7. Prove that 2[logV125 +log 27 —logN 1000] = log 729 - 3 log 2. 

Solve the equations : 

8. log x—1:2480. 9. log 3х= 17442. 

10. (3:981)?"-5 = (7:943)"- 11, 2897-2537) x 4y 74. 

12. 2% .3-%=8; х-2у=2. 

18. log, (x +y) + logs (x -9) 72 5 logo% +108107 = t + 105102. | 

14. Find the least integral value of n such that (1'01)" will 
exceed 2:5. 

15. The equation y=ax" is satisfied by the pair of values х=2, 
У= 3, and also by the pair of values х=4, У=7.. rove that 7а=9, 
and find (i) the value of л (correct to one decimal place), (ii) the 
value of y (correct to one decimal place), when х= 3'40. 
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16. Find the least integral value of n which will make 
(0:863)" — o'r. 

17. Prove that 3 log; 1296 — 2 log,4096, and find tneir common 
value. 

18. How many integers between a million and a million millions 
are exact fifth powers? 

19. Express log $ and 108 (0:018) in terms of log 2 and log 3. 


20. If log 7=a, find log 34:3 in terms of a. 

91. Simplify log (5) +log 14 – log (28) and, without using 
tables, find the value of а so that the E сон is equal to - г. 

22. Find y, if log y - log /9— 1. 

88, If x?+y?=3xy, show that log(x— y)-i(log x+ log y). 

94. Prove that 31022 = 21003, 

25. Express 23 as a power of то and то? as a power of 2. 

26. Prove that 3 logy99x = logjox. 

27. If logoe = 04343, find log,1oo, correct to 2 places of decimals. 

28. Evaluate (2:34) — (4.32)2:34. 

29. If log, 12 — 1:832, find (i) log,15, (ii) a. 

30. Given 192106-934= 0:8410, find 1050.1 69:34. 

Solve (if possible, without using tables) : 

81. 25:43, 32. 162-1— 8145, 88, ,82:42-88-1, 

84. 52:-3-48, 85. 205-32 = 212-52, 86, 343225 = 400112, 

87. то“. 1471 = 22-1 11942 88, 5324 422-072-1, 1122, 

89. 37.279 =81; 9% =3 ‚815, 40. g3-4.— 272; 2522-1257. 

41. 39 — 5 . 32+6=0. 42. 4? — 47-1— 192. 

In the following examples obtain an equation connecting x and y 
which does not involve logarithms : 


43. log Vx + log y?—log s. 44. 4 log x- log y —log 13. 


45. log xvx + log y—2. 46. 3 log x—5 log y. 
47. x log 3—3y log 2. 48. log sx - 2 log y=log 2. 
49. x log 4=3 log y- т. 50. log x—o:s log y 4- 047712- 


51. log(x? - y?) - 2log x— 3 log y. 

52. 2 log V33--33—3 log x+ r. 

Evaluate : 

98. log,7. 54. 10215. 55. 109.182. 56. loggg100. 


СНАРТЕВ ХХХ 
RATIO AND PROPORTION 


200. Ratio. If the areas of two triangles are 40 sq. cm. and бо 
Sq. cm., we say that the first is $9 or $ of the second. 'This fact is 
also expressed by saying that the ratio of the areas of the two 
triangles is до to бо, or 2 to 3. This is sometimes written 2: 3. 

More generally, if two quantities contain respectively x units 


В " . И, 
and y units cf the same kind, we may say that their ratio is 3 ог 


х:у. The ratio of the two quantities is thus a comparison of their 
magnitudes. The quantities must of course be of the same kind ; 
we cannot compare £2 with 6 yards, but we can compare £2 with 
4 shillings, since they may both be expressed in shillings. 
Similarly, if three quantities contain respectively « units, у units 
and z units of the same kind, we may say that they are in the ratio 
x:y:z. The statement «:y:2=5:8:17 is equivalent to the 
three statements #: ys 18; 10/1259 (1700 2:9: 5, ony 
two of which are independent. Forifx:y—5: 8andy:2=8:17, 
wehave “= an E EU Ses 
D. 


х 2-17 Зе в: и 35+ 
х 


Жы улы 
58 17 
Similarly, a:b:c:d:e=k:l: m:n :r means that 
айа md Ne 
БОЛО ЯРАЙ 


201. The ratio a : b is the same as the ratio ka : kb (+0); for 
a 
aa Similarly a : b : c=ka: kb : he, ete. 

If we have to work with two numbers in the ratio a : b, it is often. 


convenient to take them as ak, bk respectively. 
385 
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Example 1, If a:b=7:3, find the ratio (7a — 9b) : (2a +36). 
We may take the numbers a, b as 7k, 3k respectively ; 

7a — 9b 49—27 22k 22 
ү 2a43b 14k+9k 23k 23 
The required ratio is therefore 22 : 23. 


(since А x o). 


Example 2. А’; age is to B's in the ratio of 4:7. Ins years’ time 
the ratio of their ages will be 17 : 26. Find their ages. 
Let A's and B's ages be 4x years and 7x years respectively ; then 


ICE ^. 104x130 — 119x--85, giving х=3. 


Hence the ages are 12 years and 21 years. 
Example 3. Ifa:b—2:3 and b TEA: 5, find: 

Gi) a:b:c, (й) (a+2b+30): (3a - b + 2c). 
(i) We have 8.42 and dC em а апа аш 


Я 3 ipu їе. a:b:c=8:12:15. 
(ii) We may write а= 8А, b=12k, c- 15h ; 
atabt+3c_ 8&k+24k+45k 77k 11 
` з3а-&+2с 24k-12k+30k 42k 6° 
^ (@+25 +30): (sa- b - 20) 5 11 : 6. 


202. The following technical terms were formerly much used in 
connection with ratio, but have now become almost obsolete. 


(1) In the ratio a:b, а is called the antecedent and b the con- 
sequent. 


(2) The ratio a? : b? is called the duplicate ratio of a : b. 
(3) The ratio a? : 63 is called the triplicate ratio of a : b. 
(4) The ratio 2 х 3*5 is called the ratio compounded by (or 


" of ") the ratios a: b and с: 4. But it is now more usual to refer 
to the product of the ratios a : b and c :d. 


203. Homogeneous expressions and equations. Consider the 
homogeneous expression 5X*-F4xy--153?. This may be written 


y z) 455, ы ) 
4602-2559) oF Y д Туге 


| 
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The expression in the first bracket is a function of the ratio 5 апа 
the expression in the second bracket is a function of the ratio 2 


In other words, а homogeneous expression of the second degree 
in x and y may be written in either of the forms 


Ж, Ө) ог yF (3. 


where f Ө апа Ё ( ) are functions of the second degree, 


Similarly, it may be shown that a homogeneous expression of the 
nth degree may be written either in the form 


xU @) ог у"Ё (5), 
where f e ) апа Е 9 аге functions of the nth degree. 


It follows that if a homogeneous expression is equated to zero, 
we can deduce the possible values of the ratio х:у, огу: х. 


Example 4. Jf а2 – ху – 12y?—0, find the ratio x : у. 
Let x : y=a, then we have 


»(5-5-x зо, ie. y*(2-a-12)-0; 
*. unless yo, а2-а-12=0, ie. (а— -4)(a+3)=0, 
a) а=4 00-3, 


We conclude that the ratio x : у must be either 4:1 or -3:1j 
unless у=о. If y=o, x also =0, and the ratio х: у cannot be 


determined. 


204. We may also deduce the ratio of two homogeneous ex- 
pressions of the same degree in x and y, given the ratio x : y. 


Example 5. If «:y=5 : 2, find the ratio of (x8 +93) : (a + у). 
x34 48 » (5+1) n =5033 


We have 73 Хуй” “Хо y» 133 


с (since y#0) zu 


3: 
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EXERCISE 95 
1. What is the ratio of : 
(i) 8 in. to 3 ft. ; (ii) 2 cm. 2:5 mm. to 4 m.; 
(iii) 122° to 2 rt. 48: (iv) 6 min. зо sec. to 2} hr. ; 
(v) 94? sq. in. to 2b? sq. ft. ; — (vi) 3x hours to E weeks? 


/ 
9. Ifa:b=2:5 and ¢:d=3,: 7, find the following ratios : 


(i) 2a: 9b; (ii) за? : 7b? ; (iii) 4 3 ; 
(iv) 5ас: 324: (у) Т (vi) 2аа? : 7Ье°. 


8. Find the ratio of a: b, 
(i) ifsa—4b; (ii) if3a—4b=5b-a; (iii) if 16a2=250"; 
(iv) if a exceeds b by 15 per cent., by x per cent. 
4. Find a :5 :c, 
(i) На:6=8: 15 andb:c=9:4; 
(i) if 2a=3b and 46 = зс. 
5. If x :y=4 : 3, find the following ratios : 
0) 35-39. (у ЗА? — 2y? (iii) = 3xy-t2y* 


3x 2y' 333 22? x? — xy — 352 
6. Ifa@:b:c=2:5:7, find the following ratios : 

а азо. 

@ 25--36” Gi) 2a —b 4 sc? (iit) 02 + с? 


‚ 9. The ratio of (x + 2y) to (x – 25) is equal to the ratio of a to I. 
Find in terms of a the ratio of (5x--4y) to (3x+ 2y). What is the 
value of a if x:y=7:3? 

8. If 3x - 2y : 3x-- 2y — 1 : 3, find the ratio of x? + y? to 7x? — xy 
9. If 122° + 7ху — тоу? —o, find values for х: y. 

10. If 15(22? — у?) 2 7xy, and if x and y are both positive, find 
the ratio of x to y. = 

ll. Find the value of (252+ 2ху+ 352) : (432 — бху+ 55°), if 
2x=3y. 

12. Find the ratio in which the following expressions are 
altered, if a and б are each increased in the ratio 2 to 1 : i 


Ta SEA: eun : mb. 

() E (ii) si (iii) 2a — 7b ; (iv em ; 
54 62024202. аё- гаь+308. 0-5 
=; (wi) 3887 (vii) = “22545 (viii) 28:68 
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18. If 4x : y — 5 : 4, find the value of (8x — 3) : (16x 55). 

14. Two numbers are in the ratio l: m. The second is x. What 
is the first? 

15. Two men's ages are in the ratio 3 : 4. In 4 years’ time they 
will be in the ratio 7:9. Find their ages. 

16. When 1 is added to each of two numbers their ratio becomes 
1:2, and when 5 is subtracted from each of them their ratio be- 
comes 5:11. Find the numbers. 

17. Two men, А and B, engage to mow certain fields in 12 days, 
but after 8 days they have to engage a third man C, with whose help 
the work is just finished in time. The rates of working of 4, B, C 
are in the ratios 5 : 4 : 3. Find how long the work would have taken 
if all three had started together. 

18. Equal volumes are taken of two alloys of copper and tin. In 
the first, the volumes of copper and tin are in the ratio 9 : 2 and in 
the second they are in the ratio 19: 3- If the two alloys are fused 
together without diminution of volume, find the ratios of the 
volumes of copper and tin in the resulting alloy. 

19. The weights of three lumps of metal are as 5:6:7. By 
what fractions of themselves must the first two be increased so that 
the ratio of the weights may be changed to 7: 6:5? 

20. The volumes of two cubes are in the ratio of 3:52 : 1. 
the ratio of their surfaces. 


Find 


205. Proportion. If we take four quantities 4, b, c, d such that 


a:b=c:d, ie, © = ©, the quantities are said to be in proportion, 


pod 
and d is said to be the fourth proportional to а, b,c. The first and 
dand third are 


fourth quantities are called the extremes, the secon 
called the means. 
If we take three quantities а, b, С such that a, b, b, c are in Pro- 
portion, i.e. = the three quantities аге said to be in continued 
с 


b 
proportion.. Also c is said to be the ӨНӨ ШОРООН 06 and b, 


and b is said to be the mean proportional between @ an v. + 
^ 
If we take a number of quantities а, b, c, d, бусэ such that 


abcd : : { 
[тач шр ур ШЕ quantities are said to be in continued pro- 
Portion, 

In the following paragraph it is assumed that no zero quantities 
occur, 4 
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206. Some important results. (1) If 1-2 we have, Бу multi- 


plying each side by bd, ad — bc, i.e. when four quantities are in pro- 
portion, the product of the extremes is equal to the product of the 
means, 


(2) If 3-3 we have, as above, adc... EN 
Bild А d b bd 

Dividing each side of (i) by ac, we have рос 
This result is sometimes called “ Invertendo”’. 
Dividing each side of (i) by cd, we have 5 => 
This result is sometimes called ** Alternando ”. 

ас СИ . a+b с+а 
(3) Иу-ф we have т +1 115 4 EMT] 
This result is sometimes called “ Componendo ”. 
ГАР албын Иса 

DUO BEST рх od 


This result is sometimes called “ Dividendo ”. 
(4) If 3-2 we have, by combining the results of (3), 


at+b.a-b_c+d.c-d a+b c+d 
а Зара: abit d 
This result is sometimes called “ Componendo et Dividendo ”. 


i.e. 


207. There is no need for the pupil to remember the names of 
these operations, but he must be familiar with the results (1) and 
(2). Results (3) and (4) are not frequently used, except to shorten 
the working of equations and identities, ! 

Most results arising out of equal ratios may be proved by putting 
each equal ratio equal to some other symbol, usually А. 

Thus if arate +++, We may put each ratio equal to А. It then 
follows that a—5k, c—dk, e=fk, etc. The pupil should verify that 
the results of the preceding Article may be proved by this method. 
"These results are all special cases of a fundamental theorem that if 
a i : 

b and 3 are equal ratios, any expression containing а and b which 


———— 


i 
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А а 6 
сап be expressed as a function of 3 only is equal to the corre- 


sponding expression containing c and d. 


826 а? +30 c 342 
Example 6. Uf 5p n 
Let 5=5=k3 then a=bk, c=dk. 
а? +30? б (8 аа) ЕЗИ 
аз аб +52 52(42-3-41) А28-Л-1” 
с2+ 342 ава Е 
2-4 d(kè-k+1) Ю-Е+т” 
аара ТЕЗИ 
а= аһ +2 с-сі+а? 


We then have 


808. 1 2-2 
рсе 
c=dk, 6 =сЁ= а, а= bk ак. 
It follows that a sequence of numbers in continued proportion 
can be expressed in terms of k and the last number. This is a very 
important result. 


- we may put each ratio equal tò k, whence 


Example 7. If a:b=b:c=c:d, prove that 
(a+b) (c-- d) (+9. 
As above, we have c=dk, b=dk®, а= ак. 
^. (a+b) (c+ d) - (b+ 0)2 = (dk? + dk?) (dk +d) - (dk? + dk)? 
z di (Rx) .d(k+ 1) — [dk(k + 1)]2= dk (k+ 1)? — PH (Ro 1)?=0, 
^ (a+b)(c d) =(b o. 


209. An important property of equal ratios 18: 
Tee eee а а ИИ е 
рва fete та 
аге any quantities. 
Let each ratio=k. Then a=bk, с= dk, e=fk, etc. ; 
la+me+ne+... _lbk+mdk+nfkt 
 bamdtnft...  lb+md+nft.- 
ВО табъ) k, 
= pb md + nf +++ 


, where 1, т, п 


392 ESSENTIALS ОЕ SCHOOL ALGEBRA [CHAP. 
Example 8. Find the value of a in the following expression : 
Sr saa SSSR 
273 а 


У а ini тт Now put 
Since amor each fraction is equal to Blam an P 
1-3, m= - 5, n=2. 
STU: 3x- 5y +22 
Each fraction is therefore equal to Е 3516’ 


"^ а=б-35+6= -23. 


*Example 9. Jf 


that 3 Ё 
al m n 


2у+22-х 2z-2x—-y 2x-2y—-2 
The clue is given by the denominators in the result. 
We form a new fraction equal to each of the original fractions by 
use of the multipliers — 1, 2, 2, as in Art. 209. 
Thus, each of the given fractions is equal to 
(— 1) (2m 2n — 31) - 2 (2n + 61 — m) - 2 (61-- 2m — п) 27l x 
-&t2y-t2z 2у + 28 x 
Similarly, by use of the multipliers 2, — 1, 2, each of the given 
fractions is equal to 
2 (zm + an – 3l) + (- 1) (zn-- 61 т) +2 (61+ 2m — n) gm 
2х-у +22 23 t 2X —y 
Similarly, by use of the multipliers 2, 2, — r, each of the given 
fractions is equal to 


2m--2n —- 3l Биг л prove 


2 (2m + 2n~ 3l) +2(2n+61-m)+(-1)(6l+2m—n)_ Onan 
2x+2y—z 25-2у-8 
Непсе, 2 9m = 25 A 
2yt22-X 22+2х-у 2x42y-z 
3l m n 


` 2у+22-х 2z+ax-y ax+ay—2’ 
dividing each fraction by 9. E 22 
Example 10. Solve the equation BG inh j 
Either (9x?—3x--2)(sx — 2)— (123? — 5x + 2) (3x — 2), 
^ 4558 — 3352 16x — 4 = 3633 — 39x? + 16x — 4, 
S. 9+6 — o0, ү. за (ax 2)—0, 
249 or -$. 
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О тала 


34-28 5-2 


Or Using “ Componendo ” we have 
Зоны 

3Х-2 5422 

"^ х=о or 3%+2=0, ie. x= – 2. 


. 3х®=о or , 1.6, 15x -6— 12x - 8 ; 


It is never necessary to use “ Componendo", etc., but as seen 
above, the working of a question is sometimes made considerably 
shorter thereby. 


210.* The rule of cross multiplication. 

If ах РУЗ, tpe eee edere ne rent (1) 
апа аз + Day бай Ва (ii) 
we have, by multiplying (i) by аз, (ii) by а, and subtracting, 

y (agb, — аз) + 2 (Age — с) =0, 
Le. у(ауб» - asb) — 2 (слаз — сау), 
Dain АКВА И 
az= сау ayb — aghy 
Similarly, by eliminating z between (i) and (ii), we obtain 


or 


ee y 
Е 
Фусо = босу C43 — бойу 
х И Ld 


` Dyly = Ds, саз бийр b- aab 
This result is known as the Rule of Gross Multiplication. 
The result may be easily remembered as follows : 
Write down the coefficients of x, у, z in order, beginning with 
those of y ; repeat these last, as shown below. 


e 
bs 


Multiply the coefficients across in the way indicated by the 
arrows ; any product formed in descending is positive, and any 
formed in ascending is negative. Then the three results Вис» — 556, 
йз — Coty, ау, – ab, are the denominators for x, y, 2 respec- 
tively, 


Note, If z= 1, we obtain a formula for solving the linear simul- 
taneous equations азу + сү=о, а by + yo 
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Example 11. Бид (i) the ratios of x:y:z from the equations 
x- 2y +z=0, 3x +2y-3%7=0 ; (ii) the values of x, y, x which satisfy 
these equations and also the equation зх? — 4y? + 252 — 8, 

(i) Write down the coefficients in the equations according to the 
rule ; thus TANG Wat 4-2 

2/ “ЗИ ИХ 2 
whence we obtain the products 


(=2) x (~ 3) - (2) x (1), (1) x (3) - (= 3) x (т), (1) x (2) - (3) x (-2) 


or 4, 6, 8; 
ИЕ, зч) 
4 6 8 FEWER 


Уча: | 
(ii) Since x, у, z satisfy the first two equations, we have, as above, 
21 -. we may write x=2k, у= 5h, x=4k. 
Substitute these values for x, y, x in 3x? — 4? + 22?—8 ; 
^ 3(2k)? - 4(3h)? +2(4k)?=8 ; 
о ВЕ Ват, kor or 1 5 
and the required values аге х= 2, 


У=3, 8-4, 
от Я=-2, у=—-3,х=-4. 
EXERCISE 96 


1. Find the fourth proportional to : 
G) 12, 9,32; (ii) ab, bc, cd; (iii) 12a, ga?b, 6ab?. 
2. Find the third proportional to : 
(i) 4, 16; (ii) abt, atb? ; (11) 1282, дар. 
8. Find the mean proportional between : 
(i) 8, 32; (ii) а, atb? ; (iii) 9a*b, 2563. 
4. Ifa:b=c:d=e:f, prove that : 


© ac*3c $a-2c. Gi) 242-78с асљ40 | 
b+3d 56-24 M al oid" bd 4d 
Ну 24/223 -50 +300 0 7a-5cy 4498. 
= ай- 8385 09 (75-54 ~ 4d?+ of?” 
2 (atb)(a-c). " а!-ас cce 
(0 d (b-d)(ctd)! (vi) -bd def | 
5. = and 4x — sy - 22 —8, find x, y and z. 


xxix.] 
6. Fill in the blanks in : 
да b a+3b 
a 2 ut 
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7. Ifa:b=b:c=c: d, prove that: 


.a-2b. 


@ => 


а+ vo га-д? 


аһ -- Бе — са 3/a 


(ii) be+cd-db Vd 


8. If a, b, c, d are in continued proportion, prove that : 
(i) b+e:c-a=did-c; 
СОЕ b+c is a mean proportional to a+b and с+4. 


9. нэ ‚ prove that each of these ratios is equal to 


= 9 


(i) о 26% — sce ае . 
2d? — sdef* + 7bcdf ; 


uv | T айдаг. 
(ii) 55%— 28548 - df” 


10. If 222s qp Prove that (i) each of these ratios is 


ab + 3bc — 2cd 


db Dro 


equal to Зав $ 


0) pye eri 


11, If (a-b): (edd 02: 2, and (b+c), (a-b) are not zero, 


express c in terms of a and 6. 


12. If a : b—b : c, prove that Mab + Nbc is a mean proportional 


between a+b and b+c. 


*EXERCISE 96. c 
In Nos. 1-6, find the ratios of x : y 2. 


1. 2x 3y - 42 —0, 
5x—2y--32—0. 
3. 2x - 5y — 32, 
79-в=ду. 
5. 2x—3(y- в), 
5(x-y)-22. 
Solve the equations : 
7. 2x - 6y — 72 —0, 
5X - Ay - 8#=0, 
3x* — 16y? + 22 =0. 
9. 7x-- sy +6z=0, 
3x—4(y - 2), 
5х —7y + ба= 16. 


9. 5x-y - 32—0, 
4х+2у +2=0. 
4. 4x -3y+62=0, 
+у+а=о. 

6. ax- by +с2=0, 
рх; уу+т@=0. 


8. 3х-у+42=0, 
=5х+2)+72=0, 
4х-у+92= 10. 

10. 3x- И 
2x-y t42-—0, 

3x8 - — у#+ 823 — 16. 
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15i х+у+г=т, 12. xt+ty+z=0, 

ax + by +cz=0, ax + by -0, 
ах + у + zo. 5 (x9 + y? +23) = (b — c) (с-а) (a - D). 

13 E 2 432-5Х5-6. 14. gx +3х-2_ 3542. 

` 9-х+2 А4Х2-5Х-6. m 3x-2 
ТЕЕ Б UA EA. en ge +7 52-39580 
'a*-2x45 ә9%-3х-2 2 ned 5x" 3x - 20 

12:01 x = » ы ‚ prove that 


зт+4п-21 4n+2l—3m 2l+3m-4n 
x(3m — 4n) - y (an — 2l) + 2(2l - зт) ^ o. 


18. If x g 3b 2с ‚ show that х must equal either 
36+2с 2c+a a+ 3b 


5 ог — т. 
2 b+c c+a a+b 
19. Prove that if = , 
а+26+26 2a+b+2c 2a+2b+c 
a, 6, с are all equal or their sum is zero. 


then either 


1 т n Н 3 
20. If = : that either each ratio 
т+п-1 п+1-т lym-n PY" 


equals 1 or --m--n—o. What is the value of the ratio in the latter 
case? 
а 2 prove that 
1 т п 


TET ENUA 
Du br, 
22. If the ratios © Р E $e ‚ are all equal, prove that each is equal 
" M4 get + yeh + 
шэг for all values of n, р, q, т, .... 


ас: ‚ where 


23. Prove that (i) ifa> 522 5^ ҮҮХ » X (у На< 2 21 


а, b, x are ай positive quantities. Gee must the En be х odifed 

if х is negative? z 

woe oye x ete E 

24. If x, у, 2, и are ad positive quantities, show that gi yeu и 
are in either ascending ог descending order of magnitude. 

25. If a, b, c, d, e, f ... are all positive quantities, show that the 

а+с+е+.. 


b+ VIE 
fractions © р 2 $e +, provided that these fractions are not all equal. 


fraction ` lies between the greatest and least of the 


CHAPTER ХХХ 
VARIATION 


211. Up to the present, we have always regarded letters as 
standing for numbers. We can, however, also use letters to repre- 
sent quantities. Thus, we may use X to denote the weight of a 
mass of metal and Y to denote its cost. When letters are used to 
represent magnitudes it will be found. convenient to use capital 
letters and to reserve small letters to represent variables whose 
values are purely numerical. Thus, in the above instance we should 
say that the weight X is x tons and the cost У is £y. 

Direct variation. One quantity Y is said to vary directly as, 
ог to vary аз, or to be proportional to another quantity X, if 
Үү: Y4— X, : Ху, where Ху, X, denote any two particular values 
of X and Уу, У, are the corresponding values of Y. ‘This is usually 
expressed by writing YoX, where œ is an abbreviation for 


, 


“ varies directly ав”, ог“ varies as ”. 

It should be particularly noted that X and Y may denote magni- 
tudes which are not necessarily of the same kind, or they may 
represent variables whose values are purely numerical. Thus, if 
Ү (ог £y) be the cost of X (ог x tons of metal), we may write either 
Yo X, or you, 


219. If we wish to decide from first principles whether y varies 
as х, the simplest test to applyis to ask the questions (1) is y doubled, 
if x is doubled? (2) Is y halved, if x is halved? (3) Is y multiplied 
by s, if x is multiplied by 5? If the answer to any of these questions 
is “по”, then we know that y does not vary as X ; if the answer 
to ай the questions is “ yes ”, then it is probable that yow. 

It should be particularly noted (т) that if уссх, then УЕ oif х=0, 
(2) that у does not necessarily vary аз х if, when x is increased үй 
diminished, у is also increased ог diminished. The truth of this Ч 
easily realised by consideration of the functions у=х+5, VHX 
У= vx, etc. 

213. Questions involving variation may ой 


direct application of the definition, as in Ex. 1, 
397 


en be answered by 
Method 1, but it is 
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usually more convenient to make use of the following theorem : 
If yocx, then y — kx, where К is some constant. 

Let x and y stand for апу corresponding values of the variables 
and let x, and уу be particular values of x and y respectively. Then, 
by definition, 

Ws л ЫГ r У:х=уу:хХү, ог шоо 


But 2 is a fixed number, which may be denoted by А. 
1 


Hence =й, ог y— Rx. 


The symbol А is called the variation constant, and its value can 
be found when we know one pair of corresponding values of the 
connected variables, 


Example 1. If уссх, and у= до when х= 16, find the value of y 
when x — 24. 

Method 1. By defnition 31 19 7 3, : хз, where Хү, х and Уу Эв 
are any two particular values of x and y respectively. 

Therefore, if Уу is the required number, we have 

Уу 1 40=24:16, whence у--бо. 
Method 9. Since yax, we have y=kx, where k is a constant. 
But when х-16, Y=40, .. 40=k.16, .. Ё=8, 
. all corresponding values of x and y satisfy the equation 
У=їх; .. when X—24, У-х24--бо. 

Method 3. Since Усх, we have у= kx, where k is а constant, 

for all corresponding values of x. Therefore, if y, is the required 


number, we have Vie roni em UR e EE RS ный 0) 

апа 49=А. гб. ........ О ЖУКАРА (ii) 
Dividing (1) by (ii), we obtain 
21:5:21:3 


е теза бо, 

In simple cases there is very little to choose between these 
methods. Methods 2 and 3 are of more general application than 
Method т, and the introduction of one or more variation constants 
is in some cases essential, The beginner will find it better to use 
Method 2 until he is really familiar with the subject. It should, 
however, be noted that in questions involving only one variation 
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constant it is never necessary to calculate the value of the constant, 
although in simpler cases it is convenient to do so. 

Method 3 is of great value when Ё is an awkward number ; in 
such cases it is mere waste of time to calculate its value. 


Example 2. The time of one swing of a simple pendulum « the 
square root of its length. If a pendulum 39°14 in. long swings once in 
a second, find the length of the pendulum which swings 56 times in one 
minute. 


Let the time T be t secs., and the length L belin. Then t— Al, 
and £— 1 when /—39'14 3 

nor-RW3914, г. R= 

(N.E —Do not work out the value of А.) Л 

The exact relationship between ? апа Г is therefore #= . 

R N 3914 


Y 
“39-14, 


When £ zoa we have 
56 


к E 
56 Азола 56 3914 
l= ЗЕ 225) after cancelling, 
196 
=45 approx. 
The length required is therefore 45 in. 

Great care must be taken with units. Thus, in Ex. 2, the time 
must be expressed in terms of the same unit throughout, either 
seconds or minutes or any other convenient unit. 

Similarly, the length of the pendulum must be expressed through- 
out either in inches or in feet. It does not matter what unit is used 
provided that, for each variable, the same unit is retained through- 
out the question. The value of k is different for different units. 

In working any example it is best to start by choosing the units 
and to keep to that set of units throughout. It should, however, be 
noted that if, 2.g., both variables represent lengths, we need not 
use the same wait for each variable. Thus, the circumference of a 
circle cc the radius, and we may, if we wish, use one foot as the 
unit for the circumference and one inch as the unit for the radius. 
But we must keep the same unit for the circumference throughout 
and the same unit for the radius throughout. 
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214. In Ex. 2, we have t=kyl and at first sight it might appear 
that for each value of / there are two values of t, equal in magnitude 
but opposite in sign. ‘This is not the case, for in the question t is 
essentially a positive number. But, in general, it is worth noting 
that if x* = Ау?, we are not entitled to say that хосу ; there are two 
values of x corresponding to each value of y, and our definition is 
not satisfied. This point is of theoretical importance only; in 
most practical applications of variation the letters represent real 
positive numbers or quantities and to each value of one letter there 
corresponds one and only one value of the other letter, In all such 
cases we can say that if x?ocy?, then хосу. 


215. Inverse Variation. One quantity Y is said io vary in- 
versely as another quantity X, if Үү: Y?—X,: X4, 
where Хү, X, denote any two particular values of X and Y}, Y; are 
the corresponding values of Y. 

As above, X and Y may denote magnitudes which are not 
necessarily of the same kind, or they may represent variables whose 
values are purely numerical. 

It may be shown that if y varies inversely as x, then y = E where 
k is some constant. 

For, let x and y stand for any corresponding values of the 
variables and let х1, Yı be particular values of х, y respectively. 
Then, by definition, 

УЕ; Т. хуу. 

But x,y, is a fixed number which may be denoted by А, 

. Xy-k or du 
2 

216. In questions involving inverse variation, as in questions 

involving variation, we may either apply the definition or make use 


of the relationship st 
Example 8. Jf у varies inversely as x, and у = 8o when x=4, find 
the value of y when X=32. 
Method 1. By definition, 
Уу! Уз= Хә: Хү, 
where ху, X and уу, ys are any two particular values of x and у 
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respectively. Therefore if y, is the required number, we have 
y,:80—4:32, whence у= 10. 


Method 2. Since у varies inversely аз х, we have yak. 
But when х=4, y —80, 
. 8027, “Su k=320, 


320. 
% 


0 


*. for all corresponding values of x and y, y= 
7 3208 
. when x=32, ат 


Method 8. Аз above, E for all corresponding values of 
X and y 5 
"Therefore if y, is the required number, we have 


£ 
Уус 2 TE ro 
80 32 В g я 


The beginner is recommended to use Method 2 until he is 
really familiar with the subject, when it may be replaced by 
Method 3. 


Example 4. If аб, boi, and cd, prove that a varies 
inversely as 4?. 5 
We have 


where А, Z, m are the variation constants. 

(It should be carefully noted that we must use different letters 
to represent the variation constant in (i), Gi) and (iii). In particular 
cases they may be the same, but we have no right to assume that 
this will be so.) 


From (i) and (ii), we have а=", and, combining this with (iii), 


we obtain a= AL 
m 


md? 
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But since А, /, m are constants, E is a constant, say л, 
М 8: ДӨР sd? 
а=) ie. a varies inversely as 4. 


EXERCISE 97 (Oral) 


Express each of the following statements algebraically, as an 
equation : 


1. accb. 2. cocd?. 3. zcy’, 4. axy 
I I I 1 
5. 227: 6. 22 г. latber 8. 897) 


9. The circumference of a circle (с ft.) varies as the radius 
(r in.). 
10. The amount of work a man does (w units) varies as the 
time he works (¢ hours). 
11. 2 varies inversely as Js. 


12. (12+ т?) varies inversely as E 


18. The simple interest (£i) on a given sum at a given rate 
varies as the number (п) of years for which the money is lent. 

14. The volume (v c. ft.) of a given quantity of gas at a constant 
temperature varies inversely as the pressure (р Ib. per sq. ft.) on it. 

15. The value of a diamond (Дх) varies as the square of its weight 
(w grains). 

16. x*y? varies inversely as 25. 

17. The horse-power (h) of the engines of a given ship is pro- 
portional to the cube of the speed (v m.p.h.). 

‚18. When a stone is let fall, the time (t secs.) it takes to fall any 
distance (d ft.) varies as the Square root of the distance. 

19. The square of the time (t days) taken by a planet to go round 
the sun varies as the cube of its mean distance (d million miles) 
from the sun. 

‚ Assuming that the law of variation in the following cases is the 
simplest that would give the pairs of values supplied in the tables, 
state the law in words, give the algebraic equation connecting the 
"variables, and fill in the gaps : 

20s o РА лб 9 - 1I 

ото 3° 35 — 125-55 -29 
5 2:5 
9. is] 20 то 8 16 
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22, MAS о 4 ӨЧ тл б 
уз, ° 4161126 6:25 
98. 2 3 4 10 
72 аа 11:52 
24. 41156 8 12) | 20! 
25 12:5 IO 5 
EXERCISE 98 


1. If y varies аз х, and y=36 when х=4, find the value of 
(i) y when x=6, (ii) x when y=}. 

9. If y varies inversely as x, and y=6 when х=3:6, find the 
value of y when x— 5:76. 

3. If yow, and у= 15 when x= 18, find the equation between 
хапа y. Find also (i) y when x=45, and (ii) x when y—2'5. 


4. If хос“, and у= 4:5 when x=4, find x when y=4-2. 


У 


5. If у=, and y —48 when х= 3, find y when x =4. 


6. If yocx®, and у= 81 when x— 3, find y when x —2. 


7. It is known that yc (ax- 2). If х= з when y—2 and x=4 
when y=4, find a. What is the value of y when х= ЁН 


8. The breaking strain ( tons) of a steel wire varies as the 

square of its circumference (сіп). Ifs= 19:6 when c=3'5, find s 
when с=т. 5. 
_ .9. The volume of a given mass of gas at a constant temperature 
is inversely proportional to the pressure on it. At a pressure of 
20 lb. per sq. ft. a certain mass of gas occupies 18 c. ft. Express 
in c. ft. the volume of the same mass of gas at л pressure of 7'2 lb. 
per sq. ft. 

10. The distance through which a heavy body falls from rest 
varies as the square of the time taken. А. body falls through тбоо ft. 
in то sec. ; how long would it take to fall through 576 ft.? 

11. The intensity of the illumination given by a certain [шюр 
varies inversely as the square of the distance from the lamp. 
surface is illuminated by a certain light at a distance of 3 feet. 

here must it be placed to receive three times the illumination? 


19, If the distances of an object and of its image, formed by a 


Mirror, are measured from a certain point, it is found that the sum 


of the di : . Те the distance of the image 
of the distances varies as the product. I calculate the 


is 120 cm. when the distance of the object is 300 cm» ‹ 
distance of the image when the distance of the object is 540 cm. 


404 ESSENTIALS ОЕ SCHOOL ALGEBRA ЇСНАР, 


13. The tension of an elastic string varies аз the extension, 
A string whose unstretched length is 6 in. is stretched to 7:5 in. 
by a pull of 8 Ib. wt. What pull will stretch it to 8:4 in.? 


14. The value of a diamond ос the square of its weight, and a 
diamond of 4 carats is worth £14 ; find the value of one of the same 
quality weighing 5 carats. 


15. A railway engine without coaches can travel at 80 m.p.h, 
and its speed is diminished by a quantity which varies as the square 
of the number of coaches attached. With 8 coaches its speed is 48 
m.p.h. Find its speed when there are то coaches and the greatest 
number of coaches the engine can move. 


16. The volume of water in an inverted vessel, in the shape of a 
right circular cone with vertical axis, varies as the cube of the 
depth of the water in the vessel. The depth of the water is 5 in. 


when the volume is 12:5 gallons ; find the volume when the depth 
is 2 ft. 


17. If the time of a beat of a pendulum of length / in. is £ sec., 
it is known that 76:22, A pendulum with a beat of 2 sec. is 15656 
in.long. What is the time of beat of a pendulum 2 in. long? 


18. The horse-power of the engines of a ship is proportional to 
the cube of the speed; if the horse-power is 80 at a speed of 
8 knots, what is the horse-power when the speed is ro knots? 

19. The square of the time taken by a planet to go round the sun 
varies as the cube of its mean distance from the sun. If the mean 
distances of Jupiter and the earth from the sun are 483 millions 
and 93 millions of miles respectively, find to the nearest year how 
long it takes Jupiter to travel round the sun. 


20. The square of the velocity of a particle varies as the cube 
of its distance from a certain fixed point P. If this distance 8 


increased by 1:2 per cent., find the approximate percentage increase 
in the velocity. 


21. The receipts for railway trains vary as the excess of the 
average speed above 20 miles an hour, while the expenses vary 28 
the square of that excess. When the average speed is 40 m.p-h. 
there is neither profit nor loss; what percentage of the receipts 
is the profit, when the average speed is 35 m.p.h.? 


22. Weight on and above the earth’s surface varies inversely 28: 
the square of the distance from the earth’s centre ; on and below 
the surface it varies as the distance from the centre. 

"The earth's radius being taken as 4000 miles, at what distance 


below the surface is the weight of an object the same as at 50 miles 
above it? : Г 
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98. The number of trees required to plant an acre varies in- 
versely as the square of the distance between the trees. If 432 trees 
ate required when the distance is то ft., how many ate required 
when the distance is 15 ft.? What is the distance when 108 trees 
are required? 


24. A clock keeps accurate time at бо? F. but gains as the tem- 
perature falls and loses as it rises, the rate of gain or loss varying as 
the square of the number of degrees between the actual temperature 
and 60° F. If it gains 2 sec. per day when the temperature is 
47° F., how much does it lose (to the nearest sec.) in 3 days when 
the temperature is 75? F.? 


95. The volume of a sphere varies as the cube of its radius, 
Prove that three spheres of radii 1:8^, 274”, 3” are together equal in 
volume to one of radius 3:6". 

96. If (x + у)ос(х — у), prove that recy. 

97. Tf (x у)ос(х — y), prove that (x? + xy 4-5?) ec (ad! — xy + y). 


28. If уссх, and хост, prove that z varies inversely аз y. 


I $ 
29. If ac: £, and цаг rove that росс ос, assuming that a, b, с 
p a’? a 
are all real and positive. 
I 
30. If (c+ d) varies inversely as e 2) prove that (c! 4- 2°) оссӣ. 


217. It sometimes happens that a quantity depends on the 
variation of two or more other quantities which may vary inde- 
pendently of each other. Thus, in Geometry, if v is the volume of 
a right circular cylinder of height # on a base whose radius is 7, 
we know that vocA when r is constant, 
and ver, when h is constant. 

We also know that v is given by the formula v=nrh, and since т 
is constant, this is the same thing as saying that о varies as the 
product 7? when both r and Л vary. 


This is a particular case of a general proposition, viz. : 

If a varies as b when c is constant, and if а varies as © when b 
is constant, then a varies as be when b and c both vary. j 

If c has any definite fixed value су, acb, i.e. there exists a definite 
constant k such that а= Ab, Hence, to every pair of values Ру, c, of 
b and c, there corresponds one definite value a; of a. 

М.А. о 
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Let three such sets of values be 
a, бу, с, 
а В. с, 
о ен (ш) 
Now b has the same value in (i) and (ii), and ас when b is 
constant, „а: 1с 
и 
Again с has the same value іп (ii) and (iii), and ах when c is 
constant, wa b 


` a, ba 
From (iv) and (v) by multiplication 
а by 
а, bye,’ 
and (5,6), (b,c;) denote any values of (bc), 2. ache. i 
This theorem is of considerable theoretical importance, as it 
frequently enables us to deduce the law of variation, but in 
practice it is rarely used, since, in most of the cases in which it can 
be applied, either the law of variation is well known or the question 
can be done by compound proportion., 
Tt will be easier for the beginner to learn the result from the 
consideration of special cases such as the area of a rectangle, the 
volume of a cone, etc. than from the general proof: 


218. Joint variation. One quantity is said to vary jointly as 
a number of others when it varies directly as their product. The 
word “ jointly ” is sometimes omitted. 

Thus, a varies jointly as b and c when a = Крс, where А is a constant. 
'This phrase often causes considerable difficulty to beginners who 
have been accustomed to replace “and” by “+”. It is most 
important that they should realise that in this context “© апа” is 
equivalent to “ x >, They will most easily master the use of the 
phrase, if they notice that, since а= kbc, axb when c is constant 
and accc when b is constant. This will enable them to check their 
Work and avoid the mistake of Writing a as the sum of two terms. 

Similarly, if а varies directly as b and inversely as c, we have 


kb : Зан 3 
йк also, if а varies directly as 6 and с and inversely as d, we 


Арс Rees 
have тЫ where й is in each case а constant. 
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In all cases of joint variation, the different variables occur as 
factors, not as terms. 


219. The above phrases should be carefully distinguished from 


the following : 
а varies partly as b and partly as c. 


Here a consists of two parts, one of which varies as b, and the 
other of which varies as с. We therefore have а= 0 + lc. 

It should be carefully noted that we must use different variation 
constants for b and c. 


Example 5. The electrical resistance of a wire (т ohms) varies as 
its length (1 metres) and inversely as the square of its diameter (d milli- 
metres), Compare the resistances of two wires of the same material, 
one of which has a diameter of 2 тт. and is 8 m. long, while the other 
has a diameter of 3 mm. and is 12 m. long. 

We have r= Е 1 

z 8 
*. the resistance тү of the first wire=k. zi 


А 12 
and the resistance 7, of the second wire =k 3 
8 12 
nonivY—k.ikR.—-3:2 
Е 


Example 6. The expenses of а ball are partly constant, and 
partly vary as the number of guests. For 100 guests the cost is £175, 
and for 250 guests the cost is £362 10s. Find the cost per head for 
200 guests, 

Let £c be the total cost, and let и be the number of guests. 


Then ck n. 

Аво 175 = 4 100, enm dO eri (i) 
362i =k + 2501. «хөөн окно (ii) 

From (i) and (ii) we obtain k=50, [= 14. 


Thus for all values of c and n, с=50+ 5, 


Js when п = 200, с= 59 + 250 — 300, 


and the cost per head is 300-200, i.e. ДГ 105. 
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EXERCISE 99 (Oral) 


Express each of the following statements algebraically, as an 
equation : 
1. А varies directly аз В and inversely as С. 
2. X varies jointly as Y and the square of Z. 
8. z varies as x? and inversely as y?. 
4. = partly varies as x and partly as x°. 
5. The reciprocal of = varies jointly as x and >. 
6. а is partly constant, partly varies аз b, and partly varies 
inversely as c?. 
7. E is partly constant and partly varies inversely as и. 
8. Н varies directly as t and V? and inversely as R. 
9. 5 varies jointly as a and the square of v. 
10. л varies as a and the cube of v. 
11. C partly varies as А and partly varies inversely as the 
square of D. 
12. t varies directly as / and inversely as yh. 


18. z varies as x when y is constant and as y? when x is 
constant. 


14. C variesas r when A is constant and as A when 7 is 
constant, 


15. a varies as yb when c is constant and as 63 when В is 
constant. 


16. The time (¢ secs.) during which а body will slide down a 
smooth inclined plane varies directly as the length (| ft.) and 
олер as the square root of the vertical height (/ in.) of the 
plane. 

17. The electrical resistance (R) of a copper wire varies as the 
length (L) of the wire and inversely as the area (A) of its cross- 
section. 


18. z varies as the sum of x and у, and yocx?. 


3 EXERCISE 100 


1. Given that y varies jointly as x? and 2, and that y — 12 MAN 
х= 3,2= д, find (i) the value of y when x=2, 2—8, (ii) the value 0 
z when y — 18, X-—0'25. 

9. Given that 5 varies jointly as a and 22, and that p= 18 when 
a=ọ and v=15, find v when а= 81 and р= 32. А 

8. If y is equal to the sum of two quantities, of which one 18 
constant and the other varies as х; and if y—19 when х= 2, and 
Y —47 when x=4, find the value of y when x= — 3: 


-———  —————GREÉEÉUMEMCT—--—-.«—«—-—----———-——-———c——————————-A————————————————————————— 
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4. If x is partly constant and partly varies as 2; and if x—19 
when t=2, and х= —44 when t=8, find the value of & when 
x= у]. : 

5. If z varies as х? and inversely as y?, and if z=4 when х=8 


and у= — $. find z when x— -2 and у=. 
6. If л varies directly as t and v? and inversely as v, and ifh=6 
when t=4, v= —2, 7—5, find t when h=10, v—3, 7—3. 


7. If z varies as the sum of two quantities, one of which varies 
as x and the other inversely as қ/х, and if z=42 when х=4, and 
z=87 when x —25, find z when x— 9. 

8. If z varies as x when y is constant and as у? when x is constant, 
and if z—5 when x=} and y=, find x when у= — $, 2— 10. 

9. If x varies as y when 2 is constant, and as & when y is 
constant, prove that when уса, then хосу®. 


10. If a varies as vb when c is constant, and inversely as 2, when 
b is constant, prove that when Ё varies inversely as с, then a?ab®. 


6 11. If d varies directly аз 5 and inversely as the square of t, and 
if d—3 when s=16 and t=4, find s when t— 15 and d=o'2. 

12. The volume V of a solid varies jointly as the height лапа the 
area A of the base. If V = зо when h=3 and 4— 15, find (i) V in 
terms of A and A, (ii) the value of k when V = 50, A=8. 


18. A number у is the algebraic sum of two terms, one of which 
varies as x and the other inversely as х2. When х= - 2, y= 5, and 
when x=}, y—15; find the value of y when x= —$. 

14. The value of silver coins varies jointly as the thickness and 
the square of the diameter. If two such coins have values in the 
ratio 20 : 27 and thicknesses in the ratio 3 : 5, find the diameter of 
the second, if that of the first is 1$ in. | 

15. If y varies as the algebraic sum of two terms, one of which 
varies as x and the other as the square of x ; and if y=-9 when 
Х=3, and y—21 when x=3, find the values of x which make 
Mim 24. к 

16. S is the sum of two parts, one of which varies as х and the 
other inversely as х. When x=4, S=22 3 when х= - 2, S= = 14. 
Find x when S= 802. | 

17. The weight of a sphere varies as the cube of its radius and 
also as the specific gravity of the material of which it is made. The 
Specific gravity of gold is 19:25 and of silver 10:5- Find the radius 
of a sphere of silver equal in weight to three times that of a sphere 
of gold of radius 2 cm. : р 

18. The cost of making a spherical ball varies as the cube of its 
radius, and the cost of painting the ball varies as the square of its 
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radius. Ша painted Бай of radius 6 in. costs Дт 17. 6d., and one 
of radius 4 in. costs 13s. 4d., find the cost of onc whose radius is 
2 т. 


19. The illumination of a small object by a lamp varies directly 
as the candle-power of the lamp and inversely as the square of the 
distance of the object from the lamp. If an electric lamp of 10 
candle-power, fixed 5 ft. above a table, is replaced by a 6 candle- 
power lamp, how much must the new lamp be lowered to give the 
same illumination as before at the point of the table directly under 
the lamp? 


20. The cost of making a spoon of given material and given 
shape is the sum of two parts, which vary as the cube and square 
respectively of the length. Ifa shillings, 6a shillings are the costs 
for two spoons, the latter being twice as long as the former, find the 
cost of a spoon 11 times as long as the latter. 


21. The kinetic energy Т of a falling body varies directly as the 
product of its mass m and the square of the time 7 during which it 
has fallen ; the momentum M varies as the product of m and t. 
Show that, if T' is expressed as a function of М and m, T varies 
directly as the square of M and inversely as m. 

98. The cost of making an overcoat is assumed to consist of à 
fixed sum together with an additional sum which varies inversely 
as the number of coats made at the factory in a day. When the 
number made is 4o, the cost of each is £3 3s., and when the 
number is roo, the cost of each is £3. Find the cost of an overcoat 
when the daily production is 8o. 


28. The total daily cost of running a ship is made up of a fixed 
sum for wages, etc. and a sum which varies as the square of the 
ship's speed, which is assumed to be constant throughout a trip. 

hen a certain trip takes 5 days the total cost is £1060, and when 

takes 6 days the total cost is £1250; prove that the total cost of 


Я . H 3 
the trip, when it takes и days, is £100 x [e| 
n 


. 24. The force of gravity on the surface of different planets varies 
jointly as the density and the radius of the planet. The radius of 


Jupiter is ro times that of the earth ; the density of the earth is 
5:67 and that of Jupiter 1-75. Ifa man can jump 5 ft. high on the 
earth, how high can he jump on Jupiter, assuming that the height 
of his jump is inversely proportional to the force of gravity? 

95. 'The sag at the centre of a plank of given width varies as the 
fourth power of its length and inversely as the square of its thick- 
ness, Tf a plank 5 ft. long and $ in. thick sags 4 in., what will be 
ш зав in a similar plank of the same width but 74 ft. long and à in. 

ck? 
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26. The illumination of a screen varies as the strength of a 
source of light and inversely as the square of its distance from the 
screen. A source of light distant 3 ft. from the screen produces the 
same illumination as would three standard candles, one 1 ft., one 
2 ft. and the other 4 ft. from the screen. Compare the illumination 
with that given by a single standard candle 3 ft. from the screen. 

27. The distance in feet that a body moves from rest is the 
difference between two terms, one of which varies as the square and 
the other as the cube of the time in seconds from the start. If in 
2 sec. the body moved 36 ft. and in the 3rd sec. it moved 108 ft., 
find how far it moved in the 1st and 4th seconds. 

28. The average daily cost per head of providing a school dinner 
is partly constant and partly varies inversely as the number of 
pupils who take dinner. When 144 pupils take dinner the average 
cost per head is 824. per day; if the number rises to 168 the 
average daily cost per head falls to 8d. Ву how much more must 
the number rise before the average daily cost per head falls to 7d.? 

29. The volume of a circular cylinder varies as the square of the 
radius of the base when the height is the same, and as the height 
when the base is the same. The volume is 396 c.c. when the height 
is r4 cm. and the radius of the base is 3 cm. ; what will be the 
height of a cylinder on a base of radius 7 cm. when the volume is 
770 c.c.? 

30. The coal consumption of a vessel varies as the distance 
steamed when the speed is constant, and as the square of the speed 
when the distance is constant. Show that the coal consumption 
also varies jointly as the time taken for the voyage and the cube of 
the speed, 

TEST PAPERS VIII 


A 
.1. If p(1-b)=1+b and g(1-c)=1+¢, express beo 

simply as possible in terms of b and c. 

2. Find the first 3 terms and the last 3 terms in the quotient of 
ХИ — rix + то when divided by x?— 2x 1. 

8. (i) Simplify (6 аг2) x (Ура (a7 tbe). 

(ii) Without using tables, find the value of 

(a) (188-3, . (b) 1087 x 1909. 
(ii) Express (23 +23 + 2) (23 — 1) as a power of 2. 
4. Evaluate (i) 102945, 
NECI ET E 
(ii) дека, (iii) У2:5 5 


412 ESSENTIALS OF SCHOOL ALGEBRA [СНАР, 


5. ( Ifx:a=y:b=2:0, prove that each fraction is equal to 
(x +29 + 32) 2- (a 4- 2b +30). 

(ii) If 2x? - 13xy — 24у — o, find the possible values of x : y. 

6. The following table shows the theoretical time, у sec., taken 
to cover т mile at maximum speed by a yacht whose rating is 
x metres : 

Ив 5 IO! LI2:8 15 20. 25 30 
dioi veg 576 470 408 365 333 288 258 235 

Plot y against x, taking 1'^ to represent тоо sec. and 1" to repre- 
sent 5 metres. 

In a race of k miles between two yachts of different ratings, the 
time-handicap in favour of the smaller yacht is k times the difference 
of their theoretical times for т mile. From your graph deduce the 
time handicap for a 40 mile race between two yachts whose ratings 
are 19:75 and 23:25 metres. 

B 


1. The annual incomes of two persons are in the ratio ху and 
their annual expenditures are in the ratio Х-1: у+т; if each 
person saves £20 per annum, find their annual incomes. 

9. (i) Multiply together x2, v x~ and лї. 

(Ш) If p —ab!, q— ab", r— ab", evaluate рт”. gn- , yim, 

ЕЙ х-1 хэ 

Е 

© ET x? = 5%+6 x2-4x+3 

(D Ifx=p +2249, у= 0 + 2pq -p?, 2 =p? 42, find the value 
of x? +? — 222, 

„4. The square of the velocity of a particle varies inversely as the 
distance it has travelled from a fixed point. If the distance 15 
increased by 1-4 per cent., find the approximate percentage de- 
crease in the velocity, 

5. Solve the equations 

PA st S 
(i) NWI NAFI T, (i1) +37 =>. 

6. A polynomial f(x), when divided Бух- т, leaves a remainder 
3, and, when divided by x- 2, leaves a remainder т. Show that 
when divided by (х- I)(x- 2), it leaves a remainder — 2x + 5 


€ 
Af I7X-F 4y —212, and 43x — 21у--222, find the value of 
АЗ +434 28 
3хуш 00 
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2. Express in the simplest form 
© 5-4/2 |23446, 
(i) NAE = № 


VERA 
3. Simplify т-810089.. - m 
aes ES 28 
4. Simplify 0) (х2 — у®)(х®— y?) 


(х + y + әх®у®)(х + y — 2х®уй) 


X NS 
5 ү да з. а24 
(ii) а158 (==) P 
5. Evaluate (i) (50:31)8-:-7:862, 
Gi) (5:67)2--№о:0765, 

exo 006—0) (6 а) 

(iii) ишү үнд CEDI 
Where a=120:5, b—9177, c— 1274, 25-0-546. 


6. The longer side of a rectangle is increased Бу А per cent. of 
itself and the shorter side is decreased by the same percentage. 
Show that the area of the rectangle is decreased, and find A, if the 
area decreases from 2400 to 2394 sq. units. 


D 


с И 
1. (i) Express as powers of 2: 0:0625, үр I 32 
(ii) Without using tables, find the value of 
1 3. 25 I 
92 х 161+ (4 Е ; 

2 21 (x-3)(x41) . 
ME SUI is 
54x 4+5 (5ta (4+) 
satisfied by any value of x, except —4, — 5» but that the equation 

32 2 : 3 3 
ETE тг = т is satisfied by only two values of x. Find these 
values. 


2. Prove that the equation 


8. Express in the simplest form : 
G) (22 - м3) (378 + v3) (27 - М9), 
wy М2 63 
(11) Trea 
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4. Without using tables, 
(i) Calculate logy (V 10 x тоо-— ro), 
(ii) Prove that logio (#5) + logy (425) - log,)(#) =r. 
5. It is given that x varies as 2 +y% and that x — 4 when y= -т; 


ulso that y varies as 4/3 — z and that y=2 when z= – 5. Obtain the 
expression for x in terms of z. 


6. Solve the equations : 


(i) Vx-1+Ne+4= 3x +10, 
Gi) 2(87-- 8-2) — s. 


E 
: 1 он 
1. Find х:», (i) if Ets 


(1) if 6x? c r1xy = 357°. 
2. (i) Multiply xê + 2x% — Ic2x-$-x-$ by xb - x-t, 
1,5 
k bz 
(ii) Express = as a cube root. 


8. Without using tables, find the value of : 
G) тоёй х А/тоГ8, (ii) (таур x (8)8-——(/т8)—ї, 
(ii) logy (то-то). 
4. The cost (c) of boring a well varies partly as the depth (d) and 
partly as the square of the depth. A well 35 ft. deep costs £113 158^ 


and a well so ft. deep costs £200. How deep a well could be bored 
for £168 15s.? 


5. Evaluate (i) 1017820, 
(ii) 3:246 х #0:01638 x 0-0097 
} (96-51)? — (42:87)? 
6. Solve (i) (x+ 1)(х- 2)(x — 3)=(х-4)(х+5)(х-5); 
(i) ох+4у-7ш=о; X--2y—2z; 3x2+4ye=181. 
Е ыз... 
2ас +365 
1. If P jue Р Prove that each ratio is equal to x abd + 3fh 
8/548 
5a? – 8ceg 
and to ET. 


ele Ч 2b a+b 
2. Simplify T т 
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3. Simplify (i) (a-- 25)$ (a - 20)-3 (a? - 482)-8, 
2 к/з т БШ 
ш N5-1 Ver 
4, Evaluate (i) 0'0434 х У22:73, 
за 613[01:2)15 - 1] 
(ii) ГЕККЕ СОО . 
5. Solve the equations : 
(i) Ух-аа Nxt 46=12, 
(ii) 27 + 2* — 22-1 — 40. 
6. It is known that x and y are connected by the relation 


у-4=ах", and the following corresponding values of x and y are 
obtained experimentally : 

X-—IO 20 зо 4° 50 

у=то:27] 14:2 175 205 233 


Draw a graph showing the relation between logjox and log;o(y — 4), 
and by means of the graph obtain approximate values for a and n. 


G 
1 Я ttc, ttd тда 
1. Find the value of rin pur when TU 
9. 1¢ EM суа E prove that 


2a+b 2b+c 2с+а 
х+у+@ (6+ с)х + (с+а)у+ (а+6)=. 
а+Ь+с_ 2 (ab + bc + ca) 
8. Without using tables, find the value of : , 
(i) 27-48422, (ii) 48x (2? х 3373 x 27$ x 3%. 
102225 


y 
2tt2y 


— 27, find р in terms of x and y. 


4. Evaluate (i) (o-324)3 x V3 (19:79 5307; 
(ii) log 4:393 х log 2:198 + log 5:834 x log 8:704 x log 6:593. 

5. The total cost of making a certain article consists partly of А 
constant sum independent of the size of the article, and partly o 
а sum which varies as the cube of the length of the article. If the 
cost is 6s. 3d. when the length is 6 in., and 12s. 04. when the length 
is 13 ft., what will it be when the length is 4 ft.? 


6. Given log,,y=1+Slogy)x, express y in terms of x, 
the value of y when «=9, without using tables. 


and find 
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н 


1. Prove that, if x +у= 2, and none of these quantities is zero, 
the expression 


is equal to zero. 


LUST 
; В à x" 4 xnl а+ p. 
2. Simplify (i) Е where х= (e j 
X^ — xnl 
(ii) 7+5, Nir-3 


7-45 Wir4 2 

3. (i) Divide a (+)  b(c3 + ad) — c7 (a3. тает by 
at tbi c. 

(ii) Find the square root of 

адабу — охуй — 12x3y + 993. 

4. The distance in feet that a body moves from rest is the 
algebraic sum of two terms, one of which varies as the time in 
seconds from the start, and the other as the square of the time. If 
the body moves 36 ft. in the first second and 68 ft. in the next 
second, find how far it will have moved in the third second. 


5. If the population of a town has been increasing by R per 1000 
each year and was P ten years ago, show that it is now 


Px үс + Si 
1000 à 


If it is now 155,000 and was 129,000 ten years ago, find the value 
of R, correct to the nearest unit, by means of logarithms. 
6. Solve (i) xt- (3x24. 6x + тт) = (a? — 4x — 1) (x? -- 4x ^ 1), 
correct to 2 decimal places ; 
OX - 5x6 х%—5х%—х—7 
у, 
Х°+5%—6 x84 sx*rxq. 


I 


1. А shopkeeper spends a certain sum in stocking an article, and 
later, when the cost Price of the article has risen 50 per cent. 
spends an equal sum on a further supply. He sells the whole stock 
at the mean of the two prices he paid, viz. rod., and makes a profit 
of £4. Find the prices he paid and the sum spent on each occasion. 

Prove that always, if he spends, as above, equal sums on the two 
occasions, and sells at the mean price, he necessarily makes a profit. 
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9, What is the smallest number of factors which must Бе taken 
in ghe product 2 x 2 X 2... in order to give a number greater than 
10797 

3. Simplify (i) 27х15" х бэт х gH, 

Е N3+1 /5—1 
(ii) = : 
1+/2+V/3+ 76 1-X/2- 5-4 Міо 
78:51) x 0:004374 
68-68 1 


4. Evaluate (1) ( 


(ii) (0-38) =? (2:37) 95. 
5. Solve the equations : 
(i) М5 + Nax- 3 - 4Nx 0, 
(1) а2(ү3-1) * 2x 3 11. 
m+n n+l 1--т 


am-bn an+bl al+bm 


6. If , prove that either each ratio 


2 
ЕЕ огі+т+п=о. 
Ј 


È @ If ziz e aie ко prove that ха, 


°_ 2e 2 — 
(ii) If ав пс and а, b, с are unequal, prove 


(А 
that (a+b+c)(l+m+n)=al+bm-+ сп. 
2. Find the square root of "m + x7- дА? +257 3. 
Ba an t-z) 
Busine, СШ Лоа аза. 
implify Gunes "б-а а) (z-4) (2-9) 

4. The deflection at the centre of a girder of given material with 
fixed ends under a uniformly distributed load varies directly as W, 
the load, and the cube of L, the length of the girder, and inversely 
as 1, its moment of inertia. If the load 18 increased by то per cent. 
and the moment of inertia by 5 per cent., find the percentage change 
in the length of the girder that the deflection may be unaltered. 

5. (i) If e=2718, find log, 25 ; 

(4:65)? loge 25. 
(1:612)? 

6. From the equations 4x -2y -72—0 and 3 +8)=202, 

€:y :2, and prove that д? + ду= 3422. 


K 


Р 1. 161, 2m, n are three consecutive integers, 
nz ~ 8m". 


(1) Evaluate 
find 


find the value of 


— 2, prove that 
m n 
х y = 


9 2m+2n-l 2п+21-т 21+2т-п 


8. (i) Simplify (т+х%у#+х-—#у—®) х (2 -у-®)-—х 
(ii) Find the square root of аЁ + 449 — газ 4 44$ — 44- a7 8, 
4. Evaluate (i) (0:5673) x 3/187 —(63:41)?, 
(ii) (o:792)*37, 

5. Solve ох? — 3xy — 2)2—12; 51X—4y —422 ; 129х+21у=44® 

6. If the relation У=ах" is satisfied by х=2, y — 10:6, and by 
X —3, y — 6:2, find a and и. 

L 
1. (i) If 252a 54 с, express 
S (8—6) (2-00) (s- 0) (8-а)  (s- a)(s -b) 
as simply as possible in terms of a, b, c. 

(i) Divide 4x3 + 743 — xk 4 5x8 +6 by x$ — x$ 41, 

2. Reduce CERT Tees to its simplest form, and calculate its 
value correct to 2 decimal places, given J/5 =2-236r. 

ас bc bc ас(а- 6) : 
(-0(с-4) (00) (ач) (6-0(4-0(619) 

4. Prove that the expression 

(a? + BP + c9) o 4 424 22) - (ax + by + c2)? 
can be written as the sum of three squares; and that, if Шш 
expression equals zero and all the quantities involved are real, 
&ia—y:b-—z:c, 

5. The amount of coal per hour burnt by a steamer on a voyage 
consists of the sum of two parts, of which one part ос the speed in 
knots and the other part ос the cube of the speed. If a steamer 
burns 2 tons of coal per hour when travelling at ro knots and 43 


tons per hour when travelling at 15 knots, find how many tons per 
hour it will burn when travelling at 20 knots. 


‚6. The velocity in ft, per sec. of sound in air at temp. t° C. is 
given by the formula 
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2ут25-Х 2z-2xX—y 2x-2y-z 

2. If "ame = 

3. Simplify 


vA [son P186, ІЧ 2 р | 


Where р is the pressure of the air in Ib. per sq. in., and d is the | 
density in Ib. per cu. ft. of air at o* С. and atmospheric pressure. 


when y= 1118-9, p= 1477, d — o-o809. 


CHAPTER XXXI 
SERIES. ТНЕ PROGRESSIONS 


220. The formation of a sequence or series. We have previ- 
ously considered algebraic functions of х, e.g. x?— 3x +7, and we 
have studied the change in the value of the function as the value of 
x passed continuously through all values within a given range ; 
such change in value was usually illustrated by a graph. We now 
proceed to consider functions in which the variable may represent 
only one of the natural numbers т, 2, 3, .... То avoid confusion, 
such functions are usually written f (п), where n may stand only for 
one of the natural numbers. Thus, if we consider the function n* 
and give и the values 1, 2, 3,... in succession, we obtain the 
numbers 12, 22, 3? ..., 1.6, т, 4, 9, +» respectively. А succession of 
numbers obtained in this manner, in accordance with some given 
law, is called a sequence or series. 

The value of any particular term in the sequence is obtained by 
substituting the value of и. Thus, in the sequence given by the 
function n?+m, the sth term is 5+5, ie. 30; the rth term is 
r+yr; the nth term is n?+n, etc. 


221. Conversely, it is sometimes possible to deduce the function 
from a knowledge of the sequence. Thus, consider the sequence 
4; 11,18, 25, 42; 500 

It is clear that we start with 4 and add 7 each time. 

To obtain the sth term, we add 7 four times and obtain 
4+7%4=32 ; to obtain the nth term, we add 7 (7-1) times and 
obtain 4+7 x (n-1)—7n-3. Thus, the above sequence repre- 
sents the function 7п— 3, where n stands for a natural number. 


EXERCISE 101 


(Many of these examples may be taken orally) 


1. Write down the first three terms, the 8th term and the rth 


term of the series given by the functions : 
2-3 


5 EINE i 2 
(i) 32 - 2, (8) 32 +8, (i) ze (iv) ee 
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(у) 1? - n, (vi) = (vii) 7х2"—1, (viii) (—т)", 
(ix) 18 — 4n, (x) 3" 1 - (- pr, 

2. Write down 4 terms of the sequence obtained as below. Also 
write. down the nth term, leaving the answer in uns implified form, 
eg. 9x3"-l, 

(i) Write down то and add 3 each time. 

(ii) Write down 1o and subtract 4 each time. 

(iii) Write down 256 and divide by 2 each time. 

(iv) Write down + and multiply by - 3 each time. 

8. Write down the next two terms of the following sequences: 

(i) 64, —32, 16, = 8, 4,..., (1) 20, 18, 16, 14, 12, ..., 
(1) 3, 4, 2, 2, ..., (iv) 2х5, 4х7, бхо, 8x11, ne 
4. Find the third term in each of the following series : 

(1) 35, 40, —, so, ss, бо, >, (1) 162, 54, =, 6, 2, ..+, 

(iii) 8, 55, —, 15, 40272220) (iv) 16, 25, —, 49, 64, 81, ...: 

5 Find the nth term in each of the following series, and check 
by substituting л —3 in your result ; 

(i) 22, 25, 28, 31, ..., (ii) 13, 23, 35, 45 ..., 
GI 6:21 a (iv) o'1, 0'02, 0:003, 070004; +++ 
6. The nth term of a series is 5n 4-4. 


(i) Is (a) 64, (b) 73, a term of the series? If so, which term? à 
(1) Which is the first term of the series which is greater than 40! 


7. The nth term of a series is 20-11. 

(i) How many terms of the series are negative? 

(ii) How many terms of the series are positive and less than 80? 

8. The nth term of a series is 3n+8. What is the difference 
between (i) the rth term and the (r — 1)th term, (ii) the rth term 
and the (r +'1)th term? 

Arithmetical Progressions 

222. A series in which each term is formed from the preceding 
by adding to it a constant quantity is called an Arithmetical 
Progression. The constant quantity is called the common differ- 
ence, and it may be found by subtracting any term from the term 
which follows it. The abbreviation A.P. is usually used for the 


words arithmetical progression, and the abbreviation C.D. for the 
common difference. 


| 
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993, The most general form of an А.Р. 1s 
а, a d, a-- 2d, a+3d, =, 
in which the first term is a, and the common difference isd. Itis 
easy to see that any term may be expressed in terms of a and d; 
thus, the 8th term is obtained by adding d seven times to the first 
term; the nth term is obtained by adding d (п- 1) times to the 
first term. These terms are therefore, respectively, 
a+7d, a+(n-1)d. 

Example 1, Find the oth, 26th and nth terms of the series 
62, 57, 52, «+++ 

The series is an А.Р. with first term 62 and C.D. -5 ; 

. the oth term=62 + 8(—5)=223 
the 26th term= 62 + 25(-5)= - 63; 
the nth term 262 +(и—1)(—5)=67-— 57. 

Example 2. The 7th and 21st terms of an А.Р. are б and - 22 
respectively ; find the series. 

With the usual notation, а 4-64=6, а+204= -22; whence, 
by subtraction, 144= = 28, 7. d= -2, and from the first equation 
а-12=6, 1 des 

Thus the series is 18, 16, 14,.... 

It should be noted that an А.Р. is completely determined when 
any two terms are known, for we can then write down two inde- 
pendent equations connecting а and 4. 

By solving these equations the values of a and d c 
the series determined. 

224. Arithmetic means. (1) When three numbers are in АР. 
the middle term is called the arithmetic mean of the other two. 

Thus, since 12, 16, 20 are in A.P., 16 is the arithmetic mean of 
12and 20. Itwill be noted that it is the average of the two numbers. 
This is proved more generally in the following example. 

Example 8. Find the arithmetic mean of x and y. 

Let A be the required mean ; then, since X, A, y are in АР, 
the С.р.=А-х=у-А; 

quy, 
5 2AÀ-x43y, =. ЕД 


This is an important result and should be committed to memory. 


an be found and 
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(2) When any number of numbers are in A.P., the terms inter 
mediate between the first and the last are called the arithmetic 
means between those two terms. It is always possible to insert any 
required number of arithmetic means between two numbers. 

Example 4, Герн arithmetic means between x and y. 

After insertion of the л numbers there will be 7-- 2 numbers in 
A.P. Itfollows that y is the (x + 2)th term of an A.P. of which x is 
the first, 2, УЕЯ-(п+ 1)d, if d is the common difference ; 


=x : 
х der and the required means are 


=x% 2 -x nyy- х 
и wee Oia), у М 2082] 
+1 п+І п+І 


This result should not be committed to memory. All cases 
which arise may be done from first principles, as above. 


225. In problems involving numbers in A.P. the following 
devices are useful, 

(1) If the number of terms is odd, the middle number may be 
denoted by a. "Thus, if we have three numbers, we may denote 
them by a-d, a, a +4; if we have five numbers, we may denote 
them by a — 24, а-а, ал а+а, à 24, and so on. 

In each case the middle term is a, and the C.D. is d. 

(2) If the number of terms is even, there is no middle number, 
but the two middle numbers may be denoted by a-d, a+d; the 
common difference is therefore 2d. If we have four numbers they 
may be denoted by a-3d, a- d,a+d,a+3d. 


respectively. Then 4a=70, .... 
a * 3d —- (a — d) - 14, m 
or at 3d - (a- d) — — 14. 
Taking (i) and (ii), we obtain а= 173, 4--33, and the numbers 
are 7, 14, 21, 28. 
Taking (i) and (iii), we obtain а= 17%, d= — 31, and the numbers 


are 28, 21, 14, 7, i.e. the first set of numbers written in the reverse 
order, 
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EXERCISE 102 
(Many of these examples may be taken orally) 
1. Which of the following series are A.P.'s? What is the C.D.? 


(i) 6, то, 14, 18, ... , (11) 24, 21, 18, 15,450) 
(iii) 3, 3, 4, $, ..., (iv) 3, -6, 12, —18,..., 
(V) 496, 775, том азов (vi) за, 3a — 2, за-4, 3a — 6,... 
(vii) 2c + 7d, 3c *- 6d, 4c 4 sd, |» (vin) x, 22, a9, №... 
2. Find the 7th, 12th, and mth terms of the following A.P.’s : 
(i) тт, 19, 27, ++, (ii) тоо, 87, 74, «++» 
(11):7,:0, =. (iv) 22, 6, -то, ..., 
(v) 115, 55, -Ь, ..., (vi) à 0°, 56°, —a?+9b?, ... , 


(vii) 7x + 8y, тоу, — 7X +12), «+5 
(viii) 3/, 21 - 3m, [+ 6m, ... . 
8. Find the C.D., the sth, and nth terms of the following A.P.’s: 
(i) 4, —8, —2о,..., (ii) -33, —21, -9,..., 
(Ш) 523, 1122, 1753,55; (iv) — зу, 45-7, 8х+у,.... 
4. Find the first 3 terms of the A.P.'s determined by the follow- 
ing data : 
(i) The 4th term is 75, and the roth term is 117; 
(ii) The 7th term is 62, and the roth term is 2 ; 
(iii) The oth term is — 38, and the 33rd term is 58 ; 
(iv) The 12th term is — 65, and the rooth term is — 329. 
5. Find the number of terms in the following А.Р. : 


(1) 34, 37, 40, --- 109 1 (ii) x52, 145, 138, «+ 473 
(iii) 51, 62, 73, ... 271; (iv) 5, 44, 3Ъ.-. — 253 

(v) 42, 47, 52, ... 102 ; (vi) 11, 1077, хоч, ... — TO. 
6. Find the arithmetic means of : 

(1) 202 and 268, (ii) — 11 and -6, 


(iii) 4a? — 5b? and 2a2— 38%, (у) х-7у and 7y - 
7. Insert 5 arithmetic means between 11 and 29. 
8. Insert 17 arithmetic means between 35 and — 37. 
9. Insert 8 arithmetic means between — 42 and — 15. 
10. Insert 2k arithmetic means between a and а - b- 2kb. 
11. The 3rd and 6th terms of an A.P. are 28 and 37 respectively ; 
find the nth term. 
12. If за, sa — 6, ба+ 2 are in A.P., find a and the nth term. 


m 


УА 
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EXERCISE 102. с 


1. What is the value of n, if the nth term of 
Gears, 18,....18 132; (ii) 4, х, Ф, ... is It 2. 
(iti) $, Ta, o, ... is — 2i а (iv) 84, 78, 72, ... is о? 
8. The 12th term of an А.Р. is four times the 5th; the roth 


term is greater by 2 than five times the 4th. Find the rst term and 
the C.D. 


8. The sum of four numbers in A.P. is 44. The product of 
the 2nd and 3rd numbers exceeds twice the product of the first 
and last by 32. Find the numbers, 


4. The тбїһ term of an A.P. is four times the 36th term, and 
exceeds it by 12. Find the rst term and the C.D. 


5. If ах is the ath term and зу is the bth term of an A.P., find | 
the cth term. 


6. A clerk receives £250 for his first year, and each year his 
salary is increased by £4 per annum. The total sum he receives for 
his rth, (r+ г) and (7 + 2)th years is £834. Find the value of r. 

7. If 1, m, n are the 2nd, 9th and rrth terms respectively of an 
A.P., prove that 21+ 7n- 9m. : 

8. Find the intermediate terms of the А.Р. of which 5 (а – Б) is 
the first and 50 the sixth term. 

9. The sum of five numbers in АР. is 30, and the product of 
the and, 3rd and 4th is 120. Find the numbers. 

10. The sum of the first four terms of an АР. is 122, and = 
sum of four terms from the 11th to the r4th inclusive is 2. Fin 
the rst term and the C.D., and verify the result. 

11. If a and b are the first and last terms of ап A.P. of 72 
terms, find the second and (т  1)th terms. 


12. Find the missing terms in the following А.Р. : 
@ 5 ? 112 в; (ii) -7 PP 5 ?; 
(i)? ? -3 ? ^n s; (iv) ? ? ? 12 ? ? o. 

13. If the 6th term of an A.P. is double the rith term, show that 
the 2nd term is double the gth. 

.14. Find 5 numbers in A.P. such that their sum is 310, and the 
difference between the first and fourth is 27. 

18. The sum of 3 numbers in А.Р. is 81, and the difference of the 
Squares of the greatest and least is 1296. Find the numbers. 


| 16. The sum of 4 numbers in А.Р. is 24, and the sum of their 
3quares is 164. Find the numbers, 
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Summation of an Arithmetical Progression 
226. To illustrate the general principle, we first work out in 
full a simple numerical case. 
Example 6. Find the sum, 8, of 12 terms of the series 
48+46+44-+.... 
5=48+46+44+42+40+38+36+34+32+30+28+ 26, 
But the sum is unaltered, if the numbers are written down in the 
reverse order, 
"^. $=264+284+30+32+344+364+38+40+42+44+46+ 48. 
Whence, by addition, 
28 —74 74 74 74 74474 +744 74474474474 +74 
Euro MEET g- 77 = 444, 
227. More generally, we proceed as in the following example, 
Example 7. Find the sum, S, of n terms of the series, a, a d, ... 
Writing 1 for the last term, we have 
S—a t (a4-d)4 (a4 2d) -.. (L- 2d) (1 - d) +1. 
But the sum is unaltered, if the numbers are written down in the 
теуегзе order, 
^ 8=1+(-4+(-24)+...+(@+2а) (a d) +a. 
Whence, by addition, 
28 = (a-E D +(а+1)+(а+1)+... (aD) (aD) (a D) 


=n(a+l); uU 
cogis PAGO ынты AA nt @) 
. 8= ^ i 
But J=a+(n-1)d, г. а+1=2а+(п- 1), 
di 8-7 [2a- (n - 1)d]. а (ii) 


228. The above formulae for 8 are both useful. | ak 
The formula (i) is more useful for direct summation ; if the 
numbers are simple, the whole work may be done mentally. 


а+1. 
ты i i bered, if it is noticed that —— is 
is formula is easily remembered, 


the average of the first and last term and also the average of all the 


terms, 
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The formula (ii) is very useful in problems in which the value of 
n has to be found, as in Example 8. 


Example 8. How many terms of the А.Р. 56, 52, 48, ... must be 
taken that the sum may be 416? 

It is more convenient to use the formula (ii). Here $ = 416, 
а=56, 4=-4, 


Si 416=" [112 +(n~1)(-4)], "ees (i) 
or 832 —n[1 16 - 4n], 
whence 1 – 201 +2080, i.e, (п – 13) (n — 16) =o, 
"^ N=13 or 16. 


Both values of л satisfy the conditions of the question, for the 
14th, 15th and 16th terms are respectively 4, о, — 4, and their sum 
iso. Thus the sum of 16 terms is the same as that of 13 terms. 

Tf the pupil does not wish to rely upon the formula, the line (i) 
may easily be obtained from first principles. 

Thus, if 1 be the number of terms, the last term 

756 (n - 1)( - 4) 2 60 - 4n, 
^. the average of the first and last term is 29 * 99 — 4" бо — 4" 58- an, 


^. the average of all the terms is 58 — 27, 
^. the sum is n(58 – 2n), 
5 416—n(58- 2n), etc., as above. 


229. 'T'he following notation is sometimes convenient : 
The successive terms of а series may be denoted by 
Inm TT 

where the suffix denotes the number Of the term in the series. 
Similarly, the sum of any assigned number of terms may be de- 
noted by the letter S with a suitable suffix number. Thus, in any 
examples the symbols S,» S, may be used instead of the words 
“ sum to 40 terms 7, “© sum to n terms ” respectively. 

Most problems connected with arithmetical progressions may 
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Example 9. In an A.P., $,,— 200, 8,2900 ; find a, d, Toy 


and Soop. 
With the usual notation, 
S, =25[2a+49d]=200,  .. 2a+49d=8, ......... (i) 
51= 50[2a+99d]=2900, 2. 2а+994=58.  ......(ii) 
Solving (i) and (ii), we obtain d=1, a= - 20$. 
Also Tog =a + 199d = – 20$ + 199 = 1781, 


Sooo = 100 ( - 20$ + 1783) = 15800. 
Harmonical Progression 

230. Ifa series of numbers is such that their reciprocals are 
in A.P., the series is called a Harmonical Progression. The 
abbreviation H.P. is usually used for the words harmonical 
progression. 

Thus, 4, 2, х, 35, ... afe in H.P., because 3, 7, 11, 15,... are 

in A.P. 

Examples in Н.Р. are usually solved by inverting the terms and 
using the properties of the corresponding A.P. ‘There is no 
general formula for the sum of a number of terms in H.P. 


231. Harmonie mean. If x, Н, y are in H.P., H is said to be 
the harmonic mean of x and y. То calculate H, we use the fact 


164231 А 
,- are in АР,, 


I 
that -, = 
> Hy 


Example 10. Find the Н.Р. in which T= doy То йг. 
Let a be the 1st term, and d the C.D. of the corresponding A.P. 


Then ачїї4-50, а+194=82, 
whence a=6, d=4. 
Hence the A.P. is 6, то, 14, 5 
*. the H.P. is 5, То, Tho 
EXERCISE 103 


Find the last term and the sum of : 
1. 2+434+7+...to 21 terms. 2 4+7+10+..- to 83 terms. 
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8. 1489-341... to 25 terms. 4. {+8+1+... to 65 terms, 

5. г+0'0+0.8+... to 51 terms. 6. + үр ++... ton terms, | 
Find the sum of : | 

7. 42+34+26+... to 24 terms. 

8. - i1 - 14- 17- ... to 40 terms. 

9. 43+ 41-- 5E... to 21 terms. 

10. 2+24+3+... to тоо terms. 

11. 2$+34+4+... to 20 terms. 

12, —3#-т{+т+...{ол terms. 

18. at (a-- 2x) + (а + 4x) +... to п terms. 

14. (25 — 3) + (2b - 1) - (2b 1) 4... to 24 terms. | 

How many terms must be taken of the series : 

15. 244204 16+... to make 84? 

16. -9, -7, — 5, ++. to make 875? 

17. 13 - 14:24 I5'4 +... to make 4102:6? 

18. 100 + 93? +872 +... to make 8121? 

19. In an A.P., the ratio of the 6th term to the oth is — 1 : 5, and 
the sum of these two terms is — 12. Find the sum of the first 100 
terms. 

90. A man's annual income has increased by the same fixed 
amount every year since 1925; if this income was £264 in 1927 
and £339 in 1932, find his total income for the years 1925 to 1935 
inclusive, im 

91. A besieged fortress is held Бу 5700 men, who have provisions 
for 66 days. If the garrison loses 20 men each day, for how many 
days can the provisions hold out? 

22, pod the sum of 3x terms of the A.P. т2а+ тор, 13a + 6b, 
144 +2b, ... . 

93. The first and last terms of an A.P. are — 3 and 25 and the 
sum of the series is 1837. Find the number of terms and the C.D. 

24. Find the sum of all the numbers from г to ттт inclusive 
which are divisible by 3. 5 

25. Find the sum to ^ terms of the series whose rth term 18 
57-3. : 

26. The 6th term of an A.P. is 102, and the 16th term is 78; 

| the rst term, the C.D., and the sura of all the terms which are 
positive. 

27. A parent puts in a box for a child on every birthday a ын 
crown for every year of its age. How old will the child be when the 
value of the money in the box is £ 17? 
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28. The side wall of a lean-to-shed slopes from a height of 5 ft. 
to a height of 20 ft., and 17 upright slips of wood are fastened to 
the wall at equal intervals, each reaching from the ground to the 
top of the wall. Find the total length of the wood. 

29. Find the sum of all even numbers from 4 to 1oo inclusive, 
excluding those which are multiples of 3. 

30. An A.P. has 13 terms whose sum is 143. Тһе third term 
is 5. Find the first term. 

81. A series of fractions is written down as follows : 

X 01:73, З а 14355517 
1134 14487 тато. 

Find a simple expression for the nth term of the series. 

32. In an АР, of л terms, the sum of the first two terms is a, 
and the sum of the last two terms is b. Find the sum of the n terms. 

33. Find the harmonic mean between (i) 4 and 6, (ii) - 3 and – 8, 
Аа 
(iii) Е апа b 

34. Insert 3 harmonic means between (i) — $ and y, (ii) $ and is. 

35. Insert 4 harmonic means between 2:5 and 15. 

86. Find the 6th and nth terms of the following series 1n 120 2 

(i) 1, 3, 5, ча, Gi) 3, зэ BH з. 

37. In a H.P., T; 23, Tj, =, find т. 

88. Ina H.P., T,= - 4, T,=}, find T;s. 

39. In a H.P., Т,-7, Ту=то, find Ту. 

40. Ina H.P., T,=1, T= -2; write down the first five terms 
of this propressiond Find, the sum of 13 terms of the АР, the 
reciprocals of the terms of which form the above НР. 


EXERCISE 108.¢ 
_ 1. How many terms are there in the series 13, 16, 19, +++ 1397 
Find the middle term of the series and its sum. 
9. Find the sum of all the multiples of 13 between 750 and 
1000. ў 
3. In an АР, Т,=8 and the average value of n terms is 62. 
Find Т,. 
‚ 4. A certain progression contains the following terms, the dots 
indicating that some terms have been omitted : 
35, 48, 6, сэ 325 34 35% 
Find the sum of the missing terms. 
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5. In an A.P., T, = 12, and the sum of the first 15 terms exceeds 
by 33 twice the sum of the next 7 terms. Find Т,, and Sy. 


6. In the АР, It4t7-tI10-c.., find Sio and show that 
8,=3{(n - 13 - 43. For what values of n does $, lie between 
309 and доо? 


7. A street has its houses numbered with the consecutive 
numbers r, 2, 4, etc, up to 288. Show that the sum of the numbers 
on the houses before No. 204 equals the sum of the numbers on 
the houses after No. 204. 


8. In an A.P., T, 5 r5, T,;=90. Find To, and Sino: 


‚9. Find the sum of the whole numbers from 1 to 200 inclusive 
Which are not divisible by 7. 


10. In an АР, Т5=9, Su =1154. Find Т, and the C.D. 


11. 50 arithmetic means are inserted between 20 and 120. Find 
their sum. 


12. A certain County Council Pays its Grade B clerks according 
to the following scale : the commencing salary is £80 per annum, 
rising after two years’ service by annual increments of £7 108. per 
annum to a maximum salary of £230 perannum. How much will 
a Grade B clerk receive during 45 years’ service? 


18. If 1+3+5+7+...1о н шыр] find и. 
І+2+3+4+... Юл terms 


14. Prove that the sum of the odd numbers from 1 to 55 in- 
clusive is equal to the sum of the odd numbers from 9т to 105 


inclusive, 


If Ч debt of £54,000 is to be paid off by annual instalments. 
the first i i 
is £40 more than the preceding one, in how many years after the 
first instalment will the debt be cancelled? 


16. A man has charge of 23 machines, each of which when 
started goes on working automatically and can produce 6:5 yards 
of material per hour. The man starts the first machine at 9 am. 
and the others at intervals of 5 minutes. What will be the total 
length of material produced at т p.m,? 


17. There are 2457 plants in a strawberry bed ; in each row 
the number of plants exceeds the number in the preceding row 
by a fixed amount $ in the first row there are 77, and in the last row 
157 plants. How many rows are there? 


18. There are 48 terms in ап А.Р. and the two middle terms are 
2}апа 21. Find the sum. 
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19. The sum of z terms of an A.P. is 2718. If the C.D. is 5 
and the (я + 1)th term is 168, find и. 


20. Two men start work at the rate of £200 a year ; salary is to 
be paid quarterly, each receiving £50 at the end of the first quarter. 
One is to receive an increase of £1 per quarter and the other £15 
per year. Find the amount received by each in 12 years. Which 
is the better bargain and by how much in n years? 

21. If the nth term of the series 8, 8:6, 9:2, 9:8, ... is the first 
which is greater than 21, find и. Sum the series as far as this term 
and find also the sum of the next » terms. 

22. In a “© potato гасе” 15 potatoes are arranged in a straight 
line at intervals of 2 yards, and in the same straight line, 5 yards 
from the end potato, and away from the potatoes, is placed a bucket. 
The competitor has to start from the bucket, bring the potatoes 
singly, and place them in the bucket. How far has he to run 
altogether? 

28. In an A.P, the first term is 4 and the C.D. is 7. How many 
terms of the progression are required in order that the sum of these 
terms should exceed 500? 

24. А and В begin work together. A's initial salary is £200 а 
year and he has an annual increment of £20. В is paid at first at 
the rate of £40 a half-year, and each half-year he has an increase of 
£8 in his half-yearly salary. At the end of how many years will B 
have received more than A? 

25. Find the mth term and the sum to n terms of the AP. whose 
Ist and sth terms are 3 and 19 respectively. Find which term of 
the series is most nearly equal to тооо and by how much it differs 
from rooo. 

26. Find the sum of 22+ 1 terms of an A.P. whose rst term is a 
and C.D. b. If the sum of the first n terms is equal to the sum of 
the remaining terms, prove that the progression, if continued, must 
contain one zero term. 


7 Ч аг ЖОР ОЛ іп Н.Р. for any one 
87. Show that if АР ОЕ аге 1 


value of k, they are so for all values of А. 

28. If u, v, x, у are in H.P, find v and x in terms of u and y, and 
Prove that мо +ox+ xy = 3uy. 

29. If a, b, c are in НР. and b,c, d are in А.Р. prove that 
ad — bc. 
. 80. If y ez, zx, x+y are in H.P., prove that 4, y^ а? are 
in АР, 


432 ESSENTIALS OF SCHOOL ALGEBRA [снар, 


Geometrical Progressions 


232. A series in which each term is formed from the preceding 
by multiplying :t by a constant factor is called a Geometrical 
Progression. The constant factor is called the common ratio, and 
it may be found by dividing any term by the term which precedes 
it. The abbreviation G.P, is usually used for the words geometrical 
progression, and the abbreviation С.В. for the common ratio. 


Thus, 2, 6, 18, 54, 162, ... is a СР. with CRSA 


233. 'ГҺе most general form of a G.P. is 
а, ar, ат, ar, ..., 
in which the first term is а, and the common ratio is 7. It is easy 
to see that any term may be expressed in terms of a апау; thus, 
the 8th term is obtained by multiplying the first term by r seven 
times; the nth term is obtained by multiplying the first term by 
т (п-т) times. These terms are, therefore, respectively ar’, ar". 


Example 11. Find the roth and nth terms of ihe series 64, — 32, 
ӨЕ 


The series is a С.Р. with first term 64 and С.В. - i; 
^ the roth term 64 x (- 39 - 1; 
the nth term = 64 x (— pon 

It is important to notice that the nth term may be further simpli- 


—y)r-1 = rp 
fied. It equals 26 x i -(-1)"-1,27-9 or сэг. 


Note. If we do not know whether л is even or odd, we cannot 
simplify such expressions as ( — т)"-1 (— I)". But (- 1)?” =1, for 
it is the product of an even number of factors each equal to - 1; 


(= 1)##-1— т, for it is the product of an odd number of factors 
each equal to — т. Similarly ( — г)" Н = фт. 


Example 12. The 4th and gth terms фа С.Р. are à and 81 
respectively ; find the series. 
With the usual notation ar =4, ar? — 81, 
9243, 7=3 and ах27=%, ie. a=% 


“, the series iss, 45, 4, .... 
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It should Бе noted that a G.P. is completely determined when 
any two terms are known, for we can then write down two inde- 
pendent equations connecting а and r. By solving these equations 
one or more pairs of values of a and r can be found, and the possible 
series determined. 

994. Geometrie means. (1) When three numbers are in G.P. 
the middle term is called the geometric mean of the other two. 

Thus, since 2, 4, 8 are in G.P., 4 is the geometric mean of 2 and 
8. It should be noted that 2, —4, 8 are also in G.P., so that —4 
may also be called the geometric mean, but it is customary to con- 
sider only positive values. 

Example 18. Find the geometric mean of x and y. 

Let G be the required mean; then since х, @, y are in G.P., 
the C.R. -8-4, s G-xy л Q= Му: 

The geometric mean of х апа у is therefore +~xy, adopting 
the usual convention. 

This is an important result and should be committed to memory. 

(2) When any number of numbers are in G.P., the terms inter- 
mediate between the first and the last are called the geometric 
means between these two terms. Itis always possible to insert any 
required number of geometric means between two numbers. 

Example 14. Insert n geometric means between x and y. j 

After insertion of the n numbers there will be n +2 numbers in 
С.Р. It follows that y is the (n-- 2)th term of a G.P. of which x is 


n4l[-— 
{ Жез КЕК ВА 
the first, ^, y x^, if 7 is the common ratio; +» = yg and. 
the means are ЭРЭ nicis E 
у nFL y nti y ШЕЙ 
PA 225 prey BV 
x Хх X 
s which 


This result should not be committed to memory. All сазе 
arise may be done from first principles as above. 
EXERCISE 104 
(Many of these examples may be taken orally) 
1. Which of the following series are О.Р.) What is the CR? 


(i) 40, 20, то, 5, +3 (1) 81, 25 9 73 3 


11) 5%, 3, 11155 e) (iv) 24, 20, 14, 10, > 
58,74,98,1116». 5 
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(v) ax, a*3?, a3, аіл, ...; (vi) у10, — у " 
(vii) а+х, 2a 4- x2, 3a-2x3,...; (viii) a— x, Ds 
2. Find the 5th, 8th and nth terms of the following С.Р,8: 

(i) 63 - 21-74... ; (11) 88 - 44--22— ...; 

(1) $e $us; (iv)  -$-1-...; 

(у) 4-2-1-... Н (vi) ах + а?х5 + х8+.... 

3. Find the C.R., the 6th and nth terms of the following G.P.’s: 

@зт-М+зд....; Gi) S++ +.. 

(ш) +... ; (iv) x- xy? + xy- ... 


4. Find the first 3 terms of the G.P.’s determined by the 
following data : 


G) Т,-32,Т,-4: (ii) T,- 4, T,— -4; (ii) T, 45, T, ds: 
5. Find the number of terms in the following G.P.'s : 
(1) 96, 48, 24, ... (8: (ii) 324, — 108, 36, ... т. 
6. Find the geometric means of : 
(i) бапа 24, (ii) 5\/2 and 20518, (iii) л3у5 and х5у. 
7. Insert 5 geometric means between 18 and 55. 
8. Insert 4 geometric means between 21 and - 224. 
9. Insert 3 geometric means between 35 and 560. 
10. Ina G.P. Т,-6, T, -ro2. Find dm. 
11. Ina GP,T,-8, T, i. Find T, 


12. What quantity must be added to each of the numbers 6, 22, 
and 63 to give three quantities in G.P.? 


EXERCISE 104. с 
- In a G.P., T,—6, Т,-162. Find Т, and the С.В. 
In a G.P., T; —27, T,—3&. Find Tis. 
- Ina G.P, T,— 1, T,= -8-(343). Find T. 
- Insert 2 geometric means between 5 and 135. 
» Find 5 geometric means between 81272315 and 4 а!0х”9, 
- Ina G.P., T, + T, - T, — 117, Т,-3. Find the С.В. 
- Show that there are two G.P.s in which Т,-Т,-10, 
T; - T4 T,— I9, and find them. 
8. Find x and У when s, x, y, 0:04 are in С.Р. 
9. The sum of three consecutive terms of a С.Р. is 94, and 12 


times the last term is equal to the square of the second term. Fin 
the values of these terms, 


Lour 


NO SU c wo 


1 
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10. The sum of the first five terms of a G.P. is 18, and the sum 
of the next five terms is — 44. Find the first term and the C.R. 
ll. In a G.P., T, =60, T; :T,—3:2. Find T,,. 
12. In a G.P., Т,-Т,--54, T+T =r. Find Т, and 
the С.В. 


13. The sum of the first six terms of a G.P. is 152, and the sum 
of the terms from the fourth to the ninth, both inclusive, is 154. 
Find T,. 

14. In a ОР, T, is positive, T,+T,+T,=524, T, x T; = тоо. 
Find T,, т, T, T, Ts. 

15. In a G.P., each term is double of the preceding term. Find 
T, if the sum of the first nine terms is four times the sum of their 
reciprocals, 


16. In a ОР, T,-T,=11(T,-T,). Using logarithms, prove 
that the С.В. is approximately 1-41. If Tj5— 5:5; find Tj. 


17. The 4th, 8th and 24th terms of an A.P. are in G.P.; find the 
C.R. of the G.P. 


18. Find three numbers in A.P. whose sum is 36, such that, 
When the numbers are increased by 1, 4, 43 respectively, the re- 
sulting numbers are in С.Р. 


19. If Z, m, n are the 2nd, 9th and r1th terms respectively of a 
G.P., prove that /n? = g?, 


20. The sum of the Arithmetic and Geometric means of ass 
positive numbers is 96, and the ratio of the numbers is 9 ; fin 
them, 


Summation of a Geometrical Progression 
285. To illustrate the general principle, we first work out in full 
a simple numerical case. 
Example 15. Find the sum, S, of то terms of the series 
p bee. 
S—grt3e$eieit3*9t274814243. хөөс? G) 
The series is a G.P. and if we multiply each side by the С.К. 3, 
each term is changed into the term which follows it ; i 
SHA 4345414349 4+274 81 + 243 +720... (ii) 
It is clear that, if we subtract, all terms cancel out except the 
first in (i) and the last in (ii) ; 
| n 38-S-729- d, .. 28=728% .. S— 36411. 
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236. More generally, we proceed as in the following example, 
Example 16. Find the sum, 8, of n terms of the series a, ar, ar’, ч 
We have S=atar+ar?+... tar" + атт. reran (i) 
Multiply each term by the C.R. ғ; each term is then changed 

into the term which follows it ; 7 

n Вага? аг +... tarti yar". usen (ii) 
It is clear that, if we subtract, all terms cancel out except the 
first in (i) and the last in (ii) ; 


/. ®%-S=ar"—a, or S-7S=a-ar"; 


Dg 50" ay or S La E ) 
(7-1) (1-7) 
237. The above formulae for 8 are both useful; the form 
nc ="), 
ve E is usually used if r>1, the form LN if r< 1, but 


either may be used on all occasions. 


Note. Since ar" = a;^-1 x у, — Ir, where l is the last term, these 
formulae may also be written in the forms 


ЕЭ зэ. 


lr-a a-lr 
2-8 qi ч 
Example 17. How many terms must be taken of the series 
1-3+9-... to таке – 14762? 
The series is a С.Р. with С.В. — al 


rae УР п 
й The sum of terms is therefore Cc 


, 


бол буг, n 
P reo = 14762, .. 1-(-3)"— - 59048, 
^. 59049=(—3)". 
Ви 59049—310—(—3)9 2 n—10; 
. To terms of the series must be taken. 


EXERCISE 105 
Find the sum of the following С.Р. : 
1. 5+ +28 +... to 6 terms, 2. s-21- 1]- ... to 12 term 
З. 515-38 +21-... to 7 terms. 
4. rtr ++... to 7 terms. 
5. 216+144+96 +... to 8 terms, 
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6. 56+28+14+... ton terms. 7. 27-9+3-... dr. 
8. тїз t dg -- $625. 9. $-44+1- 3+... tom terms. 
10. a?+ab+b*+... to n terms. 
How many terms must be taken of the series : 
11. 1113-71 5 - ... to make 6355? 
12. 31-- 51-71 4... to make 4625? 
18. 27 — 18+ 12 - ... to make 16123? 
14. 15-5 1$- ES 1119) 


15. In a G.P., T,=3, Т.=32. Find the sum of the terms from 
the 3rd to the 8th inclusive. н 


16. In a G.P., T,=27, T;=8. Find $. 


17. In a G.P., the first term is 3, the last term but three is - 384 
and the last term is 3072. Find the sum of the series. 


18. In a G.P., whose С.К. is positive, 8» =6, §,=72. Find the 
C.R., T, and an ‘expression for Tis- 


19. In a G.P., whose С.В. is positive, T;=%, Т,-11. Find T, 
and an expression for Sp. $t 
cot 


20. In a G.P., T =a, T4 - 5, T,=1. Prove that 8, р" 


238. Many questions involving С.Р. аге best solved with the 
aid of logarithms. 
Example 18. How many terms of the G.P. o 8, 1:2, 1°8, «+, "ust 
be taken to give a sum greater than 1600? i dec 
1'5:5— Tt 
The sum of л terms of the series is 0:8 х . 


We need the Cibus value of n satisfying the inequality 
8 (1-57 — 1) 2 1600, i.e. 17 5" - 121000, 
ie. ts” >тооІ, г. nlogr :5 >log 1001, 


‘0005 
л n (o:1761) > 370005; АХ п>2 1761 


>17'03.. 


by ordinary division, 


`. the smallest value of n is 18, i.e. 18 terms must be taken. 


Compound Interest 


289. The most important practical application of series in сы 
Win Connection with: compound interest, annuities, repaym: 


by equal instalments and insurances: 
М.А. P 
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Compound Interest. 16 interest is credited annually, the amount 
of ДР invested at ғ рег cent. per annum compound interest for n 


: P( r y 
ears 18 =), 
X £ тоо 
If interest is credited more frequently, at equal intervals, the 
LoT e Е 5 : 
amount is £P (s +) » Where £r is the interest on £100 for the 


interest-period, and п is the number of periods. Thus, if interest 
is credited at the end of each half-year, / is the interest on £100 
for half a year, and n is the number of half-years. 

Present Value, If a payment of £A is due in л years’ time, and 
compound interest is credited annually as above, the present value 
of the payment may easily be calculated ; for if £P is the present 


value, £P amounts to £4 in n years at ғ per cent. per annum com- 
pound interest, 


ЭС Үүл 
а a 
тоо. 100 

As before, the same formula may be used, if interest is credited 
at the end of equal Periods ; n is then the number of periods and 
£r is the interest on £100 for the interest-period. 

Example 19. А man borrows a sum of money from a Building 
Society, and agrees to repay {2 each month for the next 15 years. 
What sum should the Building Society advance, if interest is at the 
rate of 4:8 per cent. ber annum, credited monthly? 

The required sum is the Present Value of {2 in one month's 
time, £2 in two months’ time and so on, up to £2 in 180 months 


: Эг үйл" 4 {һе 
time. In the formula £A (: +) › 4-2, £r equals 


interest оп £100 for 1 month at 4-8 per cent. per annum, i.e. r 04 
n= {һе number of months. "The required sum is therefore equal 0 
£2 [(1*004)-1.. (1:004)? +... + (1 :004)—180] 
=£ 2(1:004)-1 [1 — (11004) 80] _ "E [т = (1:004) 718] 
I — (11004)! ч 0'004 
= £500 [1 - (1-004)-180], 
The expression (1-004)-1 must be calculated by logarithms. 
The 4-figure tables give log 17004 =0"0017, 
saif x= (1:004)-180 Jog x= _ 180 x o*o017 = — 0'306 — 1:694; 
8. X—0'4943. 
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'This is not reliable to more than three places of decimals ; and 
in fact is only accurate to two ; it follows that from 4-figure tables 
we can only obtain (1:004)? correct to two significant figures. 
The reason for this is that the error in taking 0:0017 as the value of 
log roo4 has been multiplied by 180. In all such cases as this, 
ie. whenever we have to calculate a high power of a number, | 
4-figure tables only give a very rough approximation. If we require 
a more accurate result, we must use tables giving 5 or more 
figures. 

Using 7-figure tables we have, 

log x= ~ 180 x 0:0017337 = — 0312066 = 1:687934, 
*, x—048745. 

Using this value we find that the required sum is equal to 

£500 (1 — 048745) = £500 (051255) = £256 approx. 


940. For convenience the logarithms of a few important 
numbers are here given correct to seven figures : 


log 1:02 =0'0086002, log 10225 —0:0096633, 
log 1:025 = 00107239, log 1*0275 — 00117818, 
log 1:03 =0'0128372, log 10325 =0'0138901, 


log 1:035 =0:0149403, log 1.0375 --0:0150881, 
log 1:04 =0'0170333, log 10425 =0'018076r, 
log 1:045 =0:0191163, log 1:0475 — 00201549, 
log 1:05 --0:0211803, log 10525 =0'0222221, 
log 1-055 =0:0232525, log 1-0575 — 00242804, 
log 1:06 = 00253059. 
Infinite Series 

241. Fig. 23 represents a straight line AB 2 in. long. Bisect it 

at D; ; then bisect DB at Dy, DB at Ds, and so on. 


A D, D, 0. 8 
я 
Fic. 23. 


В than the рге- 


It is clear that each position of D is nearer to 
is nearer to B 


ceding position, i.e. Dg is nearer to В than Ds, Dia 
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than D,. It is also clear that every position of D is to the left of B; 

at each successive step the distance between D and B is halved; 

this distance soon becomes so small that it is difficult to mark 

accurately the position of D on the paper, but D can never reach В, 
This may also be shown by calculation ; we have 


AD, = 1 in., AD,=(1 +2) іп., AD,=(x + 2 + 2) in., and so on, 


I I I I . 
In general, Ар, = (s titate + 25) in. 


SR We : В 
= (s -2u) in., summing the series. 


Thus, the distance D,B — 5 іп, and by taking п sufficiently 
large, we can make this very small. In other words, the sum S, of 


п terms of the series т Iz +5 ЕЕ always less than 2, 
2: 28 5 au 


and the difference between Sn and 2 is A ; this can be made as 
2 


small as we please by taking п sufficiently large. 

Also, if n is so large that D,B is very small, then for all values 
of 7 greater than п, D,B is still smaller. It-follows that by taking 
a sufficient number of terms of the series, we can obtain a sum 48 
near 2 as we please for this number of terms, and for every greater 
number of terms. 

In other words, S, can be made to approach as close as we please 
to the limit 2 by taking n large enough. 

This is more concisely expressed by saying that S, tends to 2 
as п tends to infinity, 

“ Tends to infinity " means that n takes values greater than ап 
Stated number, however large. : 

"The usual notation is n 


I 
When n>, zao and 8,--2 ; 


or Lt 8, =2. 

no 
- The limit 2 is sometimes called the sum to infinity or limiting 
Sum of the series, but the use of the word “ sum ” is misleading; 
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and the pupil must be careful only to use these phrases in the sense 
explained above. 


242. Let us now consider the series 2, 6, 18, 54, .... 


n. 

The sum of и terms = ми. 37-1. 

By taking » large enough 3” can be made as large as we please. 
This series has no sum to infinity. 


More generally, the sum of z terms of the series 


atar+art... 

yn 

is (т) —— x т) 50 0 — » if r is positive and < т; 
-=r -r 

a(r” ar” атах 
(2) === ( 1) a 

7-1  r-I Ү-1 
(3) na, if r— 1. 


But (1) if 7< т, r" may be made as small аз we please by taking 
п sufficiently large (see Example 20, below) ; 

(2) if r1, 7” may be made as large as we please by taking п 
sufficiently large (see Example 18, above) ; 

(3) na may be made as large as we please by taking n sufficiently 
large. 


In the above work we have considered positive values of r only. 
If r is negative, we have, writing r— — В, the sum of n terms is 


(1) KAN _ aR where R is positive and <1; 


IFR 1+R 
(2) SQ RC, where R1; 


(3) o, if n is even ; a, if n is odd, where Razr. 
As before, we hie a definite sum to infinity only in (1). 
We conclude therefore that the G.P. 


a-- ar * ar? 
has a sum to infinity, if and only if r is a fraction between o and 1 


А а 
or between o and — т, and that the sum to infinity is then 
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Example 20. Find the sum to n terms and to infinity of the G.P. 
$+1+1+.... How many terms must be taken that the sum may 
differ from the sum to infinity by less than o*oooo1? 
4 түп 
{т - (3)"} I 
8,- в 
The sum to infinity is therefore i 


The difference between S, and the sum to infinity = If this 


is less than o'oooor, we have 3 
=== 0'0000І, .’. -n log 2< log(o:oooo1), 
^ -п(о-Зото)< -5, 2, 5« n(o:3o1o), 
"^. п(о'Зото) »5, 
^ 712-16:6, by ordinary division, 
. atleast 17 terms must be taken. 
243. Application to recurring decimals. 


Example 21. Find the value of 4:283. 


Е d 8 8.3 8 3 
Either 4283-4. 2,5 , 3 У 
Е AG HD Ca cunis NET MT META 


es 


Bat 204808,4 = Ва G.P. with C.R. 4. 
It therefore has a sum to infinity and this sum is 
8. I 8 
6-4 = 


Similarly, = tit +... has а sum to infinity equal to 


то? 
decem ( лүү 
109. I NET) — goo 
abs earl Sau ELI. c 198+80+3 281 
EIAS о o 4t 990 ^ 9go 
Or, we may make use of the general method of summation. 
Let 8,- 42838383... , where 83 occurs n times ; 


еп 1008, — 4283838383...) | 5 „ 5 
[We multiply by то”, y being the number of figures that recur] 


: E 83 
By subtraction, 998 Бл, тойы 
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_ 4241 83 
Нэг 


m 


As n tends to infinity, tends to zero, 


99. youth 


2. 8, tends to Top 


We may therefore take 4241 4. the value of 4:283 for all practical 
purposes. 99 

Hence 4:283= у= e =4 € as above. 

Once the method is thoroughly understood, there is no need to 


А 8 Е 
write down the term 3d which is small enough to be neglected. 


244. Miscellaneous series. 
Example 29. Sum to n terms the series whose rth term is 4 . 5" — 37. 
We have Ti—4.5-3, 


". adding T, + T, 4 T, +... —4(5-- 52 594) - (3:169 i 
^S ,—5(s"n- 1)- anm summing the series in brackets. 
2 


EXERCISE 106 
In this Exercise logarithms may be used to shorten the working 


1. What is the sum of n terms of the series 
T+ 1-05 + ros? 110584 ...? 
Find how many terms of this series must Бе taken, so that the sum 
shall exceed 170'3. 

2. Obtain the roth term of the series 3+2+1$+ +... , and 
evaluate it correct to 3 sig. figs. 

3. Ina GP, T,—2, T,—-24. Find $,. Find also the least 
value of n for which this sum exceeds 2000. 

4. Show that the sum of the first 20 terms ОЁ ш iut 
7+2'1+0-63+... differs from то by an amount whic! ja 
than half the twentieth term. Which term is first less than one 
millionth? 
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5. Find the sum of 20 terms of the series 1 + 1:04 - rOit, 


: т т 
and also the sum of 20 terms of the series 1 + —— 007 


I'O4 I'04 
being given that 1:04? —2-19112. Give results to 3 dec. places. 
6. A chess-board has 64 squares. Show that ten thousand 
million men each prepared to bring a million pounds could not 
bring sufficient money to put 14. on the first square, 24. on the 


second, 4d. on the third, 8d. on the fourth and so on for the 
64 squares. 


7. Find the amount at compound interest of £432 in 20 years 
at 4% per cent. 


8. What sum will amount to £2140 in 25 years at 31 per cent. 
compound interest? 


9. А man borrows /$ооо to be repaid with interest at 3 per 
cent. per annum in ro equal annual instalments, the first payment 
being due at the end of т year. What sum (to the nearest pound) 
must be repaid each year? 


10. A man pays a premium of £100 at the beginning of “ү, 
year to an Insurance Company on the understanding that at the 
end of rs years he can receive back the premiums which he has 


Paid with 23 per cent. compound interest. What should he 
receive? 


11. A ball is dropped from a height of 50 ft., rebounds d 
height of зо ft., and continues to fall and rebound, rising after eac 
rebound to three-fifths of the height it previously fell from. 
Through what distance will it move before it comes to rest on the 
ground? 


12. The population of a town has increased from 160,000 to 
212,000 in то years. What will be its population five years after- 
wards, if it goes on increasing at the same rate? 

Sum to infinity the series : 

р 18. 3-2-11-.... 14. 18-6+2-... 


15. 96-48-24-... 16. 10+3+0-9+.... 


17. How many terms of the G.P., whose first term is 17 ang 
common ratio +, must be taken in order that the sum of the term 
may differ from the sum to infinity by less than o-ooo1? 


18. Find the first term and С.В, of the С.Р. whose second 
term is - 21 and whose sum to infinity is 16. 
19. Find the sum of я terms of the С.Р. in which T,— - 24 
$—3. How many terms must be taken so that this sum may 
differ from the sum to infinity by less than o-oor? 
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20. In a G.P. continued to infinity, the sum of all the odd terms 
exceeds the sum of all the even terms by half the sum of the whole 
series. What is the common ratio? 


21. A point moves in a straight line in such a way that in each 
second it moves half as far as it moved in the previous second. 
During the first second it moves 12. How long does it take to 
move 231^? How long would it take to move the next iu 


29. The yearly output of a gold mine decreases every year 13 per 
cent. of its amount during the previous year. Given that the first 
year's output is £260,000, and that (0:87)9--0:24842 approx., find 
the total output, (0) for the first то years, (9) for all time. 

Find the value of : 


23. 0:396. 24. 0:573. 95. 5:16. 

86. 3:382. 97. 0:5. 98. 2:3307. 

Sum to и terms the series whose rth term is : 

89. 31-1 —2f-1, 80. 2.7^- 5r 2 

81. 42" — 3(r 2). 89, (1-7. 
EXERCISE 106.c 


MISCELLANEOUS SERIES 


(These examples have not been arranged in order of difficulty) 

1. Prove that the series 1р, 15 19, 14, ... is neither an Arith- 
metic nor 2 Geometric Series ; and find а formula for its nth term. 

2. If a man saves £4 more each year than he did the year 
before, and if he saves £20 in the first year, after how many com- 
plete years will his savings first come to more than £1000 altogether, 
and what will then be the exact sum? 

3. In a GP, Т -ах 8, T= —1х. Find бы. 

4. ИЗ, =n(n+8), find T, and Th. What sort of series is it? 

5. If the natural numbers are grouped as follows : 

(1), (2, 3), (4 5, 6), (7, 8, 9» то), ТЭД 4 

80 that there аге и numbers in the mth group, find (i) the last 
number in the nth group, (ii) the first number of that group. 


6. Each term of the series 57, 4 49, 20:5, ete. is formed by 
adding together corresponding terms of an A.P, and a р 
the 1st term of the A.P. is 7 less than the rst term of the G.P. Fin 


the A.P. and the С.Р. and the 7th term of the series. 


7. If 2a, 3b, 4c are in A.P., and 20, 3b- 26, 4¢~ 2a are in С.Р, 
Prove that 2c— sa. 
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8. The sth term of an A.P. is 33, and the 17th term is бо. Find 
the rst term and the C.D. What term in this series has a value 
nearest to, but less than roo? W. 


hat is the sum of this series up to 
and including this term? 


9. The first term of a certain С.Р. is o6. A new series is 
formed by taking the Square of each term. Prove that the new 
Series is a G.P. and, if its sum to infinity is nine-tenths of the sum 
to infinity of the first G.P., find the C.R. of the first С.Р. 


10. The rst, sth and rrth terms of an A.P., whose rst term is 4, 
form the first three terms of a G.P. Find the C.D. of the A.P. and 
the C.R. of the G.P., and show that only one more term of the 
latter series is also a term of the former. 


n+l x DW 
11, 1Е8,-2- =. find Т, and Т,. What type of series is it? 


12. If T, 35 - 1, Prove that the series is an A.P., and find $w 
Check the result by putting п=8. 


18. If 1, a, A are in A.P., т, а, G are in G.P., and 1, a, H arein 
H.P., show that 4G —(4 + 1), and find H in terms of A. 
14. Prove that log a+ log ах- log ax? +... to n terms 
=п log a+ 10 — 9 jog x, 

18. If x and y are positive, x -- y — r, and 

анти... фб=т+у+у%+у%+..., 

с=т + ху аду? + 3уз +... 8 prove that 

$ ab=a+b, and abc=a+b+c. 

16. If A, G, H are the arithmetic, geometric and harmonic 


means respectively between two positive quantities а and 6, prove 
that G?— 4H. 


__ 17. What number must be added to each of the numbers D 39 
in order that the three numbers so obtained may be in H.P.? 


: 4 
18. In a G.P, 8,=1588 and 8,-8,-455. Find T, an 
the СВ. шу: лоч Bie cB 


19. Find х and у when log 3, x, у, log 9 are in А.Р. 
20. If „b is the arithmetic mean between а and с, prove ий 
6° (a+c) is the arithmetic mean between а2(5--2) and c?(a- D). 


91. If y is the arithmetic mean between x and z, and zis he 


geometric mean between x and y, prove that x is the harmonic 
mean between y and z. 
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99. If n is an odd integer, prove that 
(тъ) (ТА oF... БА) 
БҮРТГЭЛЭЭ ши 

98. Show that the sum of the first n odd numbers is a perfect 
square. Show also that 57? — 13? is the sum of certain consecutive 
odd numbers, and find them. 

94, A man starts in business with a capital of £8000. He 
expects to lose £600 during each of the first six years ; after that 
he reckons that during each year his capital will increase by one- 
sixth of what it was at the beginning of the year. Write down an 
expression for his expected capital at the end of п years, when (1) 
1-6, (ii) m>6. Also find during what year he may expect his 
capital to amount to £12,000. 

95. Find all the G.P.’s in each of which Т,-Т,-1,-1 ара 
КТ =16. 

26. НА, =1+8+ (2+... + (077, and 

В, 1-2 (8)... (8)"1, prove that A,=()" “Bn. 

97. If S, — 1n (ди? + 6n — 1), find T. 

98. ИЗ, — 5n? - 2n4 7, find Т. What sort of series is it? 


29. Find the sum of the series 
1-2+3=4+5 -6+...+(2п +1). 
80. "The first term of an АР. and a С.Р. are each 3: the C.D. 
of the former and the C.R. of the latter are each equal tox. The 
sums of the first three terms of the series are also equal. Show 
that there are two values of x, and find them. Find the sum of 


20 terms of each of the two possible A.P.’s. 
31. Find the sum to л terms of the series 
(а + boy + (a Бс)? + (at be)? +... + 
39. Find the least number of terms of the СР. 2+2&+... 
which must be taken that their sum may exceed the sum of 100 
terms of the A.P. 2+25+... - 


33. A man deposits £100 annually to ac : 
interest at 4 рег са рег annum, How much will he have үш 
to his credit just after he has made the tenth deposit, if Юн 
interest is credited (i) each year, (ii) each half-year? Give the 
results to the nearest pound. 

34. Find a С.Р. whose second term is 


35. Find the sum to infinity of the С.Р. whose 
and whose third term is 3, all the terms being positive. 


36. If T. —4(r +5) —3a’, find Sn. 


cumulate at compound 


6 and sum to infinity 49. 
first term is 4, 
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87. The salary of a clerk begins at £150 a year, and rises by £12 
тоз. each year. Find the total amount he has been paid at the end 
of 25 years’ service, 

38. In an АР, T =35, 1%=39, T;=43. Find the sum ofall 
the terms from the 15th to the 41st (both inclusive). 

39. From a sufficiently long piece of cord, ro portions are cut 
ой successively, their lengths forming a С.Р. The first and second 
portions are respectively то yd. and 91 yd. in length. What is the 
total length cut ОЙ, correct to the nearest foot? Also, if the process 
18 continued as long as the portion cut off is not less than a foot, 
how many portions are obtained? 

40. Evaluate тооо{т + 1:03 + 1'03? + 1'033 +... +1103}, being 
given that 1-032 =1-8061. 

41. Find the sum of n terms of the series т +3++..., and the 
least number of terms that must be summed in order to give a 
result greater than 2-0. 


48, In a motor-car endurance contest lasting severai days, 112 
cars started. A number of cars fell out each day, 16 the first day, 
14 the second, 12 the third, and so on in A.P. Find an expression 
for the number of cars starting on the nth day, and find n when 
this number is equal to 46, 


48. One side of a staircase is to be closed in by rectangular planks 
from the floor to each Step. The width of each plank is 9 in., and 
their heights are successively 6 in., 12 in., 18 in. .... There are 
24 planks required, Find their total area in sq. ft. 


44. A man saves £100 each year and invests it at the end of the 


year at 5 per cent, compound interest. How much will the com- 
bined Savings and interest amount to at the end of 15 years? 

45. Find the amount at compound interest of £9200 in 18 years 
at 31 per cent, 


46. What sum will amount to £7000 in 40 years at 2} per cent. 
compound interest? 


47. At the beginning of each year a man puts by {50 to accumu- 
late at Compound interest, interest at the rate of 5 per cent. per 
annum being added at the end of each year. Find, to the nearest 


pound, the total amount of his accumulated savings at the end of 
the roth year, 


48. Find the sum to infinity of the series т +$4+4+..., and 
find the least number of terms of the progression which must be 
taken for the sum to exceed 19999, 


СНАРТЕК ХХХП 


THEORY OF QUADRATIC EQUATIONS 
AND FUNCTIONS. FURTHER GRAPHS 
MISCELLANEOUS EQUATIONS 


245. In Chapter XXI it was shown that the roots of the equation 
ax? + bx +c=0 
-b+ Nb? — дас va -b- М - дас 
2а 2а 
In Chapter XVII we explained the use of the terms real, rational, 
irrational, unreal (imaginary), as applied to the roots of an equation. 
This work should be carefully revised. : 


946. Character of the roots of a quadratic equation. From 
(1) above it is clear that the character of the roots of the equation 
ax? bx +c=o0 depends upon the value of 2 – 4ac, the quantity 
under the root sign : 

ИВ? дас is a perfect square, the roots are rational and 
unequal. 

(ii) If 5? — 4ac is zero, each root is — 2, i.e. the roots are rational 

and equal, 

(iii) If b? — дас is positive, but not a perfect square, the roots are 

real, irrational and unequal. 

(iv) If 1? дас is negative the roots are unreal (imaginary) and 

unequal. 

The expression 5? E 4ac is called the discriminant; it is usually 
denoted by the symbol A. Itis important that the pupil should be 
able to write down at once the discriminant of any quadratic 
equation, 

It should also be noted that, if b=o, the roots of the equation 
are equal in magnitude but opposite in sign. ' _ RW 
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Example 1. For wha 
have equal roots? 


The roots will be equal if A=o, 


[снар, - 
t value of a will the equation sx* — 7x 4 azg 


ie. if (- 7)?-4.5.a=0, | 
le. 49 -20a—0, whence а=2 45. 


Example 9. What is the nature of the roots of sx* — 44-302 
A=(-4)?-4.5 +3=16-60= - 44; 
*, the roots are imaginary. 
Example 3. What is the nature of the roots of 
x" — 2ax + а? - B3 — 2=o? 
А= (- 2a)? - 4 (at — 93 — (2) = 4 (93 +22), 
This is positive for all real values of b and c; 
^ the roots are real; if 124 ¢2 is a perfect square they are 
rational, otherwise they are irrational. 


247, Sum and product of 
If we denote by р and 
аҳ 4 byte —0, we have 


the roots of a quadratic equation. 
4 respectively the roots of the equation 


ER —b- NB дась У дас 
Se aria A 


2a 
2b 


2a 


vem. Nb? — 4ac) ( - b  Nb3 = дас) 
и RENDERE 


222 
--2 


4a 
_(-b)?- (0 - дас) дас c 
да? да? a 


These results аге very important and may be expressed : 


coefficient of x 
Sum of roots = - coefficient of x^ 


Produ constant term 
Ci of roots — coefficient of x^ 


248. These results may also be obtained by a more general 
method. 


Let p, q be the roots of the equation. Then the equation may be 
Written in the form (x— 9) 


х - 9) =о. 
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To compare this with ax*+bx+c=0, we must write the latter 


equation in the form x? up +250, ie. with the coefficient of x? 
unity. Hence ам В 2 
xt- (pt Фх+ра= += stg 

But if two polynomials in x are identically equal, the coefficients 
of corresponding powers of х must be equal ; 


b 
Sig Mey 


249. This method may be extended to equations of higher 
degree. Thus, if p, q, ғ аге the roots of ах! +bx°+cx+d=0, we , 
have similarly 


х Paks Lae Lele pyle le) 
ex - (р+а+т) х? (gr rb * pa)x -par ; 


 prqtr= 6, patrii ЕЕ 
2 qf a q zh a 


The first result is of great importance in connection with graphi- 
cal work, as we shall show in the next chapter. 
It is true for rational integral equations of any degree п and may 
be expressed in words thus : 
coefficient of x"-1 
Sum of roots= ~~ cogicient of x^ ` 


950. When one root of a quadratic is obvious by inspection, the 
Other root may be obtained by using the properties of the roots 
proved above. 


ИА В, 
Example 4. Solve the equation ato get = зай - sa * 1 


This is a quadratic, and it is clearly satisfied by Ха. 
Also, the equation may be written ; 
(542 — 7x + 2) (за? ѕа+1) = (a? - 5x + 1)(sa* - 


Le. x*(4a 4-1) - x(4a?-- 3) -0(а-3)-0, оп o. 
а(а-3 ; 
| The product of the roots is therefore = TU and since one 
; а-3) 
Toot is а, the other must be — Ла: 


7a 4 2), 
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251. In questions involving the roots of a quadratic equation 
the roots should not be considered separately. Most questions can 


be more easily solved by making use of the expressions for the sum 
and product of the roots. 


Example 5, Jf p, q are the roots of ax*+ bx + c—o, find (i) the 


value of p? + 43, (ii) the equation whose roots are 5 and 1. 
From the data, p+ q= -2 апа pq=*. 


O p+ (рна) (22 ра+- 4) - (p [Co - 9? зр 
=(-2) 62 ae b (b? ~ зас) 
“(-2)| 5-2 |= - 50 7329. 


а а a 


(ii) The required equation is (s =) ( = 3 =0, ie, 


xx (2.2 +1=0 
q 
LE 
But Р, pd (p*gf-2pg di 52284 шаа, 
d P фа 24 2 ас 
а 


3 159 Ph sed b? — zac 2 
^. the required е uation is 52-х Ses hse =0, or 
q ac 


acx? — (b? — 2ac)x 4 ac =ò. 


Example 6. Find the relation connecting the coefficients of the 
equation ах? + bx +c=0, when one root is five times thé other. 
Let 5, 55 represent the roots ; Ж 


c 
then sum of roots — бр= - 2 $ product of roots = 55? = 2 


2 с 
From the first result a ; from the second A ng 


p . 

5 GAS E ог 5$9=з36бас. 

Example.. Fin 
of b and q, so that 
the roots of sx? 


d, without Solving the second equation, the values 


the roots of 4x? + px +q=0 may be the squares 9 
-35-4-0,. 1 
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Let о, B represent the roots of 5x? — 3x — 4—0. 


3 4 
Th +p=2, = 
еп «+В 3 aß : 
/ “алаад guage a оао 
Also AT +В = («+ B) 248 285 as" 
d. 29.16. 
4 25? 
‚жоо o | 
LO d 
EXERCISE 107 
Find the nature of the roots of the following equations : 
1. 2324 x — 120—0. 2. 3332-32 — 28x. 
8. 4x? — 24x 4- 90. 4. 9x? + 3ox 4- 25 =0. j 
5. 8x? + 63 = 18x. 6. (3х+ 1? 56x 7. 


7. In each of the following quadratic functions, find whether 
the factors are rational or irrational, real or unreal : 


(i) 33 -7x- 145 (ii) x? - 8x +20. 
8. For what values of a will the following equations have equal 
roots? m 


(ii) 332-- ax - 27—0 ; ; 
(iv) 4453 +2(а+3)х+9=0: - 
is given. Obtain 


(i) бх? + 5x +a=0 3 
(iii) x2- x(a- 5)+a?-5a+7=0; 
9. For the following equations one solution 
the other without solving the equation : E 
G) 8132-.88x-4-0, x— —1; (ii) 9447+ 15x —30, х-51)-) 
ЕВЕ бу 2+ 3ln=a(gl+m), xm. 
24%+1 38-1 ! du 
10. Find the condition that the roots of 
Shall be real. : 
11. If one of the roots of x93 544 32—0 
x? рх + а= о. has equal roots, find the value of 4. 
— 4ax + 4a? - p? bbe - 9c —- o аг 


‚х=а; 
ax? + (2ac - D)x =] 
uid 

is -8, whilst 
Jagd 


18. Prove that the roots of x 
rational. ` а 

13501: р, а are the roots of ЗА? — 8+2=0, find Ore? 
xs р а | £8 
(1) the quadratic equation whose roots ate 4 and фо 
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14. If 5, q are the roots of 5х2 — 20x + 12 —o, find p? +43, 
15. If «, B are the roots of x? — 4X +1=0, find the equation whose 
roots are 2+2, gi. 


B 


16. If, B аге the roots of 7x? - 8x - 2—0, find the equation 
whose roots are 22+ 1 and 2B +1. 


17. If а, В are the roots of x*-4x--1-o0, find (i) d ff 
(ii) ab + gs, 


18. If o, B are the roots of x2 — x+ 5 =0, find the equation whose 
I 
roots are a? + ri В+ = 


19. If p, q are the roots of ax? +bx + с=о, find the values of : 


ОРЧ (perpe; 0 (1058 qe 
(iv) 2-4; (у) 25-45: (vi) a ЕЖ 


20 If a, B are the roots of x2. px +q=0, show that the roots of 
9x? + (2q=p%)x+9=0 are s B 


Ра Е 
91 if « B are the roots of x2- Х-4-о, find the equation 
whose roots are «+ 2 В+ д 
a 


22. If «, В are the roots of ax*+2bx+c=o, find the аш 
whose roots are 2x RI 28-13 ; and prove that, when a+c=o, this 
equation is the same as the Siria equation. 

23. If «, B are the Toots of ax?+bx+c=o, find the value of 
(т - à?) (1 — 68), 


24, If апа q are the roots of ax? +ax + c=o, and if (pt +g) and 
(p+1)(q+1) are the roots of a*y?+ky+]=o0, obtain k an 
terms of a and c. 


25. One root of 332 — ay + (А2 — 3) =о is three times the other. 
Find two possible values of k, 


i The squares of the roots of 442 - 17x-- c—0 differ by 31$ 
ind c., 


ЭЗИР а= 3а+7 and b?=3b+7 (а and b being unequal), find 
фей, @) EE, 
28. Find the two values of p for which the roots Ф 
— 19%+ 25 =о are the Squares of the roots of x? +px=5. 
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29. If о, B are the roots of x? — 6x -- k— o, and if ES RIS ЕВ 
are the roots of 8x? + тох-+ [= 0, find k and /. 5 B 


30. If a, р are the roots of х? — тоох+ 2491 =0, and а, q are the 
roots of x? + 50x — 4559 =o, find the values of p - q and pq. 

81. Find the equation whose roots are the cubes of the roots of 
2+4x+1=0, 


32. If «, В are the roots of х? + рх+а=о, obtain the equation 
whose roots are 2+ 2B, B+ 20. 


33. If о, В are the roots of 2х2 + 15х=24, while Ž and © are the 
roots of рх? + gx-+1=0, find the values of p and q. * 


34. The arithmetic mean between the roots of a certain quad- 
тайс is $ and the harmonic mean is $; find the equation in its 
simplest form. 


35. If р, а are the roots of ax*+bx+c=0, find the values of : 
(i) (ap +b) (aq +b), (ii) (bp + c) (ба + c), 
(ii) (ap 4- b)? + (aq +b)”. 
86. If the equations ax*+bx+¢=0, px*+qx+r=0 have onc 
Toot in common, prove that 
(br — сд) (ag - bp) = (cb - ату. 


Quadratic Functions. Variations in Sign 

252. Consider the function ax? + bx- c, and let р, q be the roots 
of ax? + bx +c=0 ; then ax? + bx t ce a(x - p)(x - Ф. 

(1) Suppose the roots are real and different, and let р be the 
Breater root. 

Then, for all values of x greater than р, the factors х-Р, 70 
are both positive; for all values of x less than 4, the factors x —, 
х- @ are both negative. In each case the product (x - p) (x - q) is 
Positive and the function ад? -+ bx + с has the same sign аза. — 

But if х Нез between p and а, x — р is negative and x - q is positive, 
and the product (x — p) (x — q) is negative ; the sign of the function 
ax? -- bx +c is opposite to that of a. 

(2) Suppose the roots are real and equal. Then since р —4, 

ах? bx + с=а(х- 4). 
But (х— 9)? is positive for real values of x; 
<. ax?+bx +c has the same sign as a. 
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(3) Suppose the roots are imaginary. 


2 b- 
Then ats detena{ats eet a (s. 2) = = 
ai ‘а 


ы) a] 


where A is the discriminant. 


А D, 5 
j ; : n 3 ОКИ ‚Н T 
But since A is negative, да is positive ; also (s Tad 


positive for real values of x ; 2, ах? + bx + c has the same sign as d. 
To sum up: For real values of x the function ах? + 0х0 
always has the same sign аз a, except when the roots of the 


equation ax?+bx+c=0 are real and unequal, and x lies between 
them. 


258. The pupil will more easily remember this result, if he 
thinks graphically. It is easily seen that, if the function changes 
sign, the graph of the function must cross the axis of x ; also, since 
it is a quadratic function, if it crosses the axis once, it must cross it 
а second time, and the value of the function changes sign whenever 
the graph crosses the axis. Also, if we know that the function never 
changes sign, we know that the graph never crosses the axis ; in this 
case the discriminant must be negative or zero. 


Example 8. Find the signs of the following functions for real 

values of x : 
(i) 222 +3448; (ii) s-x- 6x. 
(0 A=9-64= - 55, .. the roots of 22+ 3x--8—0 are unreal, 
`. 2x? + 3х + 8 always has the same sign as +2. 

The function is therefore always positive. т 
* (ii) A=1+ 120—121, 5”; the roots of 5—5—6х®%=о are rational. 
They ‘ate 8 апа эх: ‘Hence the expression has the same sign 
as ~6, except when x lies between $ and -1; .. the exp 
is positive when’ lies between $ and - т, zero when х equals $ ani 
— I, and negative for all other values of x. 


254. Quadratic functions. Variations in magnitude. 


Example 9. Jf x is real, find whether 5-F 4x = за? is capable 4 
all values. t3 ! 23 à 
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Puts--4x-3x*—y; then 3a? —4x-- (y -5)—0. If this equation 

gives real values of x for any particular value of y, 
А=(-4)-4.3.@-5) 

must be positive or zero for that particular value of y, i.e. the 

function can only have a particular value of y, if that value of y is 

such that 16 — 12y + бо, i.e. 76 — 12y is positive or zero, It follows 

that y must bé less than or equal to 12, i.e. 64. 

Thus the function 5+4х- 3 can never be greater than 6} 
it may be equal to 62 or have any value less than 6%. The maxi 
mum value of the function is therefore 6%. 
x2 + Ax + 10 

2x45 
can have all numerical values except such as lie between 2 and — 3. 


Example 10. Jf x is real, prove that the expression 


„2 o 
Let ASt IO y; then x?+4x+10=y(2% +5); 
2x+5 


ie. x? +2x(2-y)+5(2-9)=% 

If this equation gives real values of х for any particular value 
of y, A=4(2-y)*-20(2-y) must be positive or zero for that 
particular value of y. 

We have A-4(2-32-»-5194(2-3)(73 -3* 

For all values of y >2, both factors are negative and the product 
is positive. If y=2, the product is zero. 

For all values of y« —3, both factors are positive and the 
product is positive. If y=- 3, the product is zero. ha 

For all values of y between 2 and = 3, the first factor is positive 
and the second factor is negative; the product is then negative, 

Hence y may have all values except such as lie between 2 and ~ 3. 


2-34х-1 t 
Example 11. Prove that БУСЫГ can have ай numerical 
values, if x is real. 


qu 
Let e toy; then x2- 3x 125 (833 73) 5 
n д(т-у)+(у-3)+1=0. 
Proceeding as above, we have 
A-(y - 39 -4(1 73) 129 салт - Dies 


which is always positive for real values ofy. Hence the result. 
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255. The use of the discriminant is of great value when the 
x? Ax + 10 
2Х+5 

Before discussing such graphs, we must consider the value of a 
function of х for values of x which make the denominator of the 
function zero. 


graphs of functions, such as › have to be drawn. 


А І 
Let us consider the value of =( =y), as x approaches о. 


1 X I { 
If х=1 2; if х= =10; if x=—, y=1000; if 
pone то! 7 2 тосо? У i 


х= › У = 1,000,000 ; and so оп. 
1,000,000 


It is clear that, as x approaches 6, the value of y becomes too big 
to be plotted on the graph. If х=о, y has no meaning; the 
number $ has not been defined, and we cannot plot any point 
corresponding to х= o. 


The line x -0 is therefore for all practical purposes a barrier 
which cannot be crossed by the graph; poinis on one side of 


the barrier cannot be joined to points on the other side of the 
barrier. 


2 : 
Similarly, for the graph of LET, the line 2x-- 5—0 is 4 
2x 
barrier which cannot be crossed by the graph. 


256. We may now consider the graphs of 


x? 4x 4 10 Кз tT 
туут сло тез; 
(ру bee О 75-37, 


(1) Аз shown above (Ех. то), y may have all values except such 
as lie between 2 and — 3. 

ПЕЕ ео Ў if y—-3, ә + 10x +25=% 
іе. («6 +5)2=0, ie. x= – $. 

(It should be noted that, after substituting y=2, y= - 3, We 
must obtain equal roots for x. This is a very valuable check of the 
accuracy of the working.) 

Since y cannot have values between 2 and — 3, the curve must 
turn when у=2 and when у= —3. The points (о, 2), (75; -9 
are therefore turning points on the curve. 
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When 2x+5=0, ie. when х= —24, y has no meaning. The 
line х= —2% is therefore a barrier dividing one branch of the 
curve from the other. Other points are obtained as usual by 
plotting. Г 


х | -8 -7 -6 -5 -4 235 -3 -2t -2 ih -1 01, 23 
42 31 22 a5 ЧО 88 7 64 6 6 71015 2231 


жа -ах-то 


2х+5 -11 +90 ни ауз Б 719 "TE 
AME Зи Vy | 6 88 aba at at ei 


EH T 
Г 5| 
ЇЕ 6| 
E H 
FIG. 24. Г 


It is useful to notice the points (if any) where the curve crosses 
the axis of x. In this case, y=0 if Х + 4x + 10=0, ie.x— —- 2v - 6. 
The values of x are unreal, so that the curve does not cross the ах. 
It is convenient to put arrows, as in the figure, to denote that the 
curve approaches the barrier as x approaches — 2. 


T ^ 


У 


460 ESSENTIALS OF SCHOOL ALGEBRA [снар, 


(2) As shown above (Ex. 1 1), у may have all numerical values, 
if x is real. If the discriminant is positive for all real values of y, 
the curve has no turning points. 

When «?-x=0, ie. when х=о or x=1, y has no meaning. 
The lines xo and x=1 are therefore barriers, and the curve 
has three branches, 


y Г] mee 
а BEEN 
2 |_| 12 
Н !g LT] 
j ГЕРАР ERES 
E LI Lj Li 
pet abs T- 5] - 
1 
ы) 
AmE Eau H 
1 — Г] 
ЫШ ШЕШ ЕЕ ШШ ИС ВЯ И ВБ [2713 [4| [s [|| 
4 Sr 
1 
H | || 
FERRE H 
eee 
Ча ЇЕ! 
Fa] LI | 
5 pug 
M Бэ шы, 
7 Jee el 
ETE а 
Fic. 25. 


The curve crosses the axis of x when x? -3x+1=0, 


3 У —2:62 ог 0:38 approx. 


Other points are obtained as usual by plotting. 


un 


ie. when x— 
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x | -5 -4 -3 -2 -1-05 O OI o2 оз. 94 o5 o6 


зх 4I 29 19 11 5 275 071 0:44 0'19-0'04 —0'25 —0'44 
30 20 12 6 2 0750 -0'09 -016 —0'21—0'24 —0'25 —0'24 


1:37 1:45 1:58 1:83 2°5 3767 Nine -789 -275 -090 o17 І 1:83 


x o7 o8 со E r5 gi Sca eg. 6 
x*'-3x--i|-o:01 -0:76 -0:89 = =г25 -1 1 5 TE 19 
x'—-x |-0:21 -016 -oog 0 o75 2 6 12 20 30 
У | 2:900 475 9'89 d. -1:67 -0:5 0'17 042/055 0'63 


EXERCISE 108 
(In this exercise x takes only real values) 
For what values of x are the following functions negative? 


1. x? +x- 20. 9, 2x2- 174430. 8. 3x? 2x 8. 
For what values of х are the following functions positive? 
4. 10 3x - a. Б. офи. 6. 21- 32x - 5x", 


‚ 7. Find the greatest value of k for which (i) «®—5x+2k=0, 
(ii) 3х®+ 7х + А = о has real roots. 


8. Find the greatest value of (i) 3 - 5X — 2x?, (ii) (2x - 1) (3 = 22). 
9. Find the least value of (i) 532 — 7x —3, (ii) (47 — 3)(5x— 2). 
10. What is the least value of A, if 3? - 110 + k is never negative? 


11. What is the greatest value of k, if k-sx-2x? is never 
positive? 
19. What is the greatest value of k, if h-4x-3 
greater than 5? 
18. Ify= ин-т), show that y cannot lie between 8 and 
х-1 


х? is never 


32. Sketch the curve. 
14. If y шж =н а show that у can have ай real values. 
223 


Sketch the curve. 


I I 
15. If pot show that y must lie between 12 апа а? 
1 
Sketch the curve. 
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XI у 
16. If y= теб show that у must lie between two numbers, 
х 
Find the numbers. 
4 
аа 
17. 1f y= , Show that there are two numbers between 


which у cannot lie. Find the numbers: 


: 3x? = 9v 
18. Find the turning points of the curve y= PET 
Sketch the curve. : 


19. Sketch the curve y?=(2-x)(3+x). Between what values 
must х lie? 


Des ; 
80, If y= ic» prove that the minimum value of y is. -2 


Sketch the curve. 

257. Miscellaneous equations. We now consider some mis- 
cellaneous equations ; it will be seen that many equations are ге“ 
ducible to quadratics. 

Example 18. Solve х3-х-4- 1+. 

I : 
Put y —x$, then y а 5 i.e. 2y?-3y -2—0, 


^ (29+1)(y-2)=0, whence y= —4 or 2; 
^ X$— -$ or2, .. х= —-1 or 8. 
Note. All equations of the type 
ax?” bx" + со, or ax" ++ сх" —o 
may be solved in a similar manner. 
Example 13. Solve (x = 3) (x — 5) (x + 6)(х + 8) = 504. 
We have, rearranging, (x — 3) (х + 6) (x — 5) (x +8)=504, 
^O + 3x — 18) (x? + 3x — 40) = 504. 
Put y —3*-- 3x, then (y — 18) (y – 40) = 504, 
^ 52 - 58y +720- 504—0, 2. y*- 58у+216=0, 
^ @—54)(У-4)=о, whence y=54 or 43 
^ а®+зх—54=о, or X5 3x —4=0, 
whence х=6, —9, 1, -4. 
Note. All equations of the type (x +a)(x-+b)(w+c)(w+d)=@ 
may be solved in a similar manner, if the sum of any two of the 
quantities a, 6, c, dis equal to the sum of the other two. 
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Example 14. Solve 3x4— 20x? — 94x" - 20x +3 =0- 
Since «=o is not a solution, the equation may be written in the 


Е (8-5) -20(«+2)- =o 
3 (+35 21 -94=0- 
Put y =x + I shen y? — a3 + +2, so that the equation becomes 
х У xà 7 
3 (y2— 2) - 20у - 9470, 16. 3)! — 20y — 100 —0, 


10 
2. (зу + 10)(y – то) 2 0, whence у= 43. or 10; 


I 10 І 
+= - — or X4--—10, 
в 3 Ж 


whence x= - 3, 54 5 2—6. 


Note 1. All equations of the type ax! + сх +bx +a=0 
may be solved in a similar manner. 


Note 2. Equations in which the coefficients of terms equi- 
distant from the beginning and end are equal are called reciprocal 
equations. Reciprocal equations of even degree can be reduced to 


А І , 
an equation in y of half the degree, by putting y =ю+-. Reciprocal 
equations of odd degree have a factor x + I and therefore a root KS 
When this root has been taken out, the resulting equation is a 
reciprocal equation of even degree. 'Thus, to solve 

3x5 — 1731 — 11433 — 114%? - 17x 370, 
we first write (x+ 1) (3x4 — 203? — 94x? - 20x 3) 70; whence 
x+ 1-0 0r3x*- 2058 — 94x? - 20% + 370; etc., as above. 
Note 3. ‘The equation 6x!— 251+ raxt+asx+6=0, ie. а 


similar equation in which the coefficients of corresponding odd 


powers of w are equal in magnitude but opposite in sign, although 
I 


nota reciprocal equation, may be solved by putting y-X—- c 
For (since x0) the equation may be written 


6 +3) - 25 (2-2) +22, 


ie. 6(у 2) - 25у+12=0, etc. 
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Example 15. Solve (x+ 8*-- (x - 6)! —2. 
х+8+х+6 
Риї y= аала ВРА 


2 
Then — (y 1)! (y - 11-2, 


solved by putting у= 


‚ 2 


” 
7» 


(y14- 65? + 3) 22; 


- 3*0?-6)—0o, .. ужо, o, t: V -6; 


ЕЗЕТ ESSEN — 6. 


Note. АП equations of the type (х+а)* + (xD)! c may be 


х+а+х+Ь 
2 


EXERCISE 109 


Solve the equations : i 
38--2648-227. 9, xA «400 — тай. 8. 144—252 23 
36—1333-a*, — B. 4x1 - 1732.54 —0. 6. хб +27 — 28x. 


1. 
4. 


7 


85. 


(x 4) (x 6) (x — 1) (x — 3) =тзо. 


‚ (2x — 5) (x —2) (x - 4) (2x +7) =от. 
‚ a(x +2) (2х +3) (2х —1) 265. 18. x 
atta — Ax ито, 20. 


2x4 — 5x3 +642 — 5x +2 =0. 


+ 12x — 56x3 + 89x? — s6x + 12 =o. 
‚ Ort — 242 +9 =240 (2+1). 24. 
И Бх Бїх (х +7), 96, 
* 10(x# +1) +5252 =6зх(х? — 1). 

. Ж +254 — 358 — oy Ho, 


1 1 


. 3x2 + зх 10. 8. aes a 16. 9. ох?” — x” 2020, 


2 1 


.a*-2x3-24. ll izx$ —173$ -6x-3, 12, x^ 412 778^. 
» (xt 7)(x - 5)(x - 9) (x +3) 7385. 
a (2x +1) (zx - 3) (zx +5) (2x 4-7) =9. 


(x — 4) (x +8) (x +4) = 1680. 
9x1 + 8x2 +9 — 27x (1 +2). 


ба = 2)? зк? +1). 
8х4 + 2908 +8 42x (x? —1), 


- (2x - 1) + (2x -5)t=256. 30. (x x) +(x +3) =82- 

«(x -2)! - (x - 3 — 1, 89. (zx + 1)4 - (zx - 1)! =16. 
22919 +7 = 8 oH 233-2555 
(x +24) (х — ба) (x + за) (х — sa) = 18044. 


36. (2b + х) +4(2b -x)i =5 (4b? -х2)8, 


CHAPTER XXXIII 


GRADIENT OF A CURVE. MAXIMA AND MINIMA. 
GRAPHICAL SOLUTION OF EQUATIONS 
(CONTINUED) 


958. In Chapter XIV we discussed the gradient of a straight line. 
We now proceed to consider the gradient of a curve. 

At present we cannot find the gradient of a curve, for the term 
* gradient " has only been defined for a straight line. But we can 
find the gradient of any chord АВ of the curve, and this may be 
regarded as the average gradient of the arc AB of the curve. 


Example l. Find the gradient of the chord PQ and of the chord 
PR, of the curve у = 23 + 5, P, О, R being the points on the curve where 


ж= т, 3, 1+h respectively. 
P is (1, 6), ОВ (3, 32), Ris (1 +h, 6 3h 3h? +h’). 


The gradient of PQ лы наад I3 


XQ р 
- 24. р Ч 
the gradient of ppa a Ir ЗАЗ =3+3h+h?, since 
һо. Хр Хр 


The latter result is a general formula giving the gradient of all 
the chords of y=x3+5 which pass through Р. It includes the 
former result, which may be obtained from it by putting h=2. 


259. Let us now consider what happens as h gets very small, 
ie. as the point В gets nearer and nearer to P on the curve. 

18-41, 4, №, 13, rood, «+» the gradient of РК=7, 4°75, 3:31» 
3:0301, 3:003001, ... - - 

It is clear that, as R moves al 
gradient of PR gets closer and closer to 3 
limit 3. In other words, as Ё—>Р along the curve, 
gradient of PR>3. This is written more concisely 

шах (Gradient of PR)=3- 
This limit is called the gradient of the curve at P. Its value was 
465 


long the curve towards P, the 
and approaches the 
һ->о, and the 
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found by taking the gradient of the chord PR and finding the limit 
as R approached P along the curve. But the limiting position of — 
PR as R approaches P along the curve is, by definition, the tangent | 
at P to the curve. The gradient of the curve at P is therefore the 
same as the gradient of the tangent to the curve at P. 


Example 2. Find the gradient of the curve у =? (i) at the point 
(2, 4), (ii) at the point (a, а). 
(i) With the notation used above let P be (2, 4) and R be the 
point where x=2+h, i.e. the point (2 +h, 4+ 4h +h’). 
2 
Then the gradient of PR дал =4+h, since h#o, 
The limit of this as ho is 4, 
-. the gradient of the curve at (2, 4) is 4. 
(ii) Let P, R be (а, a?), (a +h, а?+ zah +h?) respectively. 
2 
Then the gradient of PR= P 2a + В, since h#o. 
The limit of this as ho is 2a, 
`. the gradient of the curve at (а, a?) is 2a. ' 
The result of (i) may be deduced from this by putting a=2. We 
have shown that the gradient of y —a? at the point where Хз 
2а ; in other words, the gradient at any point оп the curve 18 P. 
the value of x at that point, i.e. 2x is the formula for the gradien! 
sat any point. 


EXERCISE 110 
Find the gradient of : 


1. y=2x? -x-1 at (5, 44). 
IS. y=x — x*— 7x гай (2, — 11). 
3. y 735 — 6х +3 at (— 3, 81). 
4. y239 7x — 5 at (71, - 14). 
5. У= 53? 4x —2 at (4, 62). 
'6. y —235 + 3024 5x —3 at (72, — 17). 
7. y «x? at (a, a), 
8. у= Rx? at (а, ka’), k being a constant. 
Find the gradient at the point where x —a of : 
9. (0y—-4», (уз, Gi) y=sx, (У)уса + gett 5™ 
ia. is the connection between the last result and Uc i: 
:10: Q)y-2x* y= sa (шуусу, (v)y-ad-sxtT 
What is the connection VS и н Эн апа the first three? 
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260. Examples Nos. 7-10 of Ex. rro suggest the truth of the 
following rules. The formal rigorous proofs of these rules are 
beyond the scope of this book and we shall assume the results. 

(1) If л is rational, the gradient of y—x^ at the point (a, a^) 
is na”, 

(2) I£ k is a constant, the gradient of у= Ах" at the point (a, ka”) 
is k times the gradient of y —a" at the point (a, а"). It is therefore 
kna”, 

(3) The gradient of уг Ад" at the point (а, 4,4") is 
£EA..r.a'-3, It should be noted that a constant term, e.g. 4, 
contributes 0 to the gradient, for the constant term disappears 
when we subtract yp from ур in forming the gradient of the chord 
PR: 

Example 3. Write down the gradients at the points where x=a 

Pear xii 
of (i) y-3xi- a5, Gi) yox -ы tax-3, (iii) у= 
(iv) у=хУх + 5x — 3Nx +2. 

(i) Gradient23x2a-7x1.a?*0—6a-7; 
(ii) Gradient 24 x да —5 X 34?+2 x 1. a°- 0— 16a3 — 15a? +25 
Gii) This is not written in the form у= ХА", but it may be so 


2 À 
. т 1 
written, for 7 шалчилын a 


т 
+. the gradient=1.a9+(-1)a*=1 75 


(iv) This must first be written in the form y= эй +х- за, 


зма 3 
and the gradient =3 a + 5 x1.0 23 ху а 4+ DE ЗС 
It is essential that these rules should be mastered by the pupil. 
EXERCISE 111 
In Nos. 1-20, write down the gradient at the point where х=а of: 
1. у=х5. 9, y=. 8, y=5x", 
4. у= 8х, 5. y- 3x3 - 2x. 6. y-24x! -x- 7. 
7. у= (22). 8. y=(2x-1). 9. у=4ух. 
- х+2 
10. у= -3. 11. y- ES. 12. yy 2: 


18, у= 358 бит, 14. у= 2+3 1. 


? 
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15. y— (x 4 1) (232 +9). 16. у= (2x - 3 (ss (3 


х 


17, Y= 3x8 - Biene 24 S. 18. y=(3x + 1). 
19. (4x57. 


21. Show that the gradient at the point (2, 4) of the curve 
О eae Чы тте a5 is double that at the point (4, 7) ; find the point 


at which the gradient is — r. 
92. Find the points at which the gradient of the curve 
y-2x*-1533--36x — 20 is (0) o, (ii) 12. : 
28. If y=x+x-1, show that the gradient of the graph of y s 
positive or negative according as x is numerically greater B Ку 
numerically less than т. Sketch the graph of у, and show that y 
is never numerically less than 2. th 
24. Find the gradient of the curve у= 3x3 — 4x? + at each of the 


Points where it cuts the axis of x, and draw a rough sketch of the 
curve. 


261. Increasing and decreasing functions. Turning points. 
A function Р(х) (=у) which increases as x increases from a to bis 
called an increasing function for the range of values a to b, and 4 
function which decreases as x increases is called a decreasing 
function. Figs. 26 and 27 represent graphs of increasing functions, 
and Figs. 28 and 29 graphs of decreasing functions for the range 


of values shown. 
2 > 

о, х о i x O x o dud 
Fic. 26. Fic. 27,” Fic. 28. Fie. 29. 


If the function F(x) is increasing for a given range of узи 8 
gradient of у= Р(х) is positive or zero.at each point within a 
given range of values. Similarly, if the function is decreasing, 
gradient is negative or zero, | 


Turning points. . Fig, 30. reptesents the graph of a function 
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F(x) which is an increasing function for some ranges of values of х 
and a decreasing function for other ranges. 


yh E G 


Fic. 30. 


F(x) is an increasing function from A to B, from C to E and 
from F to G. It is a decreasing function from В to C, from E to F 
and from G to Н. The separating points B, C, Е, Р, С are called 
turning points. 

В, Е, С correspond to values of x for which F(x) is greater than 
at any neighbouring points; at these turning points F(x), or y is 
said to have a maximum value; С, F correspond to values of х for 
which (х) is less than at any neighbouring points ; at these turning 
points F(x) is said to have a minimum value. 

It should be particularly noted that “ maximum ” and “ mini- 
mum” do not necessarily mean greatest or least in the arith- 
metical sense ; they only mean greatest or least in the immediate 
neighbourhood. Thus, in Fig. 30 the value of y at F is greater than 
the value of у at В. But y has at В a maximum value and at F a 
minimum value, The pupil must distinguish carefully between 
the technical use of the terms “ maximum.” and “ minimum ” and 
the arithmetical use of ' greatest ” and “ least ”. 

At a turning point the tangent to the curve is parallel to Ox and 
the gradient of the curve is therefore zero ; We. find the turning 
points of a curve by examining the points where the gradient is 
zero. But it should be noted that the gradient may be zero for a 
value of x for which F(x) is neither a maximum nor а minimum. 
This is the case at the point D (Fig. 30). Such a point is called a 
point of inflexion. 


how to discriminate between maxima, 


262. Let us now consider 
30) in 


minima and points of inflexion. Consider the curve (Fig. 


М.А. Q 
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the neighbourhood of B, at which x—b. For values of.x slightly 
less than b the gradient is positive, at B the gradient is zero, for 
values of x slightly greater than b the gradient is negative, i.e. the 
gradient changes sign, from +, through o, to — , as x increases 
through the value b. Similarly at E and С. Now consider the 
curve in the neighbourhood of C, at which x=c. For values of x 
slightly less than c the gradient is negative, at C the gradient is zero, 
for values of x slightly greater than c the gradient is positive, i.e. the 
gradient changes sign, from -, through o, to +, аз X increases 
through the value с. Similarly at F. Finally, consider the curve 
in the neighbourhood of D, at which х--4. For values of x slightly 
less than d the gradient is positive, at D the gradient is zero, for 
values of x slightly greater than d the gradient is positive, i.e. the 
gradient does not change sign as x increases through the value d. 
Itis clear that to obtain maximum and minimum values of 8 
function F(x) we must: 


(1) Find the values of x at which the gradient of у= F (x) is zero. 

(2) Find whether, as x increases through these values, the 
gradient changes (а) from + to — (a Maximum) 

or (b)from - to + (a Minimum). 
(Both criteria are necessary. If the gradient does not change sign, 
the point is neither a maximum nor a minimum.) 

(3) Find the values of F(x) for the values of x which give а 
maximum or a minimum. 

Example 4. Find the maximum or minimum values (if any) of 
2-4 5x - 3x2, 

The gradient, G, of y—2-- 5x- 3x2 at x—a is 5-6a. 'This is 
zero if а=$. For values of a slightly less than 5, G is +; for 
values of a slightly greater than $, Gis —; .. asa increases through 
the value $, G changes sign from +, through o, to ~. Hence, when 
x=4, 2-- 5x — 3x? has a maximum value ; this value is 

2at5.$-3.0.8—45. 

Example 5. Find the greatest rectangular area that can be en- 
closed by a wire 160 yards long. 

The perimeter of the rectangle is 160 yards, Suppose that one 
side is x yards, then the other side is (80 – x) yards ; and the area 
is x(80 — x) sq. yd. 
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Let y=x(80 – х) = 80x- х2. The gradient, С, at x=a is 80-20. 
This is zero, if а=4о. 

For values of a slightly less than 40, G is +; for values of с 
slightly greater than 40, G is =. 

Hence, as a increases through the value 40, G changes sign 
from +, through о, to —; г. whenx=40,)) has a maximum value ; 
this value is до (80 — 40) = 1600. 

Also it is clear from the graph of y —x(8o - х), which has only 
one turning point, that the maximum value is the greatest value ; 
2. the greatest rectangular area that can be enclosed is 1600 sq. yd. 


Note. The pupil should make a habit of drawing a rough sketch 
of any graph needed. 


Example 6, А man orders a plumber to make a cistern with a 
square base and closed at the top to hold 3375 си. ft. of water. It has 
to be lined inside with sheet lead at 4d. per square foot. Find the 
least that the cost of lining can be. 

Let V cu. ft, be the volume, 5 sq. ft. the area to be lined, » ft. 
the side of the square base, h ft. the height. 


Then V =x*h=3375, S =4х + 20. 


We require the least value of S, when x is positive. We cannot 


write down the gradient of S =4xh+ 2x? as it stands, for x and л 
75 
are both variable quantities. But we may replace h by Be, 


and write S=13500x-1+2x*. The gradient of this at «=a is 
-13500a-?--4a. This is zero, if a = 3375 =15%, ie. if a=15. 
For values of a slightly less than 15, G =44 (- 3378 + 1) is -; 


for values of a slightly greater than 15, G is +. Hence, as a 
increases through the value 15, С changes sign from =, through 
o, to +; 2. when x=15, S has a minimum value. This value is 


2.152 —000+450= 1350. Also it is clear from the graph 
rning point, that the 


of S— 13500x-1 + 2x?, which has only one tu 
. minimum value is the least value; .. the least area which must be 
lined with sheet lead 1s 1350 59. ft- The cost of lining this at 4d. 
per sq. ft. is £1350 x $6 — 522 108. 
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Example 7. Find the greatest value of 4 — 3x + x? for values of x 
from o to 5 inclusive. 

If у=4— 3x +x", the gradient, G, at x=a is —3 + 2a. 

This is zero if а= 13, and applying the usual test we find that 
when a— 12, y has a minimum value, which is 12. 

When x—0, y—4 ; when x—5, y — 14. 

For values of x between o and тї, С is — ; for values of x 
between тз and 5, Gis +; ~. y decreases from the value 4. when 
x=o to the value тї when x=1%; it then increases to the value 
14 When х=. Itis clear that the greatest value of y, for the stated 
range of values of x, is 14. 


EXERCISE 119 


Find the maximum and minimum values (if any) of : 
1. 76x x*. Rag ed eec 8. 5 - 4x - 222. 
А. 122? -18x"--9x. 5. 2x9 — ga? rax - s. 6. xt- 22? 4- 10. 
7. 239—3x*— 12х-+7. 8. 453 - 652 9x 1. 9. x(x - 1? +2. 
10. 2x°+ 3x? — 36x — 28. 
11. х°(а— x) (a being a positive constant). 
18. x°y?, x and y being connected by the relation x + y- Io. 
18. A rectangular block with a Square base has a total surface 
area of 150 sq. in. Find the greatest volume of the block. 
14. A line AB, 8 in. long, is divided at P. Find P, so that 
AP? + PB? is a minimum. 
15. What number exceeds its cube by the greatest number 
possible? 


16. A rectangular field is bounded on one side by a straight 
river, and on the other three sides by a fence whose total length is 
160 yd. Show that the area of the field cannot exceed 3200 sq. yd. 

17. If 10 solid cubes of side x in, and 40 of side y in. are to be 
made, where «+= 12, find the values of x and y that will make 
the total volume a minimum. 

18. Ifa thin rod 12 in. long swings like a pendulum, the tendency 
to break at a point x ft. from the point of suspension varies as 
x(r-x). Find where the rod is most likely to break. 

19. A circular tin canister closed at both ends has a surface arca 
of 400 sq. cm. Find the greatest volume it can contain. 

20. An isosceles ^ has a base of length 2 in. and its height is 
5in. Find the area of the largest rectangle which can be inscribe 
in the A 
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21. A closed rectangular box is made of sheet metal of negligible 
thickness, the length of the box being twice its width. Find the 
dimensions of the box of least surface that has a capacity of 243 
cu. in. 

22. Find the height of the right circular cone of greatest 
yolume, the sum of the height and radius of the base being r2 in. 


23. A closed rectangular box is to be made from 1600 sq. in. of 
thin metal, the perimeter of the base being always 8o in. Find the 
dimensions of the box that has the greatest volume. 


94. Find the value of x for which the sum of the corresponding 
ordinates of the curves 
y-—2x*-1535--36x45 and y-a*-4x*t3 
isa maximum, and show that, for this value, the corresponding 


ordinate of one curve is a maximum, while that of the other is a 
minimum. 


25. From each cornerof athin rectangular sheet of metal 8in. long 
and 6 in. wide a square of side x in. is cut away and the projecting 
portions of the remainder are turned up so as to form the sides of 
а rectangular box. Determine x to the nearest tenth of an inch, 
80 that the box may contain the greatest volume. 


26. A hat-box with а square base has a slip-on-lid of depth т in., 
Which fits tightly round the sides of the box. Тһе box and lid are 
made out of a sheet of thin cardboard of area 680 sq. in. Find the 

ensions of the box when the volume is greatest. 


27. Post Office regulations prescribe that the combined length 
and girth of a parcel must not exceed 6 ft. Find the greatest 
volume of a parcel whose shape is a right prism with a square base. 
Find also the greatest volume of a parcel whose shape is a right 
Circular cylinder. 

28. A Waste-paper basket made of thin material is in the form of 


a tight cylinder on a circular base, open at the top. If the volume 
18 to be 2 cu. Ёс, find the radius of the base, if the amount of 


Material used is to be as small as possible. , 

‚99. The side AB of the rectangle ABCD is 6x ft. On АВ, out- 

Side the rectangle, is drawn a AOAB, such that OA and OB each 
4 гал. 

equal 345 Find the greatest area of the figure OADCB, if its 


Perimeter is always 50 ft. 


. 80. A piece of wire is cut into two pieces and each piece is bent 
into the form of a circle. Show that the sum of the areas of the two 
circles so formed is least when the wire is cut into two equal pieces. 


474 ESSENTIALS OF SCHOOL ALGEBRA (снар 


S1. A hat-box with a circular base has a slip-on-lid of depth 
0'5”, which fits tightly round the box. Тһе box and lid are made 
out of a sheet of thin metal of area бот sq. in. Find the height and 
radius of the base when the volume is greatest. 


32. The running cost, C, of a ship, in pounds per hour, is given 
3 
by the formula C=44+——, where s is the speed in knots. Find 


the speed which causes the least cost for a given voyage. 


EXERCISE 112. с 
(In this exercise all cylinders are right circular cylinders) 


1. A match-box of the usual type (i.e. an open rectangular box 
with a sliding cover open at each end) is made of material of 
negligible thickness. Its length is 5 cm., and its girth is 10 cm. 
Find the breadth and height when the area of the material used is 
greatest. 

8. CABis an isosceles A, right-angled at С and having СА = СВ. 
P lies on АВ; PM is perpendicular to CA, and PN to CB. Find 
the position of P in which the area of the rectangle PMCN is 
greatest. 


8. A and В are fixed points whose coordinates are (о, а) and 
(b, c) respectively. Р(х, о) is a variable point on the x-axis. 
Express AP? + ВР? in terms of x and the constants, and find the 
position of P which makes this function a minimum. 

4. An open cylindrical vessel is to be constructed from a given 
amount of uniform thin material. Show that it contains the 
gera possible volume when its height is equal to the radius of 
its base. 


5. A cylindrical tin canister of height / and radius 7 has а slip- 
on-lid of depth a (a constant). If the capacity of the tin is a maxi- 
mum for a given expenditure of metal, including the lid, prove that 
h=a+2r. Neglect the thickness of the metal. 

6. The expenses each day in running a ship consist of a fixed 
amount а together with a variable amount bx?, where x miles is the 
distance run per day and b is another constant. Write down the 
total cost of a voyage of length s miles. Prove that the cost is least 
when the fixed part of the cost per day is twice the variable part. 

7. An open cylindrical tub of height h and diameter 2r holds 
a definite quantity of water when full. Show that the surface of the 
tub itself will be least when h=r. 


8. Show that x”(a- x), а being a positive constant and л а 


D . р а 
positive integer, has a maximum value where x= on 
п+ї 
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9, A five-sided window is to be made in the form of a rectangle 
surmounted by an equilateral triangle. If the perimeter of the 
window must be equal to P, prove that the greatest possible area 
is P?(6 + /3)/132. 


10. If а and b are positive quantities, determine whether 
x8—sa4v+b has any maximum ог minimum values and find any 
such yalues, distinguishing between them. Hence, or otherwise, 
prove that, if b >4a°, the given expression cannot be negative for 
any positive value of x. 


‚11. A beam АВ, 4 ft. long and of weight W 1Ь., is supported at 
itsends А and B, and a weight W’ Ib. is attached to a point C of 
the beam, т ft. from A. Assuming that the bending moment at a 
point of the beam in AC, distant x ft. from A, is proportional to 
(4W 4 6W^yx — Wx", and the bending moment at a point in CB, 
distant y ft. from B, is proportional to (4W + 2W^y- Wy”, find the 
point of the Беаш at which the bending moment is greatest, (i) when 
W'-2W, (ii) when 2W'— W. Illustrate your results by drawing 
graphs of the bending moments in these two cases. 


18, The brightness of a small object at P due to a source of light 


at A may be measured by БЭ where А is the candle-power of the 
source. A source of candle-power ro is 20 ft. from a second source 
of candle-power 640. Find the point on the line between the 


Sources where the brightness is least. 


Graphical solution of equations (continued) 

263. In Chapter XVIII, :he following result was proved : 

If we have a pair of simultaneous equations in x and y, and if 
the graphs corresponding to the equations are drawn with the 
Same axes and with the same scales, then, at the points of inter- 
Section of the graphs, ; 

(1) the coordinates are the roots of the simultaneous equations ; 

(2) the x-coordinates are roots of the equation in x obtained by 

eliminating y from the two equations ; 

(8) the y-coordinates are the roots of the equation in y obtained 

by eliminating x from the two equations. 

We shall now show how to obtain graphically the solution of the 


Standard equation of the third degree, usually called a cubic 
equation, 


476 ESSENTIALS OF SCHOOL ALGEBRA [СНАР. 


264. By applying the general theorem quoted above, we may 
obtain the real solutions of the equations ax? + bx? + cx -- d —o : 


(т) by drawing the graph of y = ax? + bx? + cx +d and finding the 

values of x at its intersections with the graph of y=o ; 

(2) by drawing the graph of y —ax?--bx?--cx and finding the 

values of x at its intersections with the graph of y= —d ; 

(3) by drawing the graph of y=ax*+ bx? and finding the values 

of х at its intersections with the graph of y= - ex - d ; 

(4) by drawing the graph of y— ax? and finding the values of x 
at its intersections with the graph of y= —bx?—cx- d; etc. 

In general, (3) is the best method, for the graph of y = ах® + bx? 
has two turning points, unless b=o. (The values of x at the 

{ : ? b 
turning points are given by 3ax?+2bx=0, ie. х=о or - 2 
Thus one turning point is always at the origin.) ИЬ=о, we have 
the standard graph у= ax?. 

Also, the graph of y= — cx - d is a straight line, so that, whatever 
the values of the constants, a, b, c, d, the work involved is reasonably 
short and simple. It may happen, however, that the turning points 
are inconveniently close together; in such a case it may be de- 
sirable to use one of the other methods. 


Example 8. Solve graphically the equation x? — ҘА? — 12x +34=0. 
The required solutions are the values of x at the intersections of 
the graphs of y=x? — 5x? and y= 12x - 34. 


(1) Consider y —-33— 52. The turning points occur when 


3x" - 10x—0, i.e. when x—o or 33. Plotting points as usual, we 
have 


We ээ Ж алею а JUNE 2I sal oF 35.7 ai 115 


————————————M—ÓM———— 
x -27 -8-то 1 8 27 37“ 408% 64 125 
5А  —45 —20 -5 0 -5 -20 -4s -55% -67% -8o -125 
n -— —— Қ 


y -72 -28 -60 -4 -12 -18 -188-178 -16 о 
О а NM EE METER I6 07 
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(2) Consider y — 12x — 34 : 


The graphs are as shown. It is clear that the roots are approxi- 
mately - 2:95 and 1:9. 


LET 20) 


“80 
Fic. 31. 

To get the third root we might draw the graphs on asmaller scale, 
to get an approximate value of x at the third intersection, but it is 
not necessary to do this. 

Instead, we may use the fact that the sum of the roots of 
x- sx! — 12x +34=0 is 5 (see Ch. XXXII, Art. 249), 

*. the third root is approximately 6:05. 

If more accurate results are desired, we may draw a portion of 

the graphs on a larger scale in the neighbourhood of 


х= -29 and x-19 (or x= 6:05). 
It should be particularly noted that the third root may be 


deduced from the other two by using the formula for the sum of 
the roots, 
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265. The circle. If P is a point (x, y) on a circle, of radius 7, 
whose centre is at the origin, we have (see Fig. 32), 
ON? + NP? — OP?, Бу the theorem of Pythagoras ; 
ie. х2--у2-г23, 


y 


- 


"si EIE Go C ЇЇ) 


Fic, 32. 


This is true for every point on the circle, so that a circle with its 
centre at the origin, and with radius r, is the graph corresponding 
to the equation x*-- ?—7?, This is of great importance in solving 
graphically equations of the type x--y?—52, ax+by+c=0; for 
we have only to find the intersections of a circle and a straight line. 


EXERCISE 118 
Solve graphically Nos. 1-6: 
1. x3- 3x2 - 6 4-4 —0. 2. a? — 12x -- 12—0. 
8. 4x8 - x? - 8x—2. 4. 233 + 3a? 3x +1=0. 
5. 2x3 — 5x — 4. 6. x3 — 3х? - 4x - 3—0. 


Draw, for the values of x stated, the graphs of (Nos. 7-15) : 
7. (x- 1)(x- 2)? [o 3:4]. Hence find to 2 sig. figs. a root of 
2(х - 1)(х- 2) =1. 
8. y-(x-1)(x-2)(x-3) [o to 4]. Find the value of x where 
the graph meets that of 2y=x. Of what cubic equation is this 
value of x a solution? 
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9. y=x3-r2x+6[-4 to 4]. Find from the graph, as nearly 


as you can, for what values of y there is more than one positive 
value of x. 

10. y-ig-4x-x?[-2 to 3]. Find from the graph for what 
range of positive values of х the value of y exceeds that of x. 

11. 4y2x(xX$-4)[-3 to 3]. From your graph determine (1) the 
value of х for which y=3, (ii) the values of x at the points on the 
curve which are equidistant from the points (- 1, 1) and (1, -1). 


12. e = aa - Ч [-1 to 5]. Use your graph to find а root of 
2х( = x) (x - 3) = 5 (#- 2) (« - 4)- 


18. у=х + [—3 to 3]. From your graph find the values of x 


for which y — 2x is positive. 


14, pots |-2 to 5]. Determine the limiting value 
(х-3) (5+1) 
of y when х tends to infinity, and find whether у is ever equal to 
this value. 


15. у=зх- 4528 E to s]. Find the minimum value of y. 


Explain how the roots of an equation of the form 
3x? (a t+ 4.— 3X) = 200, 
where а is a constant, may be found from the graph. Appl 
method to find the roots of 9x? — бох + 200—0. 
(x т)® 


y the 


and 


16. On the same diagram, draw the graphs of y— 
yore for values of x from o to 4. For what range of values 
of x between o and 4 is x (x — 4)? greater than (w+ ту? 

17. On the same diagram, draw the graphs of (а) х? from = 1 to 4, 


T ED p 
(0) = from o'5 to 4. Hence find 515, correct to one decimal place. 


x 
18. On the same diagram, draw the graphs of logo х and то ad 


values of x from 0-5 to то. Hence find two solutions of 10802077 то» 
correct to 2 sig. figs. 


I 
19. On the same diagram, draw the graphs of =; (8 — x°) and 
allel to the 


ус E Write down a formula for the length par 
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y-axis intercepted between the two graphs for any value of x. Find 
a value for x which satisfies the equation x?— 4X +8. 
20. (1) Пу - 81.3, find the values of x which make у 


а maximum ог a minimum, and the corresponding values of y. 
8 
(2) What symmetry has the curve y-is - uu (3) Where 


does it cut the x-axis? (4) What is the sign of y when x is (а) very 
great, (5) very small? (5) From these indications sketch the graph. 
91. If y — (x? — 2) (33 — 3), (1) calculate the values of x for which 
у is a maximum or a minimum, and the corresponding values of У; 
(2) prove that у is positive when х?< 2 ог when x? >3, and that у is 
negative when 2<x?<3 ; (3) prove that the graph of 
у= (x? — 2) (x? - 3) 
is symmetrical with regard to the axis of У; (4) sketch the graph. 
Solve graphically Nos. 22-24: 


22. x! y!-25, 98. х%+у®=то, 94. x24 y2=0, 
2х+у=2, 7 +2у=г. 3x +y=3. 
TEST PAPERS Ix 
A 


1. If p be a root of x°+ax+b=0, show that it is also a root of 
x? - ax? — (2a? — b) x — 2ab=0. 


EE Я 16a* — 8104 
о 8a? — 120% + т8аб? — 276% 


Е: 3 т 
(ш ва (225 1? (a-r)? 


э (0:5933) x 25:13 
8. Evaluate (i) (5:526)? — (0'526)? 
Gi) (1773) + (o-08392)-11, 


4. The sum of the first five terms of an А.Р. is до. Eight times 
the 7th term is equal to three times the ТО term. Find the rst 
term and the common difference. 


5. The first and last terms of a СР. are x and 2х. If there are 
16 terms, find the square root of the product of all the terms. 


6. The volume of a solid right prism of square section is 64 cu. 
in. the side of the square being x in. Express the length of the 
prism in terms of x, and find its total surface area. Show that this 
area is least when the prism is a cube. 
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1. Find the minimum value of 2x? — 3x? — 36x 4 1. 

2. Find the sum of до terms of the A.P. whose 7th term is 2 and 
whose 19th term is — 4. 

3. The weight of a body varies jointly as its height and the 
square of the diameter of its base. If the weight is 125 Ib. when 
the height is 5 cm. and the diameter of the base is 4 cm., find (i) the 
weight when the height is 8 cm. and the diameter of the base is 1-2 
cm., (ii) the diameter of the base when the height is 4 cm. and 
the weight is 36 lb. 

4, Given log,,2=p and 10803 =9, find in terms of p and д and 
without the use of tables the values of 102106, 108105 and 1021024. 
Find also 1og,27--log,9, without using tables. 

5. A number of squares are described whose sides are in С.Р. 
Prove that the areas of the squares are also in С.Р. The side of the 
(2m)th square is a ft. and the side of the (2л) square is b ft. ; find 
the area of the (m+ n)th square. 

6. Solve the equations (i) 21x — 3x? +4Nx? — 7x-F 15 =41, 

(i) 3250 х o5 =x[1 - (1:05)-18]. 


С 
саа, find x-y 
2а-1 


1, If s=% 
. а- 
simplest form. 

2. Find the x-coordinates of the points on the curve 

yma?-x-5x-1 
at which the gradient is (i) о, (ii) -4- 

3. From the relation рил? = роз”, find the value of х to two 
decimal places, if р, — 12:43, Ра 27:89, v1 — 1025, V= 58:02. 

4. (i) Find the sum of л terms of the series 9+7 +5 +3+.... 

(ii) Show that the square of the sum of the first п natural 
numbers exceeds the square of the sum of the first (п г) natural 
numbers by në, 

5. A man receives a pension starting with £100 the first year, 
but each year he receives 9o per cent. of what he received the 
Previous year. Find the total amount he receives in the first 6 years; 
find also the greatest amount he could possibly receive, even it he 
Were to live for ever. : 

6. The weight of a right circular cylinder of given material varies 
as the square of the radius and also as the height. If the radius is 
increased by 20 per cent. and the height by то per cent., find the 
Percentage increase in the weight. 


in terms of a, in its 


and y 
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D 


1. Find the gradient at any point on the curve бу = 43? -- 33 — 7. 
Find a point on this curve at which the tangent to the curve is 
equally inclined to the axes. How many such points are there? 
Prove that there is no point on the curve at which the tangent is 
parallel to the axis of x. 


9. Find what conditions must be satisfied by the real numbers 
а, b, с, in order that the roots of the equation aa? + bx ++ c - o may be 
realand positive. Show also that, if both roots of the equation 
are greater than unity, a+b +c has the same sign as а, but 2a +b 
has the opposite sign. 


3772260 05819 
0:5819 377226. 

А. (i) In the series 210-- 192 - 174 t... , the sum of л terms is 
1320. Find л. 

(ii) In a certain week the expenses of a shop exceeded the takings 
by £8. In the next week the loss is £5, and in the following week 


£2. If this improvement is maintained regularly, how much profit 
is made in 20 weeks from the start? 


8. Evaluate 


11 


5. Using logarithms, sum the G.P. з+2 3+2 +... to 
то terms. 

6. Find c, so that the roots of the equation (x — 2) (4 - x) s - € 
may be equal. Taking this value of с, draw the graphs of 


(х- 2) (4-х) and x —c and state the geometrical meaning of the 
result. 
E 


1. Reduce the fractions : 

(i) pi-p't+2p-1 (i) 3а5 — sab +2 
2%+209+р®-1' ““ 248-52 +3 
to their lowest terms. 

2. A square sheet of thin metal has sides of length а. Equal 
Square pieces are cut out of each corner of the sheet, so that the 
piece that remains can be bent to form an open box. Find the 
greatest volume of the box that can be so formed. 

8. If H is the horse-power required to drive a given type of ship 
whose weight is W tons at V knots, the relation between H, W and 
VisH*-A. W?. V?, where A is a constant. When W is 1520 and 
V is 12, then H is 550. Find H, by using logarithms, when W is 
2100 and V is 5. 


4. Solve the equations (i) (м2) = s(VxE 3 4x 4 5 - 1), 
(ii) 7.(1:03)* = 10:38. 


XXXIIL] TEST PAPERS IX 483 


5, The 6th term оЁ ап A.P. is four times the and term, and the 
sum of the first 24 terms is 1704 ; find the sum of the first 48 terms. 

6. Some machinery belonging to a company was originally 
valued at £5400. At the end of each subsequent year it was re- 
valued as being x per cent. of the estimated value at the beginning 
ofthe year. Find the value of x (to the nearest whole number), if 
at the end of 10 years the estimated value was £100. 


Е 


1. Find three quadratics which are such that, in each, the sum 
of the squares of the roots is greater by до than the sum of the roots, 
and that the sum of the cubes of the roots is greater by 20 than the 
sum of the squares of the roots. 

9. (i) Find the sum of all multiples of 11 between 300 and 3000. 

(i) Prove that in any С.Р. the sum of the 4th, 5th and 6th terms 
is the geometric mean between the sum of the 1st 2nd and 3rd 
terms and the sum of the 7th, 8th and 9th terms. 

8. The cost of providing a school dinner is partly constant and 
partly varies as the number of pupils who take dinner. When 306 
pupils took dinner the total daily cost was £8 08- 64., but when the 
number dropped to 270 the total daily cost was £7 14s. 64. Аз- 
suming that other conditions do not Уату, what will be the total 
daily cost when 324 pupils take the dinner? 


5 0:6234 X 17:02 
(47176) 161 
5. Without using tables, find x, if 
log x—log o:3 +3 log 2 — $ log 32. 

6. Find the gradient of (x — 1) (x-2) and the values of x for 
which the gradient vanishes. Draw the graph of the function for 
values of х between oand 4. Deducethat a manio ПАВ only 
one real root, and that x? — 4x3 5x =4 has three real roots. 


G 
EX 
12:11 у- 135 express the fraction Я = їп terms of х, and 


4. Evaluate . 


simplify the expression as far as possible. 
2. (i) Find the sum of the first 84 terms of the A.P. whose 7th 
term is 22 and whose 15th term is 78. үй е 
(ii) А man’s salary started at £234 а Year, and was raised £15 а 
the end of each year ; ће received in all £3798. For how long did 
he hold the post? 


3. Calculate а — 10%), when a=4, b=2, X= = 2:065; 
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4. What is the error made in taking the sum of the infinite series 
I, 0:2, 0:04, 0-008, ... as being 1:248? Find, to 3 dec. places, ће 
sum of the square roots of the terms of this series, (i) taken as 
all +, (ii) taken as alternatively + and -. 

5. Prove that the roots of the equation 2x2 — 2х (a+2)+3a+1=0 
are real for all real values of a and that the difference of the roots is 
greater than the numerical value of a- т, 

6. A right pyramid stands on a square base. If the distance from 
the vertex to the middle point of cach edge of the base is a fixed 
length a, show that the volume of the pyramid is a maximum when 
the base has an area 8a?/3. 


H 


1. If an АР. and a С.Р. are added together, the sum of their 
first terms is 6, of their second terms is — т, and of their third 
terms is т. If the first term of the С.Р. is twice the first term of 
the A.P., find the common difference and the common ratio. 


2. Given that ХВ, express x in terms of y and z in the 
form x —ay?z^, and similarly express y in terms of x and =. Calcu- 
late z, to 2 decimal places, when х=у=2. 

8. Prove that the sum of the integers from 1 to тоо inclusive less 
twice the sum of the integers from 1 to 50 inclusive is equal to the 
sum of all the odd numbers from т to 99 inclusive. 

4. If о, B are the roots of х2 + 5% + 1 =0, find the equation whose 
тооз ate a (x +26), В(В+ 2x). 


5. Solve the equations (i) то -4N(1 —x) (2 - x) 2x3 — ax, 
(ii) 3*** — 32—216. 


6. Find the dimensions of the right circular cone of greatest 


volume when the sum of the height of the cone and the radius of 
the base is 3 ft. 
I 


ab? ab 
ФТ btx а+х 
fraction in terms of a and Ь only, and in its lowest terms. 

2. The population of a county increases by the same number of 
persons each year throughout л years: the rate of increase per 
annum during the last year is k times that in the first year ; find an 
expression for the total Percentage of increase in n years. 

8. Find a point on the curve y—33— 232 251.8 at which the 
tangent is parallel to the tangent to the curve at (2, 4). 

4, Evaluate (i) 3:765-99294. 


(ii) xe NVy2 + ай, when х= 1:026, y— 0:137, 2=0:462. 


1. Express the value of 


» When х= ES , as a single 
a+b 
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3 А IUE 
5. If A is the sum of n terms of the series ОМИ апа 


3 к ХОТ 
B is the sum of 27 terms of the series e find thè 


value of 5 


6. A number и is the algebraic sum of two numbers a and 5; 
ассх when y is constant, and acy? when x is constant; box? 
when у is constant and b varies inversely аз у? when x is constant. 
If n=213 when x—3, y=1, and n= - 8 when x= -2, y—2, find 
the equation connecting 7, x, у. 


J 


1. (i) Prove that (1+3 .23-3 .23)(19+15. 25 4 12 . 23) — 1. 
(1) Find the rational solutions of the equations 

ax —yz=16, омуз=-15, y*+27=34. 
9. (i) If log,2=0-6931, find e. 


4 Y Ar ) ( B) Ce EUER 

(ii) If 5 —logjo (45+ 1)+logi(1+— 5), find m to the 
nearest integer when P=150, A=1720, 7=6. 

3. What are the roooth term and the sum of 1000 terms of the 


series 3, 4, 6, 7, 9, ... in which the terms increase alternately by 
I and 2? 
4, If o, В are the roots of ах? +25х - c—o, find the equation 


I 1 
ЛАН 

5. A man wishes to found an annual prize of value £5 to be 
given in 20 successive years ; find the sum that he should pay now 
in order to cover the annual payments, the first prize being awarded 
at the end of the first year, and interest being reckoned at 5 per cent. 
perannum. If he were to pay £80 now, for how many years could 
the prize be given under the same conditions? 

6. An open vessel of thin material has a square horizontal base 
and four vertical rectangular sides. Show that, if the yolume V is 
kept constant, and a, the length of the edge of the base, varies, the 
total surface is least when 48-20 


K 
1. If y2=ax7 and y7z3=a3, express x in its simplest form in 
terms of a and =. Find y and z when a= 2:475, X=0'72. 
2. A farmer has 240 hens and sufficient corn to feed them. all 


foris weeks. Не sends the same number of birds to market at the 
end of each week, and thus makes the corn last for25 weeks. How 


Whose roots are «+ 
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many does he send away each week, and how many has he during 
the last week for which the corn lasts? 

8. Prove that the sum of the squares of four consecutive odd 
numbers always exceeds four times the square of the average of the 
numbers by 20. Use this fact to calculate 372 + 39? + 412+ 432. 


4. Write down the nth term of the series 21-23 1251... , and 
find the first term whose value is less than 2:1. 
5. Find the turning points of = 2. Draw а rough graph 


of the equation. 


6. A point P whose x-coordinate is a is taken on the line 
y—3x—7. If Q is the point (4, т), show that РО? = тоа? — 56a + 80. 
Find the value of а which will make this expression a minimum. 
Hence show that the coordinates o£ №, the foot of the perpendicular 
from Q on to the line, are (2:8, 1:4). 


L 
І. Prove that the equation х= (х т)(х+ 2) has real roots for 
all real values of Ё; but that the equation х= k(x — 1) (x — 2) has 
real roots only if k has a value not lying between – 3 – 24/2 and 
73-242. What conclusion can be drawn about the graphs of 


. х sd 
the functions Quia and (ES) uz) 


2. If 2%. 3¥=37 , 4/ —6, show that x? — 2y?-— 2x —- 3y. 

8. (i) Construct an A.P. whose first term is 1 and which is such 
that the sum of the first 20 terms is half the sum of the next 20 
terms. 

(ii) Find the sum of 2n terms of the series 
f iHe $4 db e b e... 

`4. If the receipts on a railway vary as the excess of speed over 
3o m.p.h., while the expenses vary as the square of that excess, find 
the speed at which the profits will be greatest, if at бо m.p.h. the 
expenses are just covered. . 


5. Solve the equations 


(i) 30- 16x— бох? — gN таз 40х--21, 
(ii) 6=3 (2.718) + 2(2:718)-*. 
6. (i) Given that 109:3010.— ? and that у= 24186, find logyoy. 
’ (ii) On the graph of 2° three points P, О, В are taken for which 
the values of x are 5 - 1, p, p+1 respectively. Show that the 
difference of the ordinates of R and P bears to the ordinate of О 
a ratio which is independent of 5, and find this ratio. 


LOGARITHMS. 


303438 
28 32 36 
4 273135 
[4 7 11 | 15 18 22] 262933 
3 711/14 1821) 252832 
3 7 10/14 17 20] 242731 
3 6 10/13 16 19| 23 2629 
3 7 10/13 16 19| 222529 
6 9 1215 19|22 2528 
14 17 | 2023 26 
6 91:14 17 202326 
6 8|ттт4 17| 192225 


3 
3 
3 
5) 
36 81 т1 14 16| 192224 
3 
= 
3 


62023 


П | 041410453 (0402 


12 | 0792 [0828 (0864 | 899) 


1139] 1173 


5 8/1013 16 182123 
5 8/1013 15 [182023 
5 8|т01215 172022 


2304 | 2330 


8 11 13 | 15 1719 
8 11 13| 15 17 19 
8 10 12 | 14 1618 
8 10 12|14 1517 
911|131517 
9 II | 12 14 16 
9 IO | 12 1415 
8 ro] 11 1315 


PAPAL IP AIS |: 


WWWHW WHWWH WWWAA RRA AA FMM uwoooo!o-«|u- 


PROM ununun t OO OO. доча ~ оосо 
PERG OV O О С Ф О бу мамама 000006 005 woo 
ФФ омм NNN оо 06 66 66 


хахахаха бо 000000 
сю се сс обо хосоо 


эээ Хээ эг Aann MANAO Q0 iM 


LOGARITHMS. 


$2828 S558 ЕЕЕ 


9917 
9956 |9961 9969 | 9974 


ANTILOGARITHMS. 


"ч 
ол 
<> 


о оосо о 
FERAE UE 
ыыы 
юмсан 

ыы юм 


о 
о 
о 
о 
І 
І 
І 
І 
І 
І 
І 
І 
І 
1 
1 


эн элээ чэн кем ымы чэн эхлэн ы 


Donn Annan пр PERERA BROW ооо фо бо соо B M N 
СМО СХ С Съ DA Hints Cn Бодо de de RRR RR ео Co лә G3 C3 хэлээ шз G3 C3 


о 
о 
о 
a} Ke) 
o 
o 
o 
о 
о 
о 
о 
о 
о 
о 
о 
о 
о 
o 
о 
о 
о 
o 
o 
о 
о 
о 
о 
о 
І 
І 
І 
І 
I 
I 
1 
1 
1 
т 
I 
I 
1 
1 
1 
1 


ооо Wo Юм» PHAR Юю Юю ю Юю кюю юы NN MH Hon m комы даны эхэл на 
ARo wuwu ооо WNL BN BN Өмюмюмь эюююю уюын ыыы 
эээ эээ ооо озсо ооз Оз Оз бз оз шз M B MS M M oH S MN ым ю юм ю NNNNN 
MoM PEPER 44444-4-3- PAWN ыыы Шо шошо шошо шш QD I ю ы м мю м M M KD 


[AN E к нэн к кою Luv" 
юммюм NN NNNM NNN N цн нэн e O ыы мэн ы щы 


311213119 


1411 
1803162 | 3170 
J 81) 3236} 3243 
0 0332113319 
80/3388 13396 
#5467 | 3475 
844813556 
54 |3631|3639 
971371513724 
19813802 [3811 
80 13890] 3899 
(00 | 3981 13000 
| 4074 [4083 
(0 | 4169} 4178 
@ | 4266} 4276 
18 1435514375 
165 14467 14477 
8 45714581 
a НИ 4688 
478614797 
n 4898 | 4909 
(10 50:21 5023 
"1 120| sr4o 
1? |5248] 5260 
л 5370] 5383 
^ 5495 | 5508 
5 | 56. 
16 56231 5636 
7 
18 
"9 
'80 
Ч 
‘89 


6310] 6324 
6457 |6471 
8 6607 | 6622 
ga |761 [6776 
4 6918} 6934 
99 |7079| 7096 
36 ded 7261 
‘ag 117413 |7430 
яв 75857653 
1, 776217780 
90 1794517062 
8128 8147 
8318 [8337 
851 |531 
81018730 
|85 80131803 
97 9120/9141 
9 | 933319354 
9550} 9572 
9772 |9795 


2 


3177 


3327 


3565 
3648 
3733 
3819 
3908 
3999 
4093 
4188 
4285 
4385 


4487 | 4408 


4592 
4699 
4808 
4920 
5035 
5152 
5272 
5395 
5521 
5649 
5781 
5016 
6053 
6194 
6339 
6486 
6637 
6792 
6950 
7112 
7278 
7447 
7621 
7798 
7980 
8166 
8356 
8551 
8750 
8954 
9162 
9376 
9594 


9817 


3184 | 3192 |3199 | 3206 
3251 | 3258 | 3266 | 


3404 |3 
348313 


ANTILOGARITHMS. 
81415 


266 | 3273 | 3281 
3350 | 3357 
о|342813 
13508 
31 | 3589 
3673 
3758 
3846 
3936 
8 |4027 
4121 
4217 
4305 |4315 
514406 |4416 
4508 | 4519 
4613 | 4624 
4721 | 4732 
о |4831 | 4842 
4943 | 4955 
5058 | 5070 
5176 |5188 
5297 | 5309 


963 
9840] 9863 | 9886 


wovon оо 00 000073 MT FT FT w 


оосо ооч ч NUNN е ее O0 соли м = 
vo юл м 0 50 00 00 оо yuuu AAA о] бо 


© ооо WH 
м 
- 


SQUARE ROOTS. From т то то. 


Mean Differences, 


123456789 


| 814 151617 (819 


2-0 | 1-000] 1-005 | roro | rors 11|223|3 4% 
11 | 1.049 | 1.054 |1058 | 1.063 111223344 
13 | 1:095 | 1-100 | 1-105 | 1-109 11/2 23/344) 
13 | 1-140} 1-145 | 1-149 | 1-153 I 1/2 23/334 
1-4 | 1-183] 1-187 | 1-192 | 1-196 11|2221334 
1:5 | 1-225] 1-229 | 1-233 | 1.237 т1| 222334 
1.6 || 1.265 | 1-269 | 1.273 | 1-277 11222138 
11 | 1-304} 1-308 | 1-311 | 1.315 11|1222133 
1-8 | 1-342] 1-345 | 1:349 | 1-353 11/1 22/339 
1-9 | 1-378] 1:382 | 1-386 | 1:380 11|122 йн 
2-0 | 1-414} 1-418] 1-421 | 1-425 111122129) 
21 | 1-449] 1-453 | 1:456 | 1-459 11|1221239 
32 | 1-483 | 1:487 | 1:490 | 1-493 11|1221239 
2:3 | 1-517 | 1-520 | 1.523 | 1-526 1111221239 
8:4 | 1-549] 1-552] 1-556] 1-559 тт|1 22/233) 
2.5 | 1-581 | 1-584 | 1.587 | 1-591 11|1221239 
3:6 | ró12| ró16 | 1.619 | 1.622 11|1221229 
87 || 1.643 | 1-646 | 1.649 | 1-652 11122223 
3:8 | 1-673 | 1-676 | 1.679 | 1-682 тг 112223 
89 | 1-703] 1-706 | 1-709 | 1-712 11|1121229 
300 | 1-732 | 1-735 | 1-738 11-41 11|1:212323 
$1 |1:76111:704 | 1-766 | 1-769 11|1121229 
32 | 1-789] 1792 | 1-794 | 1-797 1 1|r 12|222 
$3 || 1-817] 1-819 | 1-822 1:825 11|112122 
8'4 | 1-844 | 1-847 | 1-849 1.852 т 11112|224 
8.5 1-871 | 1.873 | 1-876 | 1.879 1 1|1 1 2|227 
366 | 1-897 | 1-900 | 1.903 1-905 1 1|r 1 2/2 27 
$7 || 1-924] 1-926 1:929 | 1-931 11|112 238 
38 | 1-949] 1-952 1-954| 1-957 1 1|1 1 2|22 
39 | 1975 | 1-977 | 1-980] 1. 11|112|227 
4-0 | 2-000 | 2.002 | 2-005 | 2:007 o 1|r 1 1|222 
41 |202512:027 2.030 | 2-032 o1i|rr1|22 
42 ||2:049 |2052 | 2.054 | 2-057 o 1|1 1 1|227] 
43 | 2.074 [2:076 | 2:078 | 2. o 1| 1 1 1|2 27 
44 | 2.098 |2100 2-102 | 2.105 о 11111|22 
о11111|228 
от|тт 1 
о1|111|222 
о1|111|229 

от|т11|22 
от|т тт 

od| 1x 22 

о1|111 22 
2.302 |2-304 | 2-307 2-309 отт 
2:324 | 2-326 |2:328 | 2.330 огт 


оно wod 


я воно SHAR оно SHAM 


њо ótó 


LIN сг? =. 


ФФ Ф Ф Ф с Ф Ф Ф со со со со 00 со со со ® -1--1-1-1 -:-1-1-144 DRAWD с Ф с Ф 0) с сл сл сл 
c o -1 


SQUARE ROOTS. Евом г TO го. 


5 6/7/89 


123456789 


5 | 2.347 | 2.349 | 2:352 | 2-354 |2:356 |2358 | 2:360 | 2:362 | 2:364 |o о 
2:369 | 2-371 |2:3732:375 |2377 |2379 | 2:381 | 2383 | 2'385 |o о 
2:300 | 2-302 | 2.394 | 2-390 | 2:398 | 2.400} 2-402 | 2:404 | 2:406 |o о 
2:408 |2-410 |2-412 | 2-415] 2-417 | 2:419 | 2:421 | 2-423 | 2-425 (2:42710 О 
2429 |2:431 | 2-433 | 2435 | 2-437 |2439 |2441 | 2-443 | 2-445 | 2:447 10 О 
2449 12:452 | 2.454 | 2:456 | 2-458 | 2:460 | 2:462 | 2-464 | 2:466 | 2468 10 о 
2.470 [2472 2.474 | 2:476 | 2-478 | 2:480 | 2-482 | 2-484 | 2-486 | 2:488 |o о 
2:490 [2:492 |2:494 | 2:496 | 2:498 | 2:500 | 2:502 | 2-504 | 2:506 | 2.50810 o 
2:510 [2:512 |2-514 |2-516 | 2-518 | 2:520 | 2:522 | 2-524 | 2:526 |2:52810 o 
2.530 |2532 |2-534 | 2:536 | 2:538 | 2:540 | 2:542 | 2:544 | 2:546 | 2:548 |o о 


2:550 [2:551 |2-553 2-555 | 2-557 | 2:559 | 2:561 | 2:563 | 2-565 | 2-567 |o o 
2:569 |2-571 |2573 |2:575 | 2:577 | 2579 | 2:581 | 2-583 | 2-585 2:587 |o o 
2:588 |2.590 | 2-592 | 2-594 | 2-596 | 2.598 | 2:600 | 2:602 | 2:604 | 2:606 |o o 
2.608 | 2.510 | 2.612 | 2-613 | 2615 | 2.617 | 2619 | 2-621 | 2.623 | 2-625 jo o 
2.627 |2:629 | 2-631 | 2-632] 2.634 | 2:636 | 2:638 | 2:640 | 2:642 | 2:644 |o о 


2:646 | 2-648 | 2.659 | 2.651 | 2-653 | 2.655 | 2657 | 2-650 | 2:661 | 2663 [© о 
2:605 [2.666 2668 2678 383 2.674 | 2.676 | 2:678 | 2:680 | 2-681 |o o 
2.683 |2.685 | 2.687 | 2-689 | 2-691 | 2-693 | 2:694 | 2:696 12:698 | 2'700 10 о 
2-702 | 2-704 | 2:706 | 2-707] 2:709 | 2711 | 2-713] 2-715 | 2.717 | 2.71810 o 
2.720 |2-722 |2:724 | 2-726 | 2-728 | 2-720 | 2731 | 2-733 | 2:735 | 2'737 |o О 


2:739 | 2:740 | 2-742 | 2-744] 2-746 | 2.748 | 2750 | 2-751 |2:75312:75510 О 
2.757 12:759 2:7бо | 2:762 | 2-764 | 2:766 | 2:768 | 2-769 | 2-771 | 2-773] 0 О 
2775 |2777 | 2-778 | 2-780] 2-782 | 2-784 | 2786 | 2-787 | 2789 |2:791 |0 о 
2:793 12:795 |2:796 | 2-798 | 2:800 | 2802 | 2:804 | 2-805 | 2:807 2.8090 o 
2.811 [2.812 |2-814 |2-816]| 2-818 | 2820 | 2.821 | 2:823 |2:825 |2:827 |o o 


2:828 | 2.830 | 2.832 | 2.834 | 2-835 |2.837 | 2.839 | 2:841 | 2843 |2'84410 о 
2.846 | 2-848 |2-850 ager 2.853 | 2855 | 2857 | 2.858 | 2:860 2:862|]o o 
2:864. 2:865 | 2-867 | 2.869 | 2-871 | 2.872 | 2874 | 2-876 |2877 |2:87910 о 
2-881 |2.883 | 2-884 12-886 | 2-888 | 2800 | 2:891 | 2-893 | 2:895 | 2:897 |o o 
2.898 |2-000 | 2.902 | 2-903 [2:905 | 2907 | 2909 | 2:910 | 2:912 12:91410 О 


2:915 |2-917 |2-919 | 2:921 |2-922 | 2:024 | 2:926 | 2-927 | 2:929 |2-931 10 О 
2:933 |2-934 | 2-936 | 2-938 | 2-939 | 2-941 | 2:943 | 2:944 | 2:946 2:948|o о 
2:950 |2-951 | 2-953 | 2-955 | 2956 | 2958 | 2:960 2-901 | 2:963 |2'965 |o о 
2-966 |2-968 | 2-970 | 2-972 | 2-973 | 2:975 |2977 | 2:978 | 2:980 | 2982 |o o 
2983 [2:985 2:987 | 2.988 | 2-990 |2992 | 2:993 | 2-905 | 2:997 |2:998 јо о 


3:000 |3:002 | 3:003 | 3-005 | 3:007 | 3008 |3:010|3:012 |3:013 |3:01510 0 o 
3017 |3:018 | 3020 | 3-022] 3023 | 3025 | 3027 | 3028 | 3:030 | 3:032}0 0 o 
3:033 [3:035 | 3-036 | 3:038 | 3040 | 3041 | 3043 | 3:045 | 3:046 | 3:048]0 © o 
3050 |3:051 13:053 | 3:055| 3:056 | 3:058 | 3059 | 3061 3:063 | 3064|о 0 o 
3:066 | 3058 |3-обо | 3.071 | 3:072 | 3074 | 076 | 3:077 |3079 13:08110 0 o 


3'082 | 3-084 | 3-085 | 3-087 | 3-089 | 3.090 | 3002 | 3:094 |3:005 | 3:097 |o О О 
3:098 13-тоо 33 2101 3-105 | 3-106 | 3:108 | 3-110 | 3111 |3113]o0 0 O 
3114 [3:116 | 3-118 | 3:119 | 3121 | 3122 | 3124 | 3:126 | 3127 (312910 0 © 
3130 |3:132 |3-134 |3135| 3137 | 3138 | 3149 | 3142 13:14313:145|0 ОО 
3:146 [3:148 |3-150 | 3151 | 3-153 | 3:154 | 3-156 | 3158 | 3159 | 3'161 |o о o 


ыыы ыыы мою юы MC MC моно юы коюы эхэн эсэх эн эхэс 4 4 4 моны ыы 


ыыы ыыы ыыы ыыы ыыы нь Юю Юю кюю ююююю вьььь 


ыыы meee ANNANN NKNNNN ююююю юммюм ююююю мммюм NNNNA 


а на а а ыыы ыыы ыыы ыыы 4 ЫҸ 4 4 4 4 А 04 04 4 4 en ы юмо 
m". 
"TII 
м к к на кєк к к ке кєк кыю кє кєк А кєз зз кєз куюы а а 0 ке эч юн коюы киш мю мю ыы ы 


SQUARE ROOTS. From т то то. 


Mean Differences. 


2314561789 


pm 


1-039 
1-086 
1-131 
1-175 
1-217 


1:257 
1:296 
1:334 
1:371 
1-407 


1-442 
1-476 
1.510 
1:543 
1:575 
1-606 
1-637 
1-667 
1-697 
1-726 


H i 5 
1793 
1811 
1:838 
1:865 
1-892 
1-918 
1944 
1-970 
1:995 
2:020 
2:045 
2:069 
2:093 
2117 
2-140 
2-163 
2-186 
2-209 
2-232 
2:254 
2.276 


2 
2 
2 


МЭЛ" 
ээн эх эхэн энэх ч энэх 


оо 90000 ооооо 


-- 


RODEO bwth &фю=@© 


зә зо ао ао ВӘ е pue а pas РЬ риа рна pat pat М 


NNN ььььь оссо VWV 
M M NGC ыыы ә Сз о з фоъьь 


$ сосе се 0 apap op ьо BD 
фоююф очо 


a 


boi 


2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
I 
1 
I 
1 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 


mU ююююю ююююую NUNN ььььь мммюм NOUO UC 


Горы EDITI 
б жоно 
( 


"WHEN ммм» NNNNA 
ммююьь ъьъьь ыыы 


2 
2 
2 
2 
2 
1 
1 
т 
1 
I 
т 
I 
1 
1 
I 
1 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 


I 
I 
I 
I 
I 
I 
I 
I 
I 
I 


анх эхээ RM эх энэн эн 


2-319 |2-322 
2:341 | 2-343 


ыыы ыыы ыы ыкымы. эз эхэллээ ыыы ы момым 


ооооо OOOOO 00000 ооооо ооооо ООООО ooo 
ООООО ООООО ооооо m mmt m RM pt si meme юмын коюы 


SQUARE ROOTS. FROM г TO го. 


«ooo «ФӘ сосооосо00 wa -1-1-3-1 


1231456789 
5:5 Оо1|111|1123 
56 OoOI|III|I22 
57 Оо1|1111|122 
58 ООо1|:11|122 
59 їОоо1/111(122 
6:0 оот|ттт| т 22 
61 o0I|III|I22 
6:2 со1|1111122 
63 ooI|III|I22 
64 оо1|111|122 
6:5 оот| ттт т2 2 
66 оо1|111|122 
eT oorj|r11i|122 
6:8 оо1|111|122 
69 оо1|і11|122 
TO оо1|111|122 
Ti оо1|111|112 
T2 oor|rrr[|rr2 
7:3 oor|rrr|rri2 
14 оо1|111|112 
T5 5 оо1| 111112 
6 2 оо1|111|112 
7 2 оо1| 111112 
8 2809|o o 1|x r 111 1 2 
9 2827|o o 1| r x|1 12 
0 2844|oo xz r1 112 
1 2:862|o o T/T 1 1|1 12 
2 2879|o o r|1 1 1|1 12 
8 2897|o о1ї|1111112 
4 2914|o o r| 111112 
'5 2931|o o x| rr r|1 12 
6 2948|o o IJI r 1|112 
Mt 2:965 [оо r|1 1 1|1 12 
8 2:982|o o r|x 1 1|1 1 2 
9 2.998|]o o 1| 1 1|1 12 
0 3-015 ооо 111111 
1 3:032 [ооо 111111 
2 од8{|ооо|т1т1т|їтїї 
8 Зобд{о оо 111111 
4 3o81|ooo|rr 1|] rt 
5 3:097 [ооо тт IjIII 
6 з:13|Ооо|т11)111 
1 3:129 [ооо 111111 
8 3145|oo o|1 rr|r r 1 
? 3161|oo o|rr1i|rrg 


$93 4 


SQUARE ROOTS, From то TO тоо. 


Mean Differences, 


101213 
101113 
10 11 12 
91112 


89 


Үзгэн эсэхээ ою зч эч ко эю ч сэн эн кеч эч оч кєк эч эхэ ээн ээ эз эч эб эхээ вен кака км юа | 
нээнэ ы мынын Ююю юу ммююм вБрььь юю мю юм NAAND уюы RO WU UUU 

ююююм NNNNYD ммьмьм NNNNA фшофы боо оо оо оо шошо шз озо S PR AAAA 

зэ эээ VN UV HU MADAM соло а Оо 0000 соо мо 

лол AURA С С С СС Ф С СС С оч За зэх босо бооо 


RADDA DAA © С Ф ФФ Ou ON — X а-я хаса сососо оосо 


ARADO Orr ets хахахахаха 193-393 оо оосо со сосо соо OO 


7'321 | 7-328 (7:335 
7:389 | 7-396 | 7-403 


WWWWH боо ӨӨ ӨӨ WWW Оз о Оз шз шә WWW AARAA PARRA HUNK UU: OO OS 
ФӨссо»ьг PAHAH PADDED зээ» РРР HU UND С О О С О uM оо 


7-3 
7:369 7376 |7 


| " 


e ex Ф Ф 
Got лю 
SIS бю бо 


чаза NNNNN 
cons 


E 
со 
боз чл 
© 


7:944 
8-006 
8:068 
8:130 
8.191 
8.252 


$313 


8373 
8432 


SQUARE ROOTS. FROM ro TO 100. 


Mean Differences. 


4567 


| 


PRADA һә» ААВАА B&B РР Uuuuo VUNG MUNN (л\л\л\л\л со 


аа а ыы ыы лм элээ! сэ ЭХ Ro Eel ыыы OMEN eh нэн 
mee DDH NNNUNN ммюмюм NNNNA NNNNN NANNAN NNNUNN эюююю ммммюь 
ъьььь NNNUNN эюююрю ммююм NNNNN NNNNN ммммюм вБоыфоыю WHWWWW 
м оз оз оз WHWWW WHWWW WWWWH WwW WWW Оо бо бэ боо. шз 0302 02 бо. C203 бо боо 
WWWWH мою оз озу сзсз Оз бээ боо. BWHWHWWW WHWAA B BR B B гээ» BBRBRA 
оор dede дээ эээ» HAA AA ФА ARRA ФФ PU 
dedeUiUtUr болоол VU HUW Ол буол ол MUTT MUTT OQ QOO OO С\О\С\С\С\ | аф 


INDEX 


The numbers refer to the pages 


(See also Table of Contents) 


Abscissa, 152 
Absolute term, 22 
Addition, 19, 86, 95 

of fractions, 115, 236, 320 

of negative numbers, 86 
Algebraical expression, 3, 13, 95 
Alternando, 390 
Alternating functions, 315 
Antilogarithm, 366 
Arithmetic means, 421, 422 
Arithmetical progression, 420 
Ascending powers (order), 23 
Axes of coordinates, 65, 69, 151 
Axioms, 27 


Base of logarithms, 362 
Binomial, 13 

surd, 357 
Brackets, 44, 88 


Change in a function, 148, 455 
of subject of a formula, 252 
oo 369 
ecks, 20, 33, 120, 141, 
Choice of Эн 69 RN 
c een 70 
ircle, equation of, 478 
Coefficient, 12 f 
Common difference (of ап А.Р.), 
420 
factor (or measure), то8 
ratio (of a G.P.), 432 
Componendo, 390 
et Dividendo, 390 
Compound Interest, 437 
Constant term, 22 
‚ Variation, 398 
Coordinates, 152 
Cross-multiplication, rule of, 393 


Cube, 13, 293 
root, 102 
Cubes, sum and difference of, 306 
Cubic equations, 475 
Cyclic expressions, 308 
order, 308 


Degree, 22 
Dependent variable, 70 
Descending powers (order), 23 
Detached coefficients, 292 
Difference, 2 
Common (of an A.P.), 420 
of cubes, 306 
of squares, I91, 195 
Digit, 2 
Dimension, 22 
Direct variation, 397 
Directed numbers, 84 
Discriminant of quadratic, 449 
Dividendo, 399 
Divisibility theorem, 298 
Division, 1o1, 103, 176 
long, 176, 296 
of fractions, 113, 233 
of negative numbers, 92 
of powers, тот, 103 
transformation, 176, 296 


Elimination, 136, 138, 141 

Equal roots, 449 

Equalities, rules for, 27 

Equation to straight line, 160 
to circle, 47 n 

Equations and Identities, 55 
and Problems, 32, 57,122,216,331 
depending on quadratics, 462 
in two unknowns, 135, 272, 277» 


282 


497 


498 


Equations in three unknowns, 280 
irrational, 358 
literal, 269 
quadratic, 206, 210, 274 
reciprocal, 463 
simple, 25, 57, 98, 118, 172, 269 
Expression, 13, 160 


Factor, 12 
theorem, 304. 
Factors, 178-199, 304-319 
by grouping terms, 180, 307 
difference of two squares, 191, 
195 
sum and difference of two cubes, 
306 
alternating and symmetrical 
functions, 315-317 
trinomial, 183, 310 
Formulae, 4, 242 
transformation of, 252 
Fractions, 112, 232, 320 
Fractional equations, 118, 329 
indices, 346 
Function, 148, 455, 468 
Functional notation, 298 


Geometric means, 433 
Geometrical progression, 432 
Gradient of a straight line, 161 

of a curve, 465 
Graph of a function, 148 

of y — 107, 364 
Graphical solution of equations, 

153, 222, 475 

Graphs, 64, 148, 163, 222, 475 


Harmonic means, 427 
Harmonical progression, 427 
Highest Common Factor, 108, 235, 
325 
Homogeneous equations, 386 
expressions, 292, 386 


Identity, 55 
eny roots, 213, 449 
Independent variable, 70 
Indeterminate equations, 135 
Index, 13, 362 

laws, 103 
Indices, fractional and negative, 


345 
Infinity, sum to, 440 


INDEX 


Inflexion, point of, 469 
Integral algebraic expression, 13 
term, 13 
Interpolation, graphical, 68 
Inverse variation, 400 
Invertendo, 390 
Irrational equations, 358 
expressions, 14 
numbers, 210, 352 
roots, 210, 449 
Irrelevant roots, 265 


Joint variation, 406 


Laws, determination of linear, 228 
determination of y =kx”, 380 
Like terms, 17 
Limit, 440 
Linear equation, 160 
function, 158 
Literal coefficients, 12 
equations, 269, 272, 274 
Locus graphs, 68 
Logarithms, 362-384. 
Long division, 176, 296 
multiplication, 172, 174, 292 
Lowest Common Multiple, 1 10, 235 


Mantissa, 369 
Maxima and Minima, 469 
Means, 421, 422, 427, 433 
Monomial, 13 
factor, 178 
Multinomial, 13 
Multiplication, long, 172, 174, 292 
of fractions, 112, 233 
of negative numbers, 92 
of powers, 101, 103 


Negative divisor, 92 
indices, 347 
multiplier, 92 
numbers, 84 
Non-reversible steps, 264. 
Numbers, ноос 84 
negative, 84 
positive, 84. 
signless, 84 
Numerical coefficient, 12 


Order, of surd, 352 
Ordinate, 152 
Origin, 151 


INDEX 499 


Point of inflexion, 469 
Polynomial, 13 
Positive number, 84 
Powers, 12, 13 
Problems, 32, 59, 122, 143, 216, 
331 
Product, 2, 12, 170 
of roots of quadratic, 207, 45° 
Progressions, arithmetical, 420 
geometrical, 432 
harmonical, 427 
Proportion, 389 
И notation, 316 


Quadratic equations, 207, 210, 
274 
functions, 455 
surds, 352 
Quadratics, equations. depending 
on, 462 
roots of, 207, 450 
simultaneous, 277, 282 
theory of, 449-462 
Quantity, irrational, 352 
Quotient, 3, 170 


Ratio, 385 
Rational expressions, 14 
integral functions, 13, 14 
numbers, 210 
Rationalising denominator, 355 
factor, 355 
Real numbers, 214 
roots, 214, 449 
Reciprocal, 113 
equations, 463 
Recurring decimals, 442 
Remainder, 177 
theorem, 298 
Reversible steps, 264 
Roots of equations, 25 
of expressions, 102, 302 
square, 102, 302 
of surds, 357 
Rule of cross-multiplication, 393 
of signs, 49, 88 
Rules for equations, 27 


Scales, choice of, 79 


» Series, 419-448 


Simple equations, 25, 57, 98, 118. 
172, 269 
Simultaneous linear equations. 
135, 272, 280 
quadratics, 277, 282 
Solidus, 3 
Solution of equations, 25 
graphical, 153, 222, 475 
Square, 13, 174 
root, 102, 175, 194, 302 
Straight line graphs, 159 
Substitution in formulae, 3, 248 
Subtraction, 87, 96 
of fractions, 115, 236, 320 
of negative numbers, 87 
Sum, 1 
of cubes, 306 
of roots of quadratic, 207, 450 
of series, 425, 435 
to infinity, 449 
Surds, 352 
Symbols, 1-3 
Symmetrical functions, 315 
of roots of quadratic, 452 
5 notation, 316 


Term, 13, 17, 89 
Theory of quadratics, 44 -462 
Transformation of formulae, 252 
Travel graphs, 163 
'Trinomial, 13 

factors, 183, 319 
Turning points, 468 


Uniform speed graphs, 163 
Units, 32, 34 

Unknown, 25 

Unlike terms, 17 

Unreal numbers (roots), 213, 44€ 


Value of a letter, т 
Variable, 70 
Variation, 397-411 
constant, 398 
of functions, 148 
Vinculum, 54 


Zero, 13, 93 
division by, 93 
products, 13, 93 


РАВТ 1 


Exercise ra (Рр. 4, 5) 
1. 3 times 5 equals 15. 2. 9 is greater than 7. 3. 25 equals 2:2. 


4. 1-3 is less than 15, 5. x is greater than s. б.у is less than 13. 

7. s equals 7. 8. z is not greater than 1°8. 

9. 15:99 is approximately equal to 16. 

10. x is identically equal to y. 11. c is not equal to d. 
12. The difference between 15 and 11 is 4- 

18. / is not less than m. 14. о is approximately equal to Л. 
15. b times a equals c. 
16. r divided by s is identically equal to t. 17. 9^5. 
18. 0 -8. 19. Y47. 20. 773. 21. (553. 
92. реса. 23. a+b. 24. zy =12, .. Y=4 
95. 2--4-30, г. Z=26. 26. Х-20=16, 2. X=36. 

с х 

27. за, 34, 256, 256, 125, Xy, XY- 28. 2 2 3, 23 Ae 

29. 30x 4=120. 80. Correct. 81. Correct. 39. 113 * 7 =791- 
88. x times 5, 20. 34. x plus 7, 11. 35. One half of x, 2. 
36. x minus т, 3. 37. One half of x, 2. 38. 8 divided by x, 2. 
89. One quarter of three times х, 3. 40. 10 divided by x, 28. 
41. One third of twice x, 28. 42. z times x times 2, 16. 

43. Twice z plus x, 8. 44, Twice x minus three times 2, 2. 
45. z times y times х, 24. 46. z divided by y, $ 


47. The difference between у and 2, 1. 
48. x plus the product of у and 2, 10. 


Exercise тв (Рр. 5, 6) 
1. тї is greater than 9. 2. 5 is less than 6. 
3. 4 times 6 equals 24. 4. 3$ equals 3:4- 
6. vis not less than 1-9. 7. y is less than 11. 8. s equals 14. 
9. д is not equal to 5. 10. 8 divided by 2 equals 4. 
iii 


Б. 2.6 is less than 23. 


IV 


11, 


13. 
15. 
17. 


21. 


12. 
14. 


16. 
И, 


18. 
19. 
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m is approximately equal to 7. 12. c is not less than d. 
The difference between 8 and 5 is 3. 14. e is not equal to f. 
р is identically equal to q. 16. d times c equals f. 
244. 18, Х=7. 19. 2<7. 20. etf. 


Gr. 22. 5550. 88. cd. 24. —=4, /. Z=12, 


. 2X=18, /, X=9. 26. Y -12—8, .. Y=20. 


57, sn Z. 6a, ps, ps. 28. Р 5, 23а, азй,Ё› с. 

112 X 3 =336. 80. Correct. 81. Correct. 82. 20 x 3 =60, 
р times 4, 24. 94. р plus 5, тг. 

One third of twice р, 4. 36. One half of p, 3. 


‚ p minus 4, 2. 88. x plus the product of р and 3, 19. 
. One-third of 5, 2. 40. One-fifth of three times Р, 3°6. 
« Three times g plus twice 7, 23. 42, 15 divided by р, 2%. 


r times р, 24. 44. r times q times 3, бо. 
7 times g times р times 2, 240. 46, Three times р minus twice q, 8. 


. 4 plus the product of 2, р and ғ, 53. 


Twice 9 minus r, all divided by р, 1. 


EXERCISE 2A (Рр. 6, 7, 8, 9) 
(а) 36, (6) 84, (c) таа, (d) 12x. 8, (а) 36, (b) 84, (c) хаа, (d) 12% 


(0209806,0 0. 44050204. 
(а) 240, (Б) 420, (с) бов, (d) 420m. 
(a) 8, (6) 12, (0 65 (4) 2- 7. (0) 3, @ 7, (0 5 @ T 


. (a) 700, (b) 2300, (с) 100g, (d) тоот. 

. (a) т ft., (b) 2% ft., (c) (3-а) £t. 

- (а) (x — 2) ft., (b) (x - 8) ft., (с) (к-а) ft. 

- (i) 4 Jb., (ii) 4 lb., (ii) (ro —x) Ib., (iv) (y -4) 1b., (v) (a-b) Ib, 


(vi) (2P - 30) Ib. 


(2+9) miles. 18. (i) 13, (1) 2+9. 
(i) 7, Gi) s =r. 15. (0) 11, Gi) x -y. 
@ з» ©) 847, (д+-8,(4дз-1 (0350) 3. 


© 6, @ 4C, Gi) P, qv) 22%. 


(i) 72 miles, (ii) 5k miles, (iii) 30N miles, (iv) ab miles. 


(0 (24 —y) years, (ii) 23 years, (iii) (24-x) years; (x-y) years, 
(= — 1) years, (2 =x) years. 


ANSWERS. PART I v 


20. 7 – 25. 91. х-І,х+І. 88. 5. 28. 34. 

24. 11, 8. 95. 4, 11. 26. 11. 2757. 

28. 16. 29. 15. 30. 6. 81. 40. 

89. 6. 88. т. 84. 5. 35. 9. 

86. 7 97. 24. 38. до. 89. 42. 

40. D 240 shillings, (ii) ооо shillings, go 3p shillings, (iv) 94 shillings. 
41. (i) шаг 38, (i) 5N +3, (iii) 12 E 69 — 210 

42. (1) 12 и (ii) 2c pence. 146 (i) 8 miles, (ii) 4x miles. 
44. (i) 3k pence, (ii) 22 pence, (iii) 3c shillings, (iv) xw pence, 


(v) 12 Wb pence. 
(i) ; (180 —х)°; 79°; (180 m 
00 зб, G8 (18 8 Бу и 110°, 78° ; (180 —2)°, 2°, (180 – 2)°, 
(tii) 55°, (то -5)*, (180 - 2x)°, (180 =x –у)?. 


. (i) 55, (ii) 355. аа 47. 5. 
. (i) 46, (ii) тор +g, (iii) 237, (iv) тоор + 10g +7. 


а 2B (Рр. 9, 10, 11) 


+ (2) 3, 0) 7, o2 Tb oË = 2. (а) 64, (b) 96, (c) 16h, Л 48) 
+ (а) 5, (b) 8, (с) = (4) xol 4. (a) 3, ( 8, Os Ор 


‚ @6 @», OE DE 6. @ 32 0 0 8I, G) 240. 

. (а) боо, (5) 2100, О тооз, (4) тоош. 

‚ @ 4 @ 75, (09:29 то I 9. (s +2) miles. 

. (i) 12, (ii) a +b. "AL (a) 2 ft., (b) 4 ft. 1 in., (c) (s ~b) ft 


. (a) (y —3) Ёс, b) (у-13) ft., (с) (y - b) ft. 
. (i) 16 ft., 12 sq. ft. ; (ii) 62 ft., 240 sq, ft. ; (iii) 38 №, 6o sq. ft. ; 


(iv) (2m 4- 2n) ft., mn sq. ft. ; 2 (у) (724 420) i in., 3644 sq. in. 


‚ (1) 16, (ii) 3G, (iii) 72, (iv) 3 

. G) 36 pence; (ii) 2с pence, (iii) 34 pence, (iv) Їл pence. 

+ G) то, (ii) aes e (i) 19, г. 4-с. 

. (i) 8 days, (ii) 222 5° дауз, 89: — >. days, Gy); days. 

. (i) 14 years, (ii) WS -2k) E (t -3) A (12-28) years. 
- (i) 2x ~2, (ii) 2% +2. 21. 1-т. 22. S 


* II, 34. 94. 17, 12. 25. 11. 26. 8 
+ 7 28, 1. 29. 60. 80. 10. 
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31. 6. 32. 15. 33. 22. 34. 11. 
85. 12. 36. 40. 87. 8. 88. 84. 
39. 4. 40. (i) 8h, (ii) 56s, 5 Чауз. 


41. (i) 12 shillings, (ii) 3h shillings. 
42. (i) 30 +12, (ii) 247, (iii) 40 - 6, (iv) 180 - 20. 


43. (i) 2500 shillings, (ii) 10,000 shillings, (iii) 5x shillings, 
(iv) 15y shillings. 
44. (i) 4c shillings, (ii) 6¢ shillings, (ii) 4т pence, (iv) IX pence, 
(v) eZ pence. 
360 46. (1) 36°, r°, 21°, 7°. 
ги (ii) 105°; (180 —7)? ; 121°; (180 —2)°, 2°, (180 =2)° 
(iii) 40°, (65 —2)?, 158°, (360 -y — 2)°. 
47. (i) 93, (ti) тох--у, (iii) 758, (iv) roox+ 10y 4-2. 
48. (i) 125 miles, (ii) 250 hours. 


45. 


EXERCISE ЗА (Р. 15) 


2. 345. 8. abc, ach, bca, bac, cab, cba. 

4. (i) 63, (ii) o, (iii) 7s. 

5. i) 4xe схсхсхс: (ii) з хехе 2xexexc. 6. (i) #5, (ii) mt. 
7. (i) 3x2, (ii) 7c*, (iii) да?, (iv) 863, (v) 378, (vi) 083, (vii) 4x°. 

8. (1) 24, (ii) o. 9: 12. 10. 12. 11. 12. 12. о. 

13. 54. 14. 12. 15. 5. 16. о. 17. 7. 18. о. 

19. 27. 20. 2 21. 14. 22. о. 23. тоо. 24. 7000. 
25. 810. 26. 4 27. о. 28. о. 29. 36. 30. 75. 

31. 11. 88. + 4 84. 122, 35.2. 86. 18. 


Exercise зв (Рр. 15, 16) 
1. 724. 2. par, pra, abr, arb, rba, rap. 4. (i) 5, (ii) v. 
5. (i) 5 xd,dxdxdxdxd; (1) 4 хехехе, 3 хехехехе. 
6. (i) 21, (ii) 76 (iii) о. 
7. (i) 4yto, (ii) 160%, (iii) зт, (iv) 002, W a (vi) 27»^, (vii) Н. 
8. 9 6, (1) 162, (iii) о. 9. 8. 10. 11. o. 12. 
13. 14. o. 15. 14. 16. 4. 17. 6. 18. P. 
19. я 20. 3000. 71. 64. 22. 48. 23.0. 24. т2. 
85. о. 26. 34. 27. 125. 98. 1250. 29. 64. 30, 8o. 
91. 13. 38. 181. 88. 1. 34. о. 85. 23. 86.1}. 
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Exercise 3c (Р. 16) 


1, 16. 8. 70. 3. 3. 4. goo. B. 5. 6. 216. 
HN 8. 1. 9. 9. 10. 36. 11. 190. 12, 320. 
13. 161. 14. 145. 15. зо. 16. 780, 17. о. 18. о. 
19. 2. 20. $. 21. о. 22. 80. 28.1%. 24. 30. 
25. 413. 26. 4$. 97. 2. 28. 1. 99. 4. 30. 12. 
81. 12. 32. 6. 88. о. 84. o. 


Exercise 4A (Р. 18) 


1. 4x. 9. 5у. 3. 6x. 4. 7p. 5. 6m. 6. 6m. 

7. тут. 8. 125. 9. 122. 10. rot. П. 2h. 19, 5X. 

13.27. 14 у. 15:00. 16. x20. 17.6. 18, 8t- 

19. d. 20. за. 21. о. 22. ш. 98, бх. A z 

25. о. 26. 20. 97. 5х. 28. 75. 29. 74. 30. 3, 

сүсэг. 
EXERCISE 4в (Р. 18) 

1175 2. 3p. 8. 4w. 4. rol. 5. 85 6. 8n 

7; 80, 8. 12k. 9. 15v. 10.2Z. 11. 12и. 19. 215. 

13, sX ом 16. tix) 16; хаа) 17; 131 18. 04. 

19. х. 20. о. 21. 74. 22. 4. 23. 4c. 24. o. 

95. би. 98. b. 27. 4h. 98.55. 99.84 80. 7. 

81, 4t. 32. av. 88. o. 34. 70. 385. 530. 36. 145. 

Exercise 4С (Pp. 18, 19) Й 

1,475. а, 8. alm. 4 scd. 5. о. 6. 7x*y. 

7. 11а%?. 8. 12694. 9. даа. 10. 9xyz. 11. 8x. 12. 245. 

13. Sd|-. 14. rit hours. 15. 46x. 16. оз miles E. 

17. 30n/-. 18. 48x pence. 19. 21a in. 20. х/-. 
Exercise 5A (Р. 20) 

1. 2а+6. 2 4а+36. 3. 4х+3. 4. 2xt3Y. 5. с+3. 

6. 4a+3b +1. 7. с+44. 8. 21+т. 9. з/т. 

10, 11, 12. Not possible. 18. a - b. 14. 2a +b +9. 


15. Not possible. 16. 7х -+2. 17. 44+7. 18. 3t. 19. 3Ё-3. 
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20. 65-1. 21.3. 22. 4т-2. 23. 9b +4. 24. 2x +3у. 
25. Not possible. 26. 25 +31, 27. 20x -20y. 98, 35 +21. 
29. 2с. 30. 1--8т 4 1. 81. Not possible. 82. 2xy -3y2. 
88. oab. 84. Not possible. 35. ab +36. 86. sab —ac. 
EXERCISE 5B (Р. 20) 

1. 3c * ad. 2. sa +4. 8. зы +v. 4. 37-45 +5. 

5. 3l - 4m. 6. 2x t4. 7. 375. 8. u 46v. 

9. 25 +29. 10, 11, 12. Not possible. 18. бт + 5n. 
14. Not possible. 15. ro 4. 16. 4и+20+3. 17. 2x - y. 
18. s. 19. Not possible. 20, 3k – 5. 91. 8m – 2n. 
92. 5n. 98, 1--дт. 24. 3v. 95. 424—425. 
26. 3m+n. 27. Not possible. 98. 264212 29. Not possible. 
30. 2cd -- 4ad. 81. 24 +80 +3. 32. o. 33. 4Im - ls. 
34. 2cd+ sc. 85. 743, 86. Not possible. 

EXERCISE 5С (Pp. 20, 21, 22) 
1. Not possible. 2. 73?. 3. 6х2. 4, Not possible. 
. о. 6. о. 7. Not possible. 8. Эр 

9. 20 10. 32. 11. Not possible. 12. st. 
13. 114. 14. 112°. 15. 2x*y - 2xy?. 

16. sst+2s+3t. 17. о 18. sbc — зас —ab. 19. зра. 
20. зх2у2. 91. 5a +2b. 22. (2a +3b) shillings. 
23. (11c +d) hours. 24. (22 +26) miles Е. 


25. (81 +21m +36n) shillings. 
27. (x +9у +52) shillings, 
29. тох pence. 

32. (X 2x) lb., 54 Ib. 
84. (z +7) shillings. 


80. (2x +y +3) in. 
88. 28, 12x - 7, 12x - t. 
35. (2c +44) shillings. 


26. (241 -- 24m) pence. 
28. (167 + 305) feet. 
81. (2a +2b +4) in. 


86. (120 — 25) pence. 


EXERCISE бА (Р. 23) 


1. x? +252 + 4х, 
4. m? + бт? +3т +4. 


7. 11 - 3r 7-7. 8. 38 - 5-61 4 s. 
10. s--4m- 6m? —m?. 11. 3-27 +n’, 
18. 5 +9¢ +32. 14. 8+2 +72, 


16. 3 +2с- +43. 


2. +32. 
5. сі +302 Hye. 


3. за? +a. 

6. 22 43143. 

9. 3x +257 + 5x*. 
12. 3 -t- 5? +30. 
15. 3-- 10d 4 sd*. 
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Exercise 68 (Р. 24) 


1. 42-26. 9, A+22432. 3. 357 +75. 4. 20*+4° +54. 
5. 212 -- 6n 5. 6. 4% +30 +k +2. 7. 53409 —4. 
8. mitam+s. 9. 5 –4х +307. 10. 22° +32? +924. 

11. 8431452 - P. 12. 3 +6с+ sc*. 18. узи +n. 


14. 2+4% +3% 5x5. 15. 7456-20 +6. 16. 1+9h +4. 


Exercise 6c. (Р. 24) 
1. 28 +427 - 3. 2. 6x? +25 +5. 8. тоа? 4 11a +4. 
4, и 3t t2. 5. 9 +39 +1051 425*. 6. 4a 4 3d? +a’. 
7. (а) 11 +5 - 255 +454, 4:5 -28° +S +II j 
(b) 2-512 -- 82 +28, 1+8 +512; 
(o) 1-413339 +04, x* 13x +1 5 
(d) 3 —4x  r1x$ x, x? 1133 4x +3; 
(е 7 —3c t2 458, 568 +20 -36 7; 
(f) з -2y--3y*-F8y*, 8y*-35* 23 T3 5 
(5) 4+3h3+2h°, 2h9- 3h? +4 ; 
(h) 5 —7x –2х2--3х%, 3x* — 2x7 — 7x 5- 
8. (а) 3, 4, 4: (b) 12, 0, 25 (0) 7, 11-15 (d) 0, 9 7; (0) 2а, 34, 3: 
(f) 66, 56,2; (6) 4 11,35 (h) 6, 0, 2- 


Exercise 7 А (Р. 26) 


1. 3. 2. 9. 8. 4. 4. 6. Боз: 6. тт. 
7. 14. 8. 8 9. то. 10. 8. 11. 16. 12. 3 
13. о. 14. о 15.1. 16. 7. 17. о. 18. 16 
19. 2. 20. 13 21. 3 22. 4. 23. 2 24. 5% 

EXERCISE 75 (Р. 27) 
1. я. 5. 520 4. 8. 5. 6. 6. 5. 
Е 8. 28. 9. 14. 10. 33. 11. 56. 19.24 
18. о. 14. 55. 15. o. 16. o. 17523; 18. 15. 
19. т. 90. о 91.2. 22 5. 93. т. 24. 3. 


Exercise 8a (Р. 30) 
1. (i) Subtract 2x from each side, (ii) add 5x to each side, (iii) add 22 to 
each side, (iv) subtract 2x from each side. 
2. (i) Subtract 2x from each side, (ii) add 5x to each side, (iii) add 2t to 
* ^^ each side, (iv) subtract 2y from each side. 
3. 0) Subtract 17 from each side, (ii) subtract 4 from each side, (iii) add 
15 to each side, (iv) add 8 to each side. 
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4. (i) Subtract 6 from each side, (ii) add 25 to each side, (iii) add 12 to 
each side, (iv) subtract 2 from each side. 
bes 6. 2. 7. 4. 8. 1o. 9. 16. 10. o. 


11.654. 12. 63. 18. о. 14. 6. 15. 1-2. 16.53: 


Exercisk 8 в (Рр. зо, 31) 

1. (i) Subtract 3x from each side, (ii) add тох to each side, (iii) subtract 
3x from each side, (iv) add st to each side. 

2. (i) Add 7х to each side, (ii) subtract 4х from each side, (iii) add зу 
to each side, (iv) add 4t to each side. 

8. (i) Add r1 to each side, (ii) subtract 7 from each side, (iii) subtract тт 
from each side, (iv) add 3 to each side. 

4. (i) Add 37 to each side, (ii) add то to each side, (iii) subtract 1 from 
each side, (iv) subtract ro from each side. 


5. 3. 6. 2. 7.0. 8. о. 9. 14. 10. 4. 
EL 25 12, 123. 18. 56: 14. 2. 15. 15. 16. 2-8. 
Exercise 8 с (Р. 31) 
dors. 9. 4. 3. 4. 4. 2. 5. 3. 6. 6. 
28 8. 3. 9. 4. 10. з. 11. о. 12. 2. 
13. 5. 14. 3 15. 3-7. 16. 12. 17. 11. 18. 31. 
19. 42. 20. 3 21. 5. 22. 1. 98. о. 24. 1$. 
25. 28. 26. 105. 27. 12. 98. 3.6. 29. 24. 80.4 
81. 61. 32. 19$. 33. 68. 34. o. 85. 16. 86.6. 
EXERCISE ga (Рр. 35, 36) 
1. 24, 13. 2. 8. 8. 72. 4. 24. 5. 12. 
6. 42, 43. 7. 58, бо. 8. 39. 9. тб, 18, го. 


10. 9, 10, ІІ, 12. 


EXERCISE ов (Р. 36) 
3. 33:16. 2. 6. 8. 40. 4. 36. 5. 15. 
6. 38, 39. 7. 52, 54. 8. 71, 73. 9. 21, 22, 23. 
10. 21, 23, 25, 27. 


Exercise Ос (Рр. 57, 38) 


UT ETE 2. о. 8. 13, 26. 4. А £39, В £24, C £16. 
5. A £25, B £35, С £75. 8. з. 7. A £13 16s., В £12 155. 
8. 26’. 9. то. 10. А 6s. rod., В 13s. 24. 
11. 52°, 52°, 76°. 12. 55°, 55°, 70° ог 50°, 65°, 65°. 
18. 4=84°, B=68°, C=28°, 14. 150°, 112°, 98°. 15. 2 hours. 
16. 400 miles away. 17. 12 m p.h., 9 m.p.h. 18. зо. 


19. 4 £11, B £48, C £35. 20. 80°, 80°, 20°. 
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Test Papers I (Рр. 38, 39, 40, 41, 42) 43) 
A. 1. (i) то, (ii) 8, (iii) 4, (iv) 16. 
2. (i) ба, (ii) o, (8) 3b+7, (v) 3b, (у) 36 (vi) o, (vii) о, (viii) 5%, 
(ix) 7t. 
30404 42". 61 60 Gia 999 (ii) = . 


В. 1. 7а years, 4a years. 2. (i) 15x*y, (ii) да, Gii) ваз. 
8. (i) 43, (ii) 7. 4, 123. 5 5 shillings, (ю -2 shillings. 
6. 3 goals, 9 tries. 
С. 1. (i) 3, (ii) 3, (iti) 4. 
2. 0) = (i) аа, (iii) ast, (у) апа (v) no change, (ҮЙ 2* 
(vii) 4xy +% +29. 
3. Right-angled. 4. (i) 3, (id 4. 5. 8. 
6. Son £175, daughter £525. 
D. 1. (i) Z ii) Gob 9, 2--2x 4-723 F 3x, 7, 2X. 8: ui 
ох а 
4. 46°, 115°, 19°. 5. да? sq. yd., 36a* sq. ft. 
E. 1. (i) 3a?--a--2, (ii) 3 - 3b. 2. (i) o, (ii) o. 
8. (i) 180 - x, (ii) 2. 4. 221. 5. 1300 shillings. 
6. £700. 
Е. 1. (i) 189%, (ii) тоху. 3.3: 4. (i) 14, (ii) 14x. 
5. £1 7s. 6d. 6. 45. 
G. 1. (i) 25N, (ii) 2 репсе. 9. (i) 2a! +209 +a +2, (ii) 156r inches. 
3. (1) 8, (1) 30, (iii) 34, (iv) 21. 4. 615, 68°, 51°. 
5. 5łd., 24. 8. 1s. 11d. 
HOL «(= +2). 9. (i) 3a?b -- 3a? +26, (ii) a +2а% +34. 
3. 66 4. (i) 62, (ii) т. 5. (i) о, (ii) 3. 6. 13. 
І. 1. (i) 25, (ii) тоо, (iii) 1016. 2. (8a +66) miles. 
8. (i) 81$, Gi) 13. 4. (i) 6 + sc — 4, (ii) 24° +7% +3. 
5. 35. 6. 15 cm., 6 cm., 9o sq. cm. 
J. 1. (i) (5x +y) in., (ii) (х +y) іп. 


9. (i) 840-912-373, (i) 2-706. 8. (i)o 96. 
4. 25 m.p.h. B. £233 6s. 84. 6. 65°, 65°, 50° or 55°, 55,70. 
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Е. 1. (i) 24, (ii) 4, (iii) 6. 2. (i) 7, (ii) о. 8. 494° sq. cm. 


4, b+c=a +2. 5. (i) 2uv, (i) yin 4- sl Tm, (iii) 72 — 5%% — xy. 

6. 90°, 70°, 95°, 105°. | 
І, 1. (9k +20) shillings, 2. 0) 735 Gi) (x6a-I-405) в, | 

8. (i) 6, (ii) о. 5. 3472. 8. 64 sq. ft. | 


EXERCISE тол (Pp. 45, 46) 

4. Three times the sum of b and 2 3:21; 

2. a times the sum of c and 33 42. 

8. 8 times the result of taking 4 from а; 24. 

4. Twice the sum of b and 3; 16. 

5. b times the result of taking 4 from twice с; то. 

6. b times the result of taking с from a; 20. 

7. с times the result of taking b from а; 6. 

8. 5 times the result of taking four times с from three times a ; 45. 

9. The sum of a апа b, divided by с; 4. 
10. The result of taking twice c from three times а, divided by b ; 3. 
11. The result of taking twice c from a, divided byb; 2. 


12. The result of taking b from а, multiplied by the result of taking 
from twice b ; 14. 


18. 9. 14. ro. 15. то. 16. 9. 17. 9. 18. 2. 
19. 4. Rp ПВ 28.3. 19405. 
#5. 12#+6(12-1. | 26. 288+(n-144) lb. 97, 12-6 
28. б(т2х+у)—24оз. 99, 40x +18 (7 —x) miles. 

30. «(Р-0) 1b., 0+2=0 lb. 


inches. 


81. (a) 7(a-b+20), (6) (2+8) -(Р+3Т), (0) 125. 


a-b 
(4) 


“4 (à (r-5*. (f) 36(s - 2) +12 (ar +5) +k inches. 
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EXERCISE тов (Рр. 46, 47) 

1. = times the result of taking 5 from x ; 6. 
2. 7 times the result of taking 2 from y ; 7. 
3. 3 times the sum of x and Taos 
4. х times the result of taking 12 from five times Уз 24. 
5. z times the result of taking z from y ; 2, 
6. 5 times the sum of x and 2; 50. 
7. 2 times the result of taking = from x ; 12. 
8. y times the result of taking seven times z from twice x 1767 

. The result of taking four times = from three times y, divided Бух: $ 


US 


. (а) 3c(2a -b). (5) $(X +з). 
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. The sum of x and twice z, divided by y ; 4. 
. The result of taking six times z from three times x, divided by 


twice у; 2. 


. The sum of x and =, multiplied by the result of taking г from three 


times у; 70. 


r3. 14. 25. 15. 25. 16. т. 1701 18, т. 
i. 90. 4. 91. 6$. — 99. 4%. 99. 64. 24. тоо. 
2448 4-136 (n – 36). 96. 12x--6y-- (30 - X – y) pence. 

. (d —c) 1b., S 28. 55t --15(15 — 2) miles. 

. 240r — (240% + 12y +2) - 16 pence. 30. 1536+4(7 – 168) ounces. 


(o 42-36 | 
(d) (44-48, (e) 2(а+8) +(с - d) pints. (7) (52-29 – (x – 39). 


Exercise ІІА (Р. 50) 


1 6. 2. то. 8. 22. 4. 26. 
5. a-b -c. 6. a-b +c. 7. a+2b -c. 8. a4 2b 4 3c. 
9. 8. 10. o. 11. 14. 12. 4. 
18. l+m-—r-s. 14. l+m-rts. 15. 1-mr -s. 16. 1-т-7 +5. 
17. 5. 18. 5. 19. 3a +26. 20. 4d. 
21. 2х +35. 29. 2р—@. 98. s +t. 94, 3-8. 
95. 26 +11. 26. m+8n. 27. да — 2b. 98. 3x +35. 
29. 3c - ad. 30. 5p +24. 31. a-b. 89. 4b —2а, 
33. 3a-2b -c. 84. ух - sy - 82. 85. y46z-3x. 86. 10-c. 
EXERCISE i1 B (Рр. 50, 51) 
l. 24. 9. 40. 3. то. 4. 26, 5. а+Ь-с. 
6. a-b - 2c. 7. a 4b 4 3c. `8. a - 3b 2c. 
9. 6. 10. 12. 11. o. 12. то. 18. c-dt+h-k. 
14. c-d-h+k. 15. с+а-ћ- к. 16. c+d -h +k. 
12387 18. 3x +25. 19. 8k. 20. 143. 
91. zy. 22. k -3l +2m. 28. 4. 94. зх + 6y. 
95. уи +20. 26. ox — 5y. 87. +76. 98. ои — 12. 
29. о. 80, 3a +207. 381. бе -4а. 39. 2а-56. 88. 4S -2R. 
94. х-5у+32. 85. 2x +29 — 72. 36. 12x —8y - 3. 
Exercise 11 (Р. 51) 
1. 25-3. 2 за-2. 8. 26-54. 4, 2x-3*. 5. 2p +4. 
6. 22 - s. 7. Sh —h. 8. 17-4 9. 19—17. 10. m - 2n. 


18. 


.2b-2a. 19. зс-24. 18. 8а -sb 14, oc-b. 15. 2a + 6c. 


4b-4c.  17.2a-4b. 18. 4b +6c. 19. о. 20. 2x +Y +2 
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21. 4a+3b - 4. 22. а. 28. ба? +46? — тїсї. 
24. 2х° +2у? + 322. 25. 2х--2у +2. 26. 2х – бу +72: 
27. 2х +у +52. 98. 2p – 69 + sr. 29. 3a +4b +3с. 
30. x -y - 32. 
EXERCISE 124 (P. 53) 
1. sa 4 5b. 2. 7c * 21. 8. 21 - b. 4. за - ab. 
5. 8a - 6. 6. xz — yz. 7. 15x +10y. 8. 241-325. 
9. за - 6b – зс. 10. 8a + 12b – 8c. 11. 15a -20b +25с. 
12. зр? — pq -2pr. 18. 2ac +3bc. 14. ad - 2bd + 3cd. 
15. 4х7 — 3yt. 16. 5/1 + 3km. 17. х - 3. 
18. 3x -$y +4. 19. 2x? – 6x?, 20. 15xy - 212°. 
91. 5a +13. 22. 13a +18. 88. 47а +366. 24. 7Р--70. 
25. 55 +52 +251. 26. зху +302. 97. ay? + 13у +6. 28. 6x? + т5х. 
29. 2х + то. 30. c+2d. 
EXERCISE 12B (Р. 53) 

1. 8+4y. 2. 3c - ad. 8. 10+2k. 4. 4c-cd. 5. ad cd. 
6. 12 - 9l. ў. 155-251. 8. 28u +120. 9. 7x + тду +212. 
10. 12x — 18y - 242. 11. 4x? xy - sxz. 12. 28x —24у – 202. 

18. 4s? + sst. 14. заи – би. 15. 4ms — зти. 
16. 2ах – зау + дах. 17. 3c? – 6c?d. 18. ix -2. 
19. Ч +4. 20. 8ac--8ab —12a*. 91. sx +31. 
22, 43x +75. 23. 48а +346. 24. 34P +270. 
25. 61 + 6m + sIm. 26. 5c? + тоса. 27. 112? - 8t. 
28, 43a? + 42a. 29. oy +1. 30. би + бо. 
Exercise 12c (Р. 54) 
1. rot+on. 9. sx +4у. 3. a — 5b. 4. 2x—-5y. 5. 5а-6. 
6. 8x –4у. 7. 12a! + 10a + то. 8. гоа? – 62. 
9. A+A. 10. 13 - 157. 11. 14 - 16x. 12. 29 — 3a. 
18. 2a? - gab +Ь°. 14. 2a? — 3ab - b*. 15. 2. 16. 4. 
17. 81. 18. 02. 
Exercise 13А (Pp. 55, 56) 
1, 42x23. 9, а, 8. 3x +20. 4. ос+20. 5. 5+4. 
6. 4. 7. х+1. 8. х-1. 9. зх-т. 10. 7х-1. 
11. да+15. 12. а-6. 18. 23 -14x. 14. 322-24. 


15. 
19. 
28. 


18x - 11y. 16. то - 84. 17. 8u - rov. 18. 15v —6u. 
Identity. 20. Equation. 21. Equation. 22. Equation. 
Identity. 94. Identity. 
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EXERCISE 13 B (Р. 56) 
1. e -3. 9, 19x +16. 8. 362 +4. 4. 2x +9. 
5. 41+18. 6. 13x +4. 7. а-3. 8. 8a - 1. 
9. 2a t2. 10. a +36. 11. їта-4. 12. 16a —4. 
13. 34x -25. 14. 46-1. 15. 27 - 18x. 18. 1122 - 17c. 
17. 11a - 1ob. 18. за - 14b. 19. Equation. 20. Identity. 
21. Identity. 22. Equation. 28. Identity. 24. Equation. 
Exercise 13€ (Р. 56) 
1. 5-а. 2. sb -2c. 8.2s-4t. 4 81—25. 5. 15d - 6c. 
6. 24c -15d. 7. 3k +51. 8. sa - 12b. 9. тос нас. 10. 47 — 21. 
11. 35 -3a. 12. 2. 13. с +cd?. 14. $-xy* 15. 2х -x*. 
16. o. 17. а? +4ab -a. 18. 11x? + 6x – 4xy. 
EXERCISE 14A (Р. 57) 
2:6 2. 4. 3. г. 4. т. 5. 5. 6. 5 
7. 3 8. 6 9. 3. 10. 7. 11. 4. 12. 2 
18. 3 14. 6 15. 3. 16. 2. 17112159 18.3 
Exercise 14В (Рр. 57, 58) 
1.7.» 9. 2 8.72: 4. 8. b. 2. 6.3 
7. 8. 8. з. 9. 2. 10. 3. 1 23. 19. 15 
18. 3 14. 11. 15. 5. 16. 4. 17.02: 18. 3 
Exercise 14¢ (Рр. 58, 59) 
1. 25. 2. 2. 3. 1. 4. о. B. 11. 6. 22. 
7. Үл» 8. 8. 9.1 10.3% 112 124. 
18. 17. 14. 62. 15. 9%. 16. 6. 17. зз. 18.1%. 
19. 25. 290.21. 21.0. 2.1. 2.3. 988 
25. 14. 26. 5. 27. 1. 28.20. 29.58 90. 8. 
31. xj. 82. 5. 33. 318. 34. 127. 85. 113, 36, 17. 
Exercise 15A (Р. бо) 
L п. 2. т2. 3. то, 11, 12, 4. 24, 16. 
5. оо, 6. 6. 45 years. 7. 8 years. 8. 43 years. 
9. 36 years. 10. 42 years. 
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Exercise 15 в (Р. 61) 


1. їг. 2. 4, 5, 6. 8. 12. 4. 44, 28. 
5. 84, 8. 6. 32 years. 7. зо years. 8. 14 years. 
9. 30 years. 10. 48 years. 
EXERCISE 15 с (Рр. 61, 62, 63) 
12:19: 2. 12 turkeys, 38 chickens. 9. 112. 
4. 8. 5. 21 hours. 6. 14 ins., 22 receipt. 
7. 5 miles. 8. 22 hours. 9. £5r. 10. A 4/8, B 3/10. 


11. rst 37/6, 2nd 21/-, 3rd 10/6. 
13. 14. 14. тї hours. 


12. 116°, 116°, 116°, 96°, 96°. 


15. 116°, 128°, 116°, 128°, 116°, 116°. 


16. One penny. 


17. £36. 18. 2 hr. 48 min. 
21. 2s. 22. 40. 


Ё 


26. 2 mile, 97. £210. 
29. 125°, 116°, 125°, 58°, 116°. 


125°, 149°, 125°, 71°, 125°, 125°. 


19. 26 years. 20. 22. 
23. 31 hr. 
25. 45 years. 
28. X £1 5s.; Y £3 155. 
30. 2s. 6d. 


EXERCISE 16A (P. 71) 


The independent variable is : 
1. The date. 
8. The time of day. 
6. The age of the males. 
8. The day of the month. 


2. The number of yards. 
4. The day of the month. 


5. НР. 
7. The speed of the train. 


. 


Exercise 168 (Р. 71) 


The independent variable is : 
1. The date. 2. The time of d. 
4. H.P. 
6. 'ТҺе day of the month. 
8. The length of the pendulum. 


Take г inch equal to : 


ay. 8. The number of shillings 


5. The number of years. 
7. 'The date. 


EXERCISE 17A (Р. 71) 


1. 2 units. 2. 10 units. 8. 20 units. 4. тоо units. 
5. те unit. 6. тоб unit. | 7. rooo units, 8. 20 units. 
EXERCISE 17B (Р. 72) 
Take = inch equal to : 
1. то units. 2. то units, 8. 40 units. 4, 50 units. 
5. $ unit. 6. 25 unit. 7. 500 units. 8. 20 units. 
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Ехексізе 18А (Рр. 72, 73, 74) 
1, (i) June and July, (ii) Nov. to Feb., (iii) Jan. and Dec., Feb. ana Nov, 
no. 


9. (i) 4, (ii) 1928, (iii) 1932, 1933- 

3. In millions approx. (i) 292, (ii) 3185, (iii) 328. 

4. (i) 7s. 3d., (ii) зз. 3d., (iii) 298., (iv) 348., approx. 

5. (1) June, (ii) Feb. 

6. P=26'7 is wrong, P=28 is correct. Yes. £26, £31, £365. 

7, (i) June, July, Aug., (ii) Jan., Feb., Dec., (41) Apr., Oct. 

8. P=(i) 55 Gi) o4, Gi) 148; E=(@) 186, Gi) 234, (8) 248; 
W =(1) 56, (ii) 38-5- 


Exercise 18 в (Рр. 74, 75, 76, 77) 
1. (0 July, Aug., Sept., (ii) Арг, May, Ось, Nov. Below freezing 
point. No, 
2. (i) Jan. and Mar., June ; (ii) June, July, Aug. 
8. In millions approx. 20, 45, 115. 4. £138, £198, £242; 11. 
5. (i) £156, (ii) just over 28 years. 
6. Yes. P=13-3 is wrong, P=15 is correct. £12'8, £22'5, £36'5- 


7. (i) Dec., (ii) April. 8. £686, (93:2, £168. 
Trsr Papers II (Pp. 77, 78, 79, 80, 81, 82, 83) 
А. 1. (i) 34, (ii) 18, (iii) 16. 2. (i) тїз, Gi) 8. 
$. 72°, 72°, 36°. 4, A 45S; В 153. 
5. Length 6”, breadth 2”. 6. (i) a+b —9c, (ii) бох — бу –21%. 
В. 1. (i) 12, (ii) 36, (iii) зо. 9, быт. 8 49. 


4. (i) $x +4y, (ii) 8х -8у-38. 5. Cup is 1s. 9d., saucer 13. 3d. 
6. 42, 113; 119, 34. 
0; 1. зай — i58? ~ 120" 4-34, 3, за. ® Оо 
4. 46°. B. 125. ad. 6. Yes; 37:5, 309, 21 years approx 
D. (i) 3x-&11y - 132, (ii) 21a +b. 3. (i) 3, G) 4&- 
4. 12 miles. — 5. 45. 6. (i) 2a years, (ii) (60: +4а- 12) pence, 
E. 1. (i) s, (ii) 15, (iii) 22. 9. (i) тух - 4y - 112, (ii) 26-44: t9- 
3. (i) ар, Gi) 2. д. 160°. |. В. 72 Years, 12 years. 
6. £18, £35, 275-5. 
Т.12» 236 зоо Е ОИ ОО. 
6. (i) Identity, (ii) х=6, (iii) ж =з, (iv) Identity. 
G. 1. (i) and (iii), 2. (i) 13, (2 3. (1008ac + 11040) pence. 
4. (4x-+14) in., 2, 22 sq. in. 


5. 271 men, 219 women, 56 children. 6. 5s- od., 48. 11d., 48. od. 
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H 1 2. 9. (i) 17x —27, (ii) 31a*. 8. (i) 4, (ii) x. 

4. (i) roe +8y shillings, (ii) 27, 29, 31, 33, 35. 5. 19. 8. 120, 
І. 1. 3502, 735: 2. (i) 15, (ii) 0°67. 9. (зи +7v) pence. 

4. 14. 5. (i) 04-70, (ii) 6B +3B? + 9B’. 

6. 8 years, 5 years, 2 years. 
J. 1. (сх +dy) miles, шу hours. 2. (1) 735, (ii) 4. 


5 
8. (i) 16, (ii) 16. 4. C £18, D £22. 
5. (i) 235 — 99, (ii) 5А1-28. 6. 121 lbs., 173 lbs., 22 Ibs. 
Е. 1. (i) 8c5, (ii) 34b +тос - 7a. 2. (i) 5b —2а, (ii) 6x? -- 20xy*. 
8. (i) 5, (ii) 2:4. 5. (i) x —2, (ii) Identity, (iii) Identity, (iv) 2—2. 
6, зов, 155., 7s. 6d. 
L1. шал шин ша 2. (i) 4a — 145 + sc, (ii) 3x -2y - 22. 
3. 99°, 141°, 99°, 141°, 99°, 141°. 4. (i) 2, (ii) о. 5. 240 yards 
6. (i) 28-2’, (ii) 42:2". 
EXERCISE 19 A (Р. 85) 
1. (i) Take £x out of the bank, (ii) a rise in the temperature of x°, 
(iii) х minutes before midnight. 
2. (i) A rise in the temperature of p°, (ii) put the clock back р minutes. 
(iii) go on p yards. 
3. (i) (+6), (ii) (-8), (iii) (+10), (iv) (- 10). 
4. (È (+3650), (ii) ( – 1300), (iii) (+2840), (iv) (- 2863). 
5. (i) Bradford is то miles west of Leeds, (ii) the clock is 5 xninutes 
slow, (iii) the barometer has fallen 2 mm. 


EXERCISE тов (Рр. 85, 86) 
1. (i) Put the clock on у minutes, (ii) go y miles East, (iii) a decrease in 
salary of £y. 
2. (i) Put £ż in the bank, (ii) sell ¢ Ib. of sugar, (iii) my employer owes 
me £t. 


8. (i) (+50), (ii) ( - 20), (iii) (+ 110), (iv) (-42). 

4. (i) (+40), (ii) ( - 8), (8) (+24), (iv) ( - 336). 

5. (i) The school is 42 ft. above sea-level. (ii) The price of tea has 
gone up 2 pence per Ib. (iii) The population of England has 
increased by 2 per cent. 


EXERCISE 20А (Pp. 89, 90) 
1. (0 (-6°), (ii) (+45), (ii) (+ 20°). 
8. (i) (+6°), (ii) (- 30°), (їй) (= 20°), (iv) ( —4°). 
8. (i) (-а) sh., ( 4 12a) sh. 4. £(-9). 


> 


оо 
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„ Gained £( +30); lost £( —30). 

„ (+16) m.p.h., (—20) m.p.h., (—78) m.p.h. 

. (i) (= 20), (ii) (-2), Gii) o, v) (—4), (v) (74), (vi) (~ 18). 

. (i) (+2a), (ii) (-гоа), (iii) ( — 48), (iv) о, (v) (739) (vi) (-120. 

. (i) (+2), Gi) (- 5), Gii) (-7), Gv) (— 14), © о, (vi) (-4. 

. (i) (-2), (ii) ( 12), (89 (+6), Gv) (-2), (v) (+12), (vi) о. 

‚ (i) (-173), (ii) (+7%), (ii) (-30, Gv) (722 (у) (+140), (vi) (-9. 
. @ (+10), (ii) о, (iii) (-а1), (iv) (+9), (v) (+2), (vi) (73). 


EXERCISE 20B (Pp. 90, 91) 


- (i) (+12°), (i) (—44°), Gii) (-23°), v) (795. А 
‚ (i) (12°), Gi) (0°), Gii) (+239). 8.0)4(-58, Gi) £(+ 80). 


£( - 20). 5. Gained £( -35) ; lost Д( +35). 


. (+17) m.p.h., ( 2 18) m.p.h., (-45) m.p.h. 

- (i) (-6), (i) (+2), Gii) (20), (іу) (+4), (9) о, (vi) (729). 

(1) (- 6x), (1) (+22), (iii) (-г00, (iv) о, (v) (-54), (vi) (-5d). 

. © (-11), (ii) (+15), Gii) (- 14), Gv) (719), (у) о, (уй (+7). 

- (i) (+5), (ii) ( 16), (iii) (-6), (у) (+18), (у) (= 7), (vi) (+13). 

‚ (i) (—2u), (8) (+90), Gii) (+152), Gv) (= 152), (у) (+ 2m), (vi) (~ 1799. 
. (i) (+52), Gi) (— 11), (8) (+7), 09) (35), (0 о (vi) (+7). 


Exercise 20С (Р. 91) 


‚ (i) (— 22), (ii) (+ 10%), (8) ( — зу), Gv) (+1149), (у) (-509), (vi) o. 
. (i) —9, (ii) -4, (iii) т, Gv) -4 (V) -4 (vi) - 12. 

- (i) -т2, (ii) —21, (ii) -8, (iv) то, (у) -10, (vi) o. 

. @ a-8b, (i) 6y-2x, Gii) 25-44, (iv) 207-40, (v) 57-19 


(vi) xy — 3x?. 


e (3х -тох-4, (ii) -2x*-2x +5, (iii) –тох? + 6x -8, 


(iv) -3x*-k2x -13, (у) —3x*—5a7 +7% +2, 
(vi) — 303 — 3a? 4-11. 


- (i) 12-14% —5x%, (ii) 5 -2% + 6x3, Gii) -114-78-1125, 


(iv) 9 -rox — 232, (у) тт-тәж+х%—42°, (vi) 3 - 4X. +32" 


- (i), -a -2, (ii) -d, ii) -3, Gv) a -2b +9, (V) 3-22 (Vi) -4t 
. (i) -a*-4x, (ii) —4x*-3x-2, (8038-35 09- 


a? - ба - 8, 
(у) o, (vi) 3b — ба -76. 


Exercise 21А (Р. 93) 


. (-21). R (+18. 308). (12), 68 (24) 
10 (939). 7. (-39. 8. (+29. 9 (+34). 10. (-49). 
16. 


(-18).  19,(-3o. 13. (+60). 1&(-5. 199. 
(+6). 17. (225, 18, (-3) 19. (+12). 20. (-3). 


ESSENTIALS ОЕ SCHOOL ALGEBRA 


» (+2). 22. (-6). 23. (-4). 24. (-16). 25, (+6). 


28. (=3) 27, (+6). 28. (18). 29. (-12). 80, (+4), 
31. (+8). — 82(-6. 388. (+16). 84 o. 35, (+3). 
86. (-т2). 87.0, 88. (-24) 39. (-8). 40, (-8). 
41. (+9). 49. (+36). 

EXERCISE 215 (Р. 94) 
1. (-28). 8. (+28). 8. (-28). 4. (+12). 6. (-12). 


e (+12). 87. 25) 28. (-5).  99.(-3) 80. (+20). 
‚ (+4). 32. (-13). 83. (+13). 34. (-10). 35. (-3). 
. (+15). 87. о. 38. (-20). 39. (-64). 40. о. 

‚ (+24). 42. (-1). 


. (+28). 7, (-х2). 8. (+20). 9, (-20). 10. (-48). 
. (-99). 12.0, 18. (+132). 14. (+14). 15. (+48). 
С С. 20. (316) 


(=2); 22. ( - 6). 23. (-8). 24. (+6). 85. (+15). 


Exercise 21c (Р. 94) 


1. (+9). 2. (-8). 8. (-60). 4. (-1). 5. о. 

6. (+144). 7. (- 14). 8. (-7). 9. (+2). 10. о. 
11. (-3). 12 (-2). | 18. (+21). 14, 0. 15. (+1). 
16. о. 17. (-3). 18. (-1. 19. (+1). 20.0. 
21. ( -2). 88. (+13). 28. (-4) 94. 12y —2x. 25. —2s -2b 


8a – 9b. 27. 7s +t. 28. -s-7t. 99. 155 — за. 


. IIU —IIZ. 81, 5y - 5x. 82. 5х2 -4x —3. 33. да - 3b. 


EXERCISE 22А (Pp. 96, 97) 


1. 5a * 4b * 3c. 8. 15x 5y - 72. 8. 3b —2с. 
4. 151 — ттт — 8n. 5. 7xy - yz. 6. 3p -2q +27 +35. 
7. -K -4. 8. той 4-6, 9. 2? 71 -2. 
10. ума +2 -8y, 11. саад Axy Дх, 12, -4 -2t 428 01 45 
18. (i) 2a - sb. (ii) за —6b. (iii) sa +95. (iv) a+4b. 
14. (i) r-4s. Gi) 47868. (iii) 5r — ss. (iv) 6r – 8s. 
15. (x. (ii) -3x-kzy. (Ш) —5x. (iv) — 5х + 16y. 


16. (D -3a*3k )c-4d (iii) —зх+4у. (v) -y gx. 

17. -x-3y -2z. 18. x - 5y - 3x. 19. зр +79 - 3r. 

80. 6a +36 — sc. 81. 6xy-syz--7my. 99, x3 x! 2. 

93. x -x* x 2, 94. x! +209 + 542 —дх. 95, — 3436 + заь? +25. 
86. 3-k2a-24! –24, 97, У +22, 28. за? — 4b? + 3c*. 


ANSWERS. PART I xxi 
EXERCISE 228 (Pp. 97, 98) 


‚ 7х +6у. 2. 51. 3. а+Ь+4с. 4. 3a t 2c. 

. —5ab--4ca. 6. 7b trs. 4. 2X Ех. 8. 2+3 - 5. 
. ба“ +а?. 10. 8c* — 5c? t 4c* + ac. 

. га? +2ab3, 19. 3:25. 

. (i) за+14Ь. (ii) аа +30. (їй) за-Ь. (іу) 7а - 9b. 


14. (i) -2х. (ii) -2х+14у. (iii) 4x. (iv) -3% +37. 
15. (i) —sa+sh. (ii) 2с-134. (iii) –7х+7у. (iv) -3%-32. 
16. (i) 37-45. (И) 4r-6s. (11) 37 +145. (iv) 2-75. 
17. -2a 5b - 4c. 18. 27. 19. 82 - 14m + 3n. 
20. 4ab + 2bc + 2ca. 91. ab — 7с. 99. 2cd - 7. 
98. 3a'b + бар? +65, 24, 3х2 - 2x!y - 2xy* +2. 
95. -3 -5m - 3m? + 2m*. 90. -x* 7x +4 +55 +3. 
97. x +2y 4-82. 98. -4x' +2y* £82. 
Exercise 23A (Р. 99) 
1. -: 8. -2. 8.6. 4. -9. 5. 5. 6. 6. 
7. -6. 8. -2. 9. 4. 10. 7. 1L -11. 18. о. 
18. -15. 14. -3. 15. -8. 16.3. 17. 2. 18. -3. 
19. 4. 90. -2. 21. -6. 22.0. 98. -4. 94. -4 
EXERCISE 23 B (Pp. 99, 100) 
Д. > 2. 3. 8. -r ф 1]. 5. -6. 8.7. 
14:73: 8. 5. 9. —то. 10.0 11. 3. 12. -5. 
18. —2. 14. -24. 15. -12. 16. 2) 17. -8, 18. 25. 
19. -4. 20, -8 21.16. 2% -:8. 2.0. 94. $. 
Exercise 23 С (Р. 100) 

1. -6. 9. -18 8. -r. 4. -4. 5. -3. 8. -7. 
7. o. 8. -4 9. 2. 10. -3. 1. -2. 12% -2 
18. -2. 14. 2 15. 13. 16. -18 17.3% 18, -22 
19. -4. 20.2. 21. 3 99. -1 98. - 94. -21. 
25. -2. 26. о. О xs 28. 2. 29. —т. 30. -16% 

81. -5. 89.5 33. -5. 34. -3. 85. -98. 86, о. 
Exercise 24А (Рр. 104, 105) 
1. (i) за, (0) b, (1) i (iv) 44, (v) x5, (vi) ж", (vii) 25, (viii) да, (ix) 5% 


(х) 2°, (xi) di d, (xii) ху, 


„ (i) хт, Gi) а, а, (iv) бху, Е (vi) авс, (vii) a5, (viii) a, 


(ix) a, (5) 4x8, (xi) аа, (xil) 38 


. (i) 1208, (ii) зе, (18) 4456, (iv) 8 ын prp ий p^ (vi) 6p*, (vii) 2a", 
i Ч 


(viii) 18, (ix) x, (x) x°+2x, 


ххїї 


4. 
5. 
6. 
7. 


2 


1. 


2. 


8. 


ESSENTIALS OF SCHOOL ALGEBRA 
428 =, 54 


а 
оо ag а ает xtytet, 
х а а 
=! +26, +5 be 


825 8 
баай! өү 252, 419 
4X, *7Y » 125 B 


2a, 2 Е ЕЕ SN et 
4 3 


х? 
РНЕ Ке 
ус 


› —а°, Bpr’. 


. (i) 24а56%е, (i) та тб, (1) гаад, (iv) -4803, (v) —т8ах?у%, 


(vi) —a5bxty, (vii) 21a7b%ct, (уш) 10a*b%ct, (ix) ба, 
(x) –24а°18, (xi) аз, (xii) x15, 


EXERCISE 24 B (Р. 105) 


« (i) 563, (ii) 688, (ii) №, (iv) x*, (v) xt (vi) 4d--1, (vii) a5, (viii) c, 


(ix) 95, (x) abc, (xi) su*, (xii) а-а 
(i) 48, (ii) №, (iii) 20cd*, (iv) аз, (v) a*c*, (vi) xos*z*, (vii) x?, (viii) 8, 
(ix) 19, (x) 365, (xi) 3a*, (xii) 505, 


. (i) тос, (ii) 2°, (iii) 8x*y*, (iv) 73, (v) биз, (vi) 1-74-02, (vii) u*4- 5i? 


(viii) =з (ix) тог, (х) 4h, (xi) 8158, (xii) os*. 


46 la, 23 = 95°, 81544, Ло дїрвүз, 


10354 9 
a, 3x, 1, Lgs. у СР? 
+=, ge + ina КЕ: 


2753 


. 1258, 848, 222) 2 —015, 2579642, 


64 


. 3m, = — 227, vE —4M^, M5. 
- (i) 28a*r's?, (ii) 563, (18) 13563, (iv) 244894, (v) — abc*d*, (vi) 18a°b%c, 


(vii) 214965c*, (viii) —roa*b*, (ix) —т$а*%?, (x) 42a!*b9, (xi) 275, 
(xii) сю. 
Exercise 24c (Р. 106) 
(0 48, (i) x9, (ii) 38, (iv) —2£2, (v) алу?а, (vi) —x*^yz*, (vii) ау? 
en Я Rie TA a 8a 2: E 
(viii) x*y*z, (ix) айл, (х) a (xi) — (xii) PE (xiii) x*, (xiv) ^ 


(xv) 8” (xvi) -m, (хуй) baxt, (xviii) оа%5‹8, 
LI 
(i) 5a?b*e, (ii) зах, (iii) -2°, (iv)2K*, (v) -x$ (vi) -$ 
бї) Š (viii) a; 


4) тах, (ii) за 4-да3, (1) 2 (iv) 3a — 4x3, (v) 243, (vi) x, (vii) 48, 
(viii) o, (ix) 1347, (х) дох", (xi) 8, (xii) 3x7, (xiii) 32a, (xiv) - 245, 


> 


ANSWERS. PART I 


(xv) к (xvi) 2a, 


(xx) 4, (xxi) 26 


a Gee 
(xvii) 28 


E 


(xviii) 253293, 


(xix) ЫН 


(i) M. 4 d Ns (iii) 6ab5ct, D, e 2, (b) 3, (с) 7, (d) тоо, 


(v) 4-80958, +2a°b*, (vi) 4a9b*, 


EXERCISE 25 А 


(Pp. тоо, 108) 


4a +166 — 12c. 2. -15a+35b+10c. 8. 2х?у + ax3y* — arty? 
- 4a*b + баб? + xob?. 5. зоа — 18a* — 3643 + 12a*. 
. — гари? + glm* 4 21Im5. 7. ЧА +5816 —25%%. 
зач + ga3b* — ga°b? + 3ab*. 9. a - 3b. 10. -a+5b. 
‚ 5x —7. 12. -2x +9. 13. 2a - 6b. 14. 2a - 6b. 
— 3247. 16. -a+b—-c. 17. 7x — 11. 18. их -13. 
| 268 —44%. 20. а? – sab. 
‚ -аФ -abt +a*b® — а}. 22. -4a +6b 4 9c. 
Exercise 25 В (Р. 108) 
ба +42b — зос. 2. —6a 156 - 9c. 3. за? + ба?Ь + 3ab?. 
бху? + 9х?уз — т2х3у4. 5. 2atb +за% — sa*b. 
. 4005 — 2544 +2053 – 3558. 7. —2а% + 12236? — 244363 4-1бай. 
. — а%% 4-а%5 – 2754. 9. 2a - 6b. 10. -за-+126. 
. -9% +5. 12. 7x – 8. 18. за-126. 14. -2a +7. 
. 159—0. 16. -4a43b-c. 17. 17x -23. 18. -2x! +7у?. 
. 2x2 - 7xy. 20. -2d?-3c'd. 
— за +26 + 4c. 99. -x33-y*! +ху. 
Exercise 26 А (Pp. 110, 111) 
ab. 2. за? 8. ху. 4. 22. 5. 8. 6. 2ab. 
ab. 8. xy. 9. за. 10. x. 11. 3. 19. с. 
xhy, 14. xyz, 15. axty. 16. ба. 17.1 sabt. 18. тоРти. 
бохух, 20. 12a?b*. 91. 859. 
. боа?6с. 98, 120!'z?. 24. 2оиЧ®. 
Exercise 26 в (Р. 111) 
ху. 9. ab. Эл 
ab. 8. 28. 9. 8?. 10, z. 11. wt 12. 4b. 
a?p?, 14. зви?. 15. сї. 16. 21a°be. 17. гох2у. 
21ix*y*, 19. зот. 20. 24a*b*c*. 91. 24x*y*. 
36a*. 98. r2a?b*. 94. 24x*y'a^. 
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EXERCISE 26 c (Р. 111) 

1, aw, 9,7 нэ. 8. sab. 4. xtyt, 5. 7x3. 6. 60k, 
7. 6ox*y?z?t, 8. 2In?n. 9. боҝ5. 10. 6боад 363, 
ll. rxz. 19. 7xyz?*. 13. Н.С.Е. she, L.C.M. узара, 
14. Н.С.Е. y, L.C.M. 28x%y822, 15. Н.С.Е. az, L.C.M. аЗхуЗад, 

16. Н.С.Е. 2a%d?, L.C.M. 120a5b°c?d5, 


Exercise 27A (Р. 114) 


1. 3. 22. вм a z БҮЛ 23 
тв: og, э uy LË 18.3, 
13, зт. 14, =. Бока: ay, ED за. 
19.1. т 23 0 28 ры M È. 
25.5. 0.5. 07.9". мм. 
| ЕхевсіѕЕ 27B (Р. 114) 

Lko асат ы а = 64. £l 
7. 2-3 8.69. 9.22 10.3. ш. amm = 
м м” 45 -: 1.275. 17.5, зв, 2 
19.40. 29.59. 81:20 9.5. 83. =. 94. зу 

25. а. — 98, =. 97, x 98. 28. 


EXERCISE 27 С (Р. 115) 


1 4тх z 3v? 21d*m 52. 
Ес ааа! xe бр UD eX 
зас. 370 ху 25 х гу? 
ах м ruo 
e gb? a 23 14m 
39 620 СА Ка? 528 14m 
s udo M gy 1E 16. 200 


ANSWERS. PART I хх» 
Exercise 28А (Р. 117) 
1.0) 5 » (ii) ЗЭ (iii) >. » v) pe 2. (i) d (ii) e (8) =’ (iv) = 
Е ре? 
8. (i) 5, (ii) 55, (iii) 
: a, (iii) 


€ Sisk 


4. 0 2. Gi) » v) 


5. (Qr E » (ii) = 3t » (iii) 24 23, v) w- 3x. 


6. ofa Le зе qi: 23 E we ze, 


7. (i) = °з, @) © ©, (iii) 


aeti EG бан 
ЧУ a . 


8. 0) pt | Gi) SE ice (ii) 40 224, Gn тала, 


3c WU *-2х+т' 4. abe ох? + 18х т. 
9. (i) eI E (ii) 227: ‚ (iii) *— a » (iv) CE Eee 


ю- е, 


10. (i) ° = (ii) о (ву 292, Gv) 


ц. () 2 22,0 па 15, (99 = „оъ; 


12. 073,9 Pe шалт T 2%, (iv) 1- 2T 


Exercise 28 B (Р. 118) 
1. @ 2 z (i) 2 Em is isd (02 


8. G) 1, Gi) a, Gi) x 


1 s ЁЛ 


2. 2 Бү ШЕТ 17 6i) 2 12 nee a 


4. (i) 5 » (ii) 22 = a see 2, (iv) 
d Gy) m 


5.0) =, (ii) 18 B (iii) 


6. (i) ә, @) s 7х (ii) 9- 7, Gv) ЕЕ 7х, 
cab - 9b? 
7. (i) «зета, (i) Зе A 23 ү = ah 
1) sm сайт Е 


ў ха RY а- „n би WHS 
ва, SAM, qiy 8, Шр ae 
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532810: 4 16—-3X 2. I5*-IIX 15у -26x. 
9. (i) тш (ii) Fag? (ш) 58 (iv) F 
+) 17-84 4. 14-38 ... -4а-: , 9-142 
10. (i) 2-4 (ii) ar (iii) at (iv) m 
-25K 
3o 


sa I 4. 27-56 
» (ш) Б (iv) Goa 


10) 9—34, (i) 23:25, (у 27 лын E 
2m +28 
I5 


12. (i) m 28000) 


Exercise 29A (Р. 121) 


Tro: 2. 15. $. -35. 4 -12. 5. г. 6. -ту. 
7. -т. 8. 11. 9. 18. 10. 4. 11, .2. 12,5. 
13. 12. 14. 2. 15. s. 16. -т. 17. -16. 18. -2. 


Exercise 29 в (Рр. 121, 122) 
1. 35. 2. 48. 8. -6. 4. -5. 5. -4. 6. 12. 
7. 9. S r0 79. =г. "10. -7. 112750, 19.3, 
18. 1:5. 14. -8. 16. о. 16. -9. 17, -17. 18. 9. 


EXERCISE 30А (Pp. 123, 124) 


1. 6o. 2. 28. $. 45. 4. 5 miles. 5. 6. 
6. 33 miles. 7. 3:5 miles. 8. 7.5 miles. 

9. £20 at 3} per cent., £40 at 5 per cent. 10. 36 miles. 
11. £75 at 6 per cent., £110 at 5 per cent. 12. обо. 


Exercise зов (Рр. 124, 125) 
1678: 2. 84. 3. 55. 4. 33 miles. 5. 9. 
6. ro miles. 7. £60 at 3 per cent., £40 at 5 percent. 8, 28 miles 
9. 45 miles. 10. 360. 11. 400. 
12. £160 at 2$ рег cent., £180 at 41 per cent. 


EXERCISE зо C (Pp. 125, 126) 


1. 6 Ib. 2. 12s. 3. 110. 4. 560. 5. 32. 
6. 264. 7. 2s. rod. per Ib. 8. 132. 9. 240. 
10. 252. 11. 48. 12. £1 7s. 
Test Papers III (Pp. 126, 127, 128, 120, 130, 131, 132, 133, 134) 
A. 1. (i) о, (ii) 3x, (iii) 3x*. 2. (i) -24, (ii) 72, (iii) —32. 
8. Н.С.Е, sab?, L.C.M. s2sa?b*c*, 4. -2p +44. 


5.) -5, (i) -4. 6. 16. 


юн рен 


ANSWERS. PART I xxvii 


. (i) -21, Gi) -9, (ii) - 212. 2. (i) зи, (1) 4x, (iii) 355. 
. (7 74x — 322, (ii) 12% -y -2. 


Yes ; 411, 31:9, 2478 years. 5. (i) -4 (i) -Ё 6. $ mile. 
(i) 5x? + 26xy — тоу?, (ii) 254. 


‚ у=их. (i) 5 hours after leaving P he is 150 miles N. of P. 


(ii) 3 hours after leaving P he is до miles S. of P. 
(iii) 4 hour before reaching P he is 25 miles S. of P. 
(iv) 1 hour before reaching P he is 1o miles N. of P. 


80) “220032 4. (z а-15ь +) “ШШ, 
= Em 
5. (i) NT wa 6. (i) -78, (ii) — 198, (iii) 38. 
D. 1. (i) 8a, (ii) x -y - 2. 9. (i) 65, (ii) 13x - 52. 
3. (i) 13, (ii) тт, @ 289. 4. (i) S5 (ii) -3. 
5, 60 gallons, 6. (a) No, (b) 477 1b. 
Е. 1. (0 са, (ii) -3, (iii) - 16a. 8, (i) тт - 6x —3х°, (ii) 49 + бху. 
8. (i) 14, (ii) -31. 4. (i) -4% (ii) -7 
5. (i) -9x?-9x-9, (ii) —5x* - 5x +17 6. 43% miles. 
F. 1. 7,055009 ВОО О 
3. даз - 140° — баб? +10b%, - 66%, -6,6. 4.58-а-8с 
5. тах. 6. 16. 
6. 1. бу. 2. Н.С.Е. =8а%, L.C.M. = 3226а%%‹®. 
3. (i) 2a - 2x, (ii) 2 +k. 4. (i) 7, (i) -15. | 
5. After 4$ hours. 6. (i) 645 c. in, (11) 217 Ib. per sq. in. 
Н. 1. (i) 2a -7b +26, (ii) 7Ётт. 9. 0) 85, (ii) 9% (Їй) 154, Чу) 6i. 
8. Н.С.Е. заху?, L.C.M. 36a*x*y*. 4. 11 hours. 
5. -1}. 6. 3775 pence, (120 – 3775) pence. 
І. 1 (за -b +156) shillings). 9. (i) 4, (i) -125, (iii) — d, (iv) 24665. 
3. (i) 12y - 3x - z, (ii) 7 - 72 — 7X. 4. (i) 12, (ii) o. 
5. 12 geese, 9o rabbits. 6. (i) 11:57, (ii) 377 gallons. 
J. 1. () 29a - sob, (ii) 21 Gii) === 8. 13у - 48x. 
8. гох + 12y +242. 4. (i) 2, (ii) 393 5. (i) -х, (ii) 13. 
6. 4 miles. 
К. 1. ой, дла, (ii) -5x°-7x° +11% +8. — 9. (i) -35, (0) - 18. 


8. 


SOUS Ed aa 25а - 36b 
(i) EM (ii) бза’ (iii) TA 
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4. (i) 169, (ii) — 19, (iii) 35, (iv) $, (v) — 65. 
5. C £18, D £22. 6. (i) 7,875 Ib., (ii) 63'5 m.p.h. 
un SIM LE I 
L. 1. (0 ai @ ^. (ii) -L. 
8. (i) Н.С.Е. ab, L.C.M. 140°b*x?", (ii) 12a? — 285b +9672, 113. 
8. (i) 3a +3b --2c, (ii) – зар. 4. 33 hours. 
5. (i) -% (i) S 6. 65. 
M. 1. (00 -6P —4R, (ii) 2c - d 3e. 
2. Н.С.Е. oz, L.C.M. 2268m?n*. 8. (i) abc, (ii) 2 +з. 
4. (i) 0°67 ft., (ii) o-87 ft. 5. X оз. 2d., Y 2s. 1od., 2 4s. 7d, 
6. 4. 
М. 1. (0 (зба -85b +620) pence, (ii) ( -b Ке 
9. (i) 3s? -22st +2t?, (ii) ба — 2x. 8. 120. 4. (i) -2, (ii) +. 
5. (i) 7xy'z*, (ii) x2xty*. 6. (i) - (ii) 3-25n. 
P. 1. (i) 2p +24—8, (ii) 9 - 2t -2 +8444 +8, -т. 2. 2% +y. 
8. (i) 2, (ii) 4. 4. 1st horse £44, 204 horse £42. 
5. (i) - x4, (1) —3x19 (11) – 2а2с8. 6. 255 sq. in. 
Ө. 1. 0) за «35 sc, Gi) 4(2:59). 
2 
8. à) -38, Gi) -эх4 (ii) me 
9. @ Н.С.Е. ху, L.C.M. 722'p*s*y*, (ii) — 1354, (iii) 20, 
4. (i) -3, (ii) 213. 5. Father 58 years, X 30 years, Y 28 years. 
6. Q) 2255, Gi) а+4зь. 


PART It 


Exercise 31A (Р. 138) 
(The values of the unknowns are given in alphabetical order) 


аи. 2. 12, X2. 8. 3,2. 4, 3,2. B. 7, 9. 
8: 5575: Я I2 15: 8.1932 10. 12, 4. 
11. 14, 13. 12. 9, 11. 
Exercise 31B (P. 138) (See note at head of Ex. 31 a) 
1. 14, 3. 2. бут. 8. 7,7. 4. 2, 4. 5. 4,3. 
6. 5, І. 7. 2, —4. 8. 9, 1. pu ET 10. 8,2; 
11. 12,32. 12. 5, -2. 
Exercise 32A (P. 141) (See note at head of Ex. 31 8) 
1. 2,3. 9, —3,5. 3. 7, 2. 4 =з, 356-63 
6.3, —4. 7,011, 31- 8. 11, -то. 9. 14,26. 10. 8, -13. 
1L. $, 4. 12.2, -4. 18.3, =. 145.259. 1525-9 
ExrrcIsE 32B (P. 142) (See note at head of Ex. 31 a) 
А5, 8. 33, 51. gue. 4, —9, -2. 5. 12, -15. 
8; 5, 3) Я. -1h 1k 8 -$, -15 9. -$,21. 
10, 3, -2 11-53 19$1-i 181, -th 14 2, -4 
15. І, - 


Exercise 32C (Рр. 142, 143) (See note at head of Ex. 31 a) 


13 55, 2. -2, 3. 3. -Lhs 4145 5. 8,2. 

6. -2, -5. 7. 16, -4. 8. 3,0. 9. 3, -Ё 10. x5, 6% 
11. -3,2% 12. -83,2. 18. 14, -ł М. 1. 15. 14 r2 
16. 3, 7. 17. 2:14, 0:63. 18. rgo, 141. 19. -425, —1°32. 
20. 3:87, 1°44. 21. -0'28, 0°81. 99. -2471, 24'14- 93. 6. 
95. o. 96.2, -9. 88. 3,13. 80. 2, -55 -11, st. 

82, 55-9; 3 = 36, 
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EXERCISE 33 A (Рр. 144, 145) 
1. 63, 29. 2. 45, 36. 8. Cow £18 ; Sheep £5. 


4. Table £7 10s. ; Chair Дт тоз. 5. 5d. 

6. Теа 25. 64.; Coffee 2s. 7. 36. 8. 27. 9. 45. 
10. А 43 years, В 36 years. 11. 43 years, 8 years. 
12. 43 years, 8 years, 6 years. 18. 4. 14. 3. 
15. a=14, b6=4}. 16. 12, 190. 


EXERCISE 33B (Pp. 145, 146) 
1. 73, 22. 2. 55, 42. 8. Horse £25 ; Cow £14. 


4. Tea 1s. 6d. ; Coffee 2s. 4d. 5. id. 

6. Apples, 4d. ; Plums 3d. 7. 9s. 8. 35. 9:27; 
10. A 16 years, B 5 years. 11. 43 years, 7 years. 12. 45 years. 
18. 35. и. н. 15. X 105°, Y 60°, Z 15°. 


16. A £20, B £48. 


EXERCISE 33 С (Рр. 146, 147) 


1. A 15s., B 18s. 2. P 105°, О 35°, В 40°. 
8. 12 shillings, 4 half-crowns. 4. 30 gallons. 5. 21 hours. 
6. 23, 277. 7. l=35,m=1}. 8.84. 9. £15 тоз. 

10. 43 m.p.h., 32 m.p.h. 11. 40 apples, 20 реагз. 


12. 42 pears, 72 bananas. 18. 1i hours. 14. 36 eggs, 48 oranges. 
15. 3d., 54. 16. 80. 


EXERCISE 34A (Рр. 154, 155) 


Some of the following answers have been obtained by calculation, 
and have been given to a degree of accuracy which cannot be expecte 
from the graphs. 

5. (i) 400, 200, 1338, тоо, 80, 662, с m.p.h.; (iii) 76:9; (v) 18; 
(viii) (а) very small, (5) very large. 
6. (0 653, 114 ; (ii) 23, 4:6; (iii) 655, 34 ; (iv) 188, 53. 
7.0) -53, 042. —152; (ii) 3-6, -o6; (iii) Е; (iv) 28 or 02, 
4:46 (Yes, — 1:46), no solutions (No). 
8. G) 26 and o4; (ii) 3:8 and —o:8; (iii) 15 and 5; (iv) 47(-17 
is outside the range). 
9. (i) 2:3 and —о.8; (ii) $ and 2; (iii) 2-8 and — 1-3 5 (iv) 1-9 and -о4 
10. 33, -2:8. 11. No solutions. 12. 2, -їз. 
13. o24, -о 84. 14. 1-85, - 135. 15. -34, -0:6. 
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ExERCISE 34 B (Рр. 155, 156) (See note at head of Ex. 34 a) 
5. (i) 29:4, 98:6, -16:6: (ii) 4:87 and олз, 3:29 and 1:71, 5'15 and 
—o'15; (iii) 150 ft. above the ground, 2:5 sec. ; (iv) 5:56 sec. ; 
(v) 5-05 and -0:05, #=5'05 and -0:05; (vi) 4-2 sec. approx. 
6. (i) 23, —0-95,15; (i) 0, 3; (iii) -12: (iv) 2-86, 0-14 ; no solutions ; 
5:6 (Yes, —2:6). 
7. (i) олот c.c., (ii) 4-8 cm., (1) 133337 c.c., 20 ст, (iv) 7:2. №. 


8. (i) +2774, (1) 53:87, (11) 1°87, (iv) 274. 

9. (i) —1-9, rs, (8) -0:86, 0°46, (Ш) —о:2 and —-o, (iv) 0'29, -0:60. 
10. 177, -777. 11. -г, 26. 12. o2, —1°2. 

18. 2:6, -2'1. 14. -24, -o'1. 15. 1:32, —0:57. 


Exercise 34 C (Pp. 156, 157) (See note at head of Ex. 34 a) 

1. 3:45, —1-45. 2. (2, 0:4); (-r3, 173). 

3. (а) -2:14, 1:64; (b) from x= -2 to 155. 

4. (а) From x= —1:87 to 054 ; (b) from x= -2 to o; (c) -2:52, 1119. 
5. –2:686, 0:186. 6. Between 2:86 and - 1'19. 

7. (a) 5:36, (b) 6, (c) between —1'45 and 3°45. 

8. (i) --1:90, (ii) from x= -2 to — 0778 and from x —1:28 to 2. 

9. 0-79 and -3:79. 10. (3:37, 1493) ; (0:83, -0:535) 
ll. oj; between 0.54 and — 5:54. 
12. Negative between x = —2:67 and x 21:87; —5'16. 


18. 6:46, -0'46 ; 12. 14. A =x? +(6 -x)?; 0°88", 512°. 
16. 3-46 ft. 
Exercise 35A (Р. 162) 
7. 3. 225 16. 121 
я 8. Е 9. о. 10 : 6 
18. 3. 14. -2. 15. 3. 16. о. 17. -3. 18. -$. 
Exercise 35 в (Р. 163) 
% c3. 8. Ө 4% 1019; 1.0 1.5 
4 6 5 2 
18. 1. 14. -3. 15.0 16. -2 1% -$ 18 -& 
Exercise 36A (Рр. 167, 168) 
1. 16$ miles from 4, at 12.35 p.m. 
2. 36 miles from the starting point at 1.24 p.m. 8. 54 miles. 
4. After 21 hours ; after 2} hours and again after 2$ hours. 


5. (а) тоо miles, (b) 4:3 min., (с) 5:3 miles, (4) 74 m.p.h. 


K y. 


m 
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15: Cire? BV 7. то m.p.h., 8 m.p.h., 11.30 a.m, 
390 units. 9. 1o miles. 18. 40, бт. 
8$ miles from A at 12.12 p.m. 


EXERCISE 368 (Pp. 168, 169) 
її miles at 11.22% a.m. 2. 50 miles. 


(i) то miles from the start, (ii) 5 m.p.h., (iii) 2 hours and again 
3 hours after the start. 


4. 36 miles. 5. (i) £104, (ii) £329. 
6. 7 ft. per sec., 59 ft. per sec. $; 14 m.p.h., 33 m.p.h. 
7. (а) About 55 min., (6) about 4:6 Km., (c) about 19 Km. рег hr. 
8. 100, 72. 9. 20 m.p.h. 18. 41 miles. 
EXERCISE 37A (Рр. 170, 171) 
1. -8x* 6x? + 14x? - 2x. 2. .– 40 t 1ot +6. 
8. 3a*b — sa?*b? — заб, 4. —6xty + gx*y* + т5х*%у% — gy 
Б. 5x* -36x —32. 6. 252 —4. 7. тох? – 48x +54. 
8. 3x* +2му - y. 9. за? — 7ab — 65%, 10. 6 - 1x14 +3. 
11. ё-иа, 18. 2a‘ -a*b* —10b*. 18, бх* —x%y* — 12%, 
ЕхЕвс1зЕ 37 B (Р. 171) 
1. 8x? — 6x? — тох. 8. —152+35/-5. 8. — 2с34 + 4? — 3cd*. 
4. —6cid + 4с%2% — 8с143 + сай, 5. 1552 4x - 6. 
6. 3x* - 25x +28. 7. 41 — 49. 8. sa? + 7аб — 6b. 
9. 2x? — sxy +32. 10. 15 - 13u * zi. 11. x* —45*3*; 
12. rox — rrx%y? + зуй, 18. за — 7a?bc — 65*c?, 
Exercise 37 с (Р. 171) 
1. x- 73? + 13x —4. 2. 127. 8. хэ – 3x%y + gay" =y". 
4. 18 — 2722 + 16cd* — да, 5. 9s? — 36527 +4751 — 20%. 
6. 4 —5x - 23x? + 6x8, 7. 2a^ – 7а? + 15a? — тта +10. 
8. 15x* — 18x — 1638 +30% — 15. 
9. –16/5 +2424 – 3023 +212 +4t-3. 
10. 2151 — 23x — 23x? +11% — 10. 11. sx? + гух? — 9x - 36. 
12. за? +7ab +52, 18. 3x? - 8x +15. 14. x? +y’. 
EXERCISE 38A (Р. 173) 
1. x* + sx 46. 2. #4+4t-21. 3. 2431 - 10. 
4. c -4c -21. 5. P —31- то. 6. d! - 1od +21. 
7. b - 66 ~ ss. 8. km--ok -8т-72. 9. tw st - 50-25. 
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п? -ion +25. 11. бху —9x--10y -15. 19, 6х? —тох +15. 


‚ бх®—х—15. 14. rac? -7cd - 1od?, 15. 355% -11st -той. 
. 62 —31lm +18m?. 17. 3558 —395t--10f*. 18. 12c*-23¢cd + 10d?. 
. 3552 --x1s£ — 1013. 90. 6/2 --23lin - 18m?.. 91. 6P -23lm -18m°. 
. 3553-3952 +102. — 98. 12c? -7ed – 1od?, 24. ба“ + sa?b* — 6b*. 


25, 2a! — 7a?bc + 52°. 26. бай — sa*b* – 60. 27. дай + 4a*bc — 15b?c*. 
28. ба! — тта?Ьс — xob*c?. 29. -2a^- sa?bc 25820, 
80. ба“ — 13a?b? + 66. 
EXERCISE 38 B (P. 173) 

1, ха 10x 521: 2. ха +3х — 10. 8. а? +за - 18. 

4, y? -3y - 10. 5. 12-31-18. 6. x* - 5x +6, 

7. u* — 16; 8. ab -3a-* 10b -30, 9. т? - 6m * 9. 
10, yz-9y--82 —72. 11. ба? -134-5. 18. 6cd —2c - 15d +5. 
18. ба? — 13a — 5. 14. да? —34ab -8. 15. 7x? ху — 6y*. 
16. rax! +8xy —15у?, 17. даз --3448-88, 18. 12x? —8xy — 15°. 
19. од? + 38а +8. 90. ух? —1sxy —18y*. 91. да? — 38а6 +8Ь%, 
22. тәх* —28ху +1551. 98. 21x? —заму +1297, 
94. 8x* — 22x*y* +2544, 95. —6x*--25xyz -24y%2", 
26. ох? + 21xyz - 822°. 27. 8x* — 2x*y* = 15y*. 
98. —6x? -7xyz +245228. 99. 8x! --2x3y* — 1594, 
80. 15x? +46xyz + 16y*2?. 


Exercise 38 С (Рр. 173, 174) 


1. -26. 9, +29. 8.8. 4. 6. B. -то. 6. 21. 
7. 47. 8. 6. 9. o. 10. -144 11. oc -16c* -8° —т, 
19. т- 5 + той? = rok? gk! -Ё8. 13. —35 +229 +239" — 109" — 354. 


14. 3x7 + ox* + 20x" — 34x* — 3453 — 19x* +41% +20. 

15. 4 — 12x + од? — 8x? + 123 --4x*.. 16. 6x +04 - 71x? +781 79x — 105 

1^ 18; 25) 19. 9. 20. 1. 

21, -4. 92. 3. 98. 3. 24. -i. 
Exercise 39А (Р. 175) 

1, а ах +. 8. 4-F 4x +e 8, с? +6c +9. 

4. 4x? + 12x +9. 5. х? — бх +9. 8. b^ -2bc c. 

7. 36 — 12x +x. 8. 92 — 61 +1. 9. 16x? —24х +9. 


. 4è -124-+04%. 11. ga!-k3oab +256, 18. ох? – даху +49". —. 
. 812 +72 --x6m*.. 14. ох? – 6oxy + 100y*. 15. 455 +2054 +25)". 


25а –2оа? +44. 17. 49-426 -oc*. 18. осі + 64+ 4%. 
а-да? +45 90, gat - xax*y! 49%, 81, дай - 2odbc +25000, 
b 
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4a*5--12a3b* -9b*. 98. 
gatb? — 42a*bc* + 49c*. 


16x5 — дох? +25. 
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24. 36 — 6ox* +25, 


26. 81a‘ + 72a5 + 16a*. 


27. 25c! +6065 +3668. 28. 252 — 12064? + 144d". 29. 40804. 
30. 168100. 81. 39601. 82. тогоо:25. 88. 9900°25. 
34. 1010025. 85. 2520-04. 36. 2490-01. 
EXERCISE 39B (Р. 175) 

1, b +2bh +h2. 8. 25 + 10x + x?. 8. 1 +14t +40. 

4. of? +6t+1. 5. 16 - 8a +a. 6. 64- 16t +. 

7. s - 2rs  r*. 8. да? - 12a +9. 9. 2522 - 20x +4. 
10. х5-8ху +16y?. ll. 9а? -30ab +256. 19. 4x? +28ху +49)". 
18. 64° — 8ойт +25т?. 14. 16x? +24ху+9у?. 15. 4x! —4x%y? yt. 
16. gxt — 6x? +x?, 17. 4-36х° +8154. 18. 250 — rocd? +4. 
19. +4 — 27252 +54, 20. 254? + 20а6с +46. 91, c* – 6c*d +924 
22. 2585 — уон? +49. 98. хе +442? +428. 94. 4x* — 20x*y* +25y% 


. 47254 — 36752483 + 8128, 


26. 9 —42a* +4908. 


27. 25/2 —7obn? + дот“. 28. 4х“ +20х5 +2556. 

29. 93025. 30. 41209. 31. 98or. 32. 420-25. 

33. 380-25. 84. тоогоот. 85. 1648-36. 36. 1584:04. 
EXERCISE 40A (Р. 177) 

1. -7а+96. 2. -2c%+3ed. 3. -7x ках. 4. 3Ё—2т®. 

5. 1-7. 6. а-12. 7. х+13- 8. k+4. 

9. а+2, rem. 2. 10. 2x +1, rem. —2. 11. 22-1, rem. 3. 
12. x - 5. 18. -7с +5, rem. 10. 14. sa -2b. 
15. i? - 6t 4 5. 16. x? c 4x - 21, rem. - 5. 

EXERCISE 40B (Р. 177) 

1. -а+35. 9. -4е+34. 8 -p-qtr 4. -sx'v ge 

5. 4-3. 6. c-4. 7. 1-13. 8. 3x *2. 

9. 5% +1, rem. -6, 10. 3a - 2. 11. 5+8. 

12. 2x +3, rem. - 12. 18. 3c -7. 14. -2a-7. 


12. 
14. 


x? — 5x +6, тет. — 4. 16. 9c? ++ gc +5, rem. 20. 
EXERCISE 40 C (Р. 177) 
2x - 1. 2. 1-3x. 8. 3a +5. 4. х? «3x +2. 
4X +3х-2. 6. 23 -z4r1 -7, t +2t +3, rem. 31t +15- 
7а? + 5а — 3, rem. — 39а +19. 9. 3х2 - 5x — 1. 
502 --2c - 3, rem. — 10c -- 10. 11. 3x? -4x +1, гет. -2. 
8x* +3% +2, rem. 2x +2. 18. ба? + 7а6 - 502. 
2x! 2x, rem. -9x +5, 15. 3a* - 40°, rem. 3ab? — bt, 


3x*y(y -3 -3°). 


. 76®4(‹® — 2са —74?). 
. а? (a? — sa*b + 10ab? ~ 1ob?). 
. xy (8x — 5x* + 3y?). 


. 7a* (2a -b -k 4b^). 


‚ (c d)(s +2). 

» (c - 3d) (2a? +7). 
. (u 4- v) (a b). 

. No factors. 

‚ (x-y)(x-t2). 

. (ac - 1) (b +1). 

. (3x = y) (х +257). 
. (aè -- 2) (a — 1). 


« (=m) (x+y). 
» (w+) (5-9. 
+ (и =v) (x +y). 
. (2 +m?) (5 +4%). 
- (b +c) (b -d). 


5. 2x3 (x* - 3xy –у?). 
8. ax(ax —by — cy). 
11. No facto: 


18. за(а? -3a -30). 1 


EXERCISE 42А (Р. 182) 
2. (s?) (a - b). 
5. No factors. 
8. (x у) (с - d). 
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EXERCISE 41A (P. 179) 
„ 3(3a +b). 2. 2c(sc — 6). 8. z(z -1). 4. No factors. 
. 3c(c +d). 6. x(x +y). 7. x*(x - 2x). 8. бх(х +3у). * 
. x*(x +2). 10. sc'(1—-4d). 11. 12a(1 -3ab). 12. No factors. 
. No factors. 14. 2(х-2у +2). 15. 6a(a* -2а+4). 
ASI 17. 10,500. 18. 42,000. 19. 16,500. 20. зоо. 
47436. 
EXERCISE 41 В (Р. 179) 
3(6с-54). 2. 2t(7t-10). 3. 2(32-1). 4. No factors. 
r(r + 5s). 6. x(x – 25). 7. 338 — Р). 8. 5l(l- 2m). 
. 54 (25 — x). 10. b? (24а? — 355"). 11. 7x*(1 + 6y). 
. 17t(1 —4tw). 18. 7(k -31 - 4m). 14. No factors. 
. No factors. 16. 19,500. 17. 14,040. 18. 11,000. 
. 127,600. 20. доо. 21. £18. 
Exercise 41 С (Pp. 179, 180) 
+ 7% (x? — 2x7 +3). 2. а(а? - ab -b°). 8. 3c(sbe - 35% - c°). 


6. No factors. 

9. 7 (ab - 2bc – Зас). 
rs. 

4. No factors. 


^ (a -b)(3 - 9. 
6. (5+1) (ху – 2). 
9. 3 (x? +5?) (1 +2а). 


11. (a - b) (k +1). 12. (4-4) (с - - 
14. (51 4-3) (L-- m). 15. $+0(4-0. 
17. (+4) (4-3). 18. (x-»)(2x +2). 
20. (zx? -3)(3x —5). 21. No factors. 
28. (6+2) (4-5). 24. (2 - 3%) (5 -5)- 


EXERCISE 42В (P. 182) 


2. (c - d)(a - b). 8. (и +40) (3? - 2). 

5. (4+5) (2ab — 9). 6. No factors. 

8. (р+9) (c * D). 9. (t - 2)(m - 5). 
11. No factors. 18. (y - z) (m +n). 
14. (Ат +D(km+n). 16. (2 -¢)(d +0). 
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16. (b -- d) (2b +c), 17. No factors. 18. (x +1)(1 - £y). 

19. (2a — 5) (a? -- b). 20. (41+ 5m) (3/2 — 2m?). 
21, (t - 1) (2 +3). 22. No factors. 23. (s -x)(3 -). 

24. (7 *-x)(2 - y). 

. EXERCISE 42 C (Рр. 182, 183) 

1. (254 -x + 5) (33 +7). 8. (3x? - 2x + 4) (ay — 52). 

8. (x? -2x 7) (за - 2b +40). 4. (4х -3y +72) (1-зт - 2n). 

5. (x 7) (3x* - 5). 6. (7х-5) (м -2. 7. (dl - d) (dl - o). 

8. (дах -b)(bx —4a). 9. No factors. 10. (x* +) (a? - b). 

11. (a +b)(al+bm+e). 19, (2c -1)(c - d--x). 18. (a - b) (al -bm +0). 
14, (2c -1)(c+d+x). 15. No factors. 16. (2x - 52) (x -y +3). 

EXERCISE 43 А (Pp. 185, 186) 

1553. 2. 8,3. STATS 4. -8, -3. 5. None 

в =, —2. бо 9. 8. -7,6. 9 -9,5. 10.7, -6. 
11. -9, 7. 12. 9, -5. 18. None. 14. 16, 3. 15. 8, -5. 
16. 16, -6. 17. 15, 3. 18. 3, -3. 19.4, -14. 20. 11,8. 1 
21. -22,-4. 99, 11, -6. 28, 3, -6. 24, -6, —3. 25. 3, -16, 
26. 16, 6. 27. Мопе. 28. 14, 4. | 

Exercise 43 в (Р. 186) | 

15:20:27: 2. 6, 7. 8. 9, 5. 4. -6, -7. 5. -9 -5 

бо 8. -3,8 9. 11, -2. 10. 5, -8. 
ll, —1::,2. 19, 5, -3. 18. 6, 3. 14. 8, 5. 15. 6, -16. 
16. 5, -8. 12. 9.17 18. 3, —15. 19. None. 90. ~16, -3 
21. None. 22. -16,-6. 93. т, -9. 94. -3,6. 25. 16, -3. 
28. -3, -15. 27. 11, -8. 98. 14, -4. 

EXERCISE 44 А (Р. 189) 

1. (2x t 1) (x +1). 8. (2d - 1) (d +3). 8. (3t 4-2) (t +1). 

4. (2a -3)(a — 1). 5. (2x -3y)(x-2»). 6. (3a -2) (a - 3). 

7. (2c - x) (c +5). 8. (2x -5y)(x +9). 9. (3-2) (+3). 

10. (3=+4)(=-2). 11. (52 +9) (32-20). 12. (за +8)(a- 1). 

18. (2 +36)(1-2c). 14, (3-44(1-42 15. (3 +x) (1 -3%). 

16. No factors. 17. (a +2)(a- 5). 18. (a 4-5) (a +2). 

19. 2(x -9y) (x —7y). 20. No factors. 21. (2x? - 1) (x? – 2). 


. (2a +66) (a — bc). 


23. 3(k — 8) (k +7). 


. 3(a —7)(a +9). 


25. («-5y)(x-8y. — 28.9(t-2)(t-6. — 27. (4-5: (1-250): 
28. s(a—8b)(a--7b). 29. No factors. 30. (4 — 555) (1 ~ 28y). 
31. № factors, 32. (81+ ут?)(1—т?). 83. (2x + уг) (x - 358). 
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EXERCISE 44B (Рр. 189, 190) 
1, (3x 1) (x 1). 2. (3t +2) (t +2). 8. (2c t x) (c 4). 
4. (2х ~y) (x ~ 55). 5. (2c - 1) (c -2). 6. (2a — 5) (a - 2). 


8. (st - 1) (t +6). 9. (за — 2b) (a +b). 
11. (15s —2)(s +1). 12. (sa — b) (за +26). 
14. (2+5) (x +4). e (2-51) (1 +k). 
17, No factors. 18. ( -x 4) (x +5). 
90. (2ab - c) (ab +2е).. 91. (2х? — т) (x° +1). 


7, (3t - 1) (t +2). 
10. (2d ~ 3) (d +1). 
18. (2 - 3x) (x - 22). 
16. (х+1)(х+7). 
19. No factors. 


29. (2х2 - 5y?) (x? ~ 351). 28. 7(х+2)(х -6). 24. No factors. 

95. 4(а+85) (а +76). 26. (2c +7d)(c-4d). 27. (да – 7b) (a +25). 
28. (8-2)(5-2). 29. 5(p -7q)(b -8q). 90. (4a 4 7bc) (a +266). 
91. (8-7ab)(x -ab) 99. (4-52*)(x-22?). 88. 3(c* -c - 63). 


Exercise 44 (Р. 190) 
2. (3c - 5) (c +6). 
5. 3(5a - 2) (a 7)- 
8. (7l m) (31 - 2m). 
11. (2a 4 1) (a - 8). 
14. No factors. 


8. No factors. 

6. (21 2t) (x =t). 

9. (4c — sd) (ac - 24). 
19. (4x +5у) (7x -3). 
15. (7b +4) (3b - 24). 


« (га — 1) (a - 8). 

« 3(6x +т) (x +7). 

‚ (3t +5) (2+6). 

. 3(5А +7) (2k +3). 
. (3 + 5xy) (5 — 3x»). 
. (45-5)(3х--2). 1%. (20-3) (121-7). 18. (5-30(3 = 50). 

. (7а +5) (4а +55). 90, No factors. 21. (п +1) (и ~ 21). 

. 7(3х ~7y) (2х +y). 98. 4(2а –30с)(5а – 6bc). 

(2х –3)(12х -7). 85. (5+43)(4-53). 26. (21a - 2b) (a - b). 
5(3-2р) (7+ 56). 88. No factors. 29. 2(3x +7) (2х - 5). 


. 2(6d +1) (d - 7). 
4(x +7) (х-3). 
(5x +25) (x +75). 
3 (14A -F x) (k -2). 
No factors. 

4(5¢ +7) (26 - 3). 
No factors. 


ВЕРЕЗЗЗЕЗЕВЕЫЕБЕЗЬН 


31. 2(7a* -1) (a +7). 82. (х+9)(х - 10). 

84, 2(5 +4) (4t* - 5). 85. No factors. 

87. 3 (5m +6) (am - 3). 88. 5 (за +2) (а —7). 
40. (ax? — 3) (я +10). 41. 5 (2x -5)(3х -75). 
48, (7c +4) (с +74). 44. з(бт - 7n) (2m -n) 
47. 2(sx - y)(x - 21»). 


46. No factors. 


Exercise 45A (Рр. 190, 191) 


1. (a 4 1) (a +2). 
4. (s ~ 152) (s - t). 
7. (a — 2) (a +1). 
10. (n — 5) (n4). 
13. (a + 4)*. 
16. (x - 4у) (x - 7»). 
19. (a — 8b) (a +35). 


2. (а+4)(а +3). 

5. (d - 4)(d -1). 

8. (h -2)(h +5). 
11. (m - 6) (m +7). 
14. (7b +c) (2b c). 


17. (1 - 12xy) (1 --2x). 


20. (1 - 7A) (x - 9M. 


8. (c 6d) (с +34). 
6. (x -4)(x - 5) 
9. No factors. 
12. (x -4)(x +3), 
15. (-7)(2 +3) 
18. No factors. 
21. No factors. 
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22. (11 -2)(1 +2). 93. (х-8)(х-17). 24. No factors. 
25. (у-6=) (у - 172). 98. No factors. 27. No factors. 
28. (a+9c) (а - sc). 29. (1 + 5ху2) (1 +7хуз). 80. (t- 13) (Е+6). 


EXERCISE 45 В (P. 191) 


1. (b 3) (b +1). 2. (n 4) (n 4-2). 3. (d -- 6k) (d +7Ё). 

4. (y -2)(y -3). 5. (x -5)(x-2). 6. (m — 5n)(m - 3n). 

7. (2-4) (x +1). 8. (y - )(y +3). 9. (x +3)(x - 1). 
10. (r3) (t - 2). 11. (x-6y)(x-3y) 12. (b-15)(b +1). 
13. (x -3) (x +7). 14. (d - 5y*. 15. (z -6)(z +4). 
16. (x --3y) (x +85). 17. No factors. , 18. (x +7y) (x - 45). 
19. (7+25) (2-55). 20. (cd--4)(cd +11). 91. (c - 12d) (c - ad). 
22. (a--23b)(a— 3b). 98. No factors. 24. (1 +85) (x - 17k). 
25. (т -13x*)(1--sx?). 96. No factors. 27. (с+27)(с —3). 


98. (x +132) (х —7y2). 99. (h+ 11) (h -8). 30. (2° +5) (6 —7). 


Exercise 46 А (Рр. 192, 193) 


1. (a 4 5) (a - 5). 9. (cd -4n)(cd -4n). 3. (3 +75) (3 - 7b). 

4. (7 * st) (7 - s). 5. (x +1)(x - 1). 6. (2d 4-7) (2d - 7). 

7. 25(x 42) (x - 2). 8. (тта +8b°) (11a — 863). 

9. (12 +517) (12 - 5t). 10. (2xty* + 323) (2x*y* — 32°). 
11. (9? + 10p9) (9l - тора). 12. (sa* +зх) (sa? - 3x). 
18. None. 14. 3(k - 5) (k - 5). 15. (13a +115) (13a - 112). 
16. 2(2+0 (2-1. 17. None. 18. 5 (x +45?) (x —45?). 
19. 313. 20. 153,200. 21. 68,400. 22, 6,200. 23. 9,200. 
24. 84,800. — 95. 42-55. 26. 998,000. 27. 34. 28. 177. 
29. 175,000. 30. 35. 91. а? - 4b? +4bc - с. 
32. оа? + баб + 52 - 422. 33. 16a* -b° – 6bc – 9c*. 
84. 2554-33-1х-4. 35. сё — 9c? -- 24c — 16. 86, 4х* — 25x +16. 


EXERCISE 46 в (Р. 193) 


1. (e 3)(c - 3). 2.(r7m(r-72. 8. (х+6)(х-6). 
4. (то +xyz) (то - xyz). 5. (3k -8) (3k - 8). 
8. (ба + sbc) (ба — sbc). 7. b? (2ab + 3c?) (2ab – 3c). 
8. 36 (2a +b) (2a - b). 9. (72? +353) (7х? - 33). 
10. (бут +752) (бтп – 73°). 11. (9 +5p°)(9 — 5р). 
12. (гла? +1) (11a? - 1). 18. 2(3x +55) (3x - 55). 
14. 7 (3a +b") (за -8%), 15. None. 18. 5(3 +2с)(3 - 29 


17. None. 18. 3(36 c) (35-0). 19. 10,200. 20. 1,849. 


ANSWERS. PART П 


хххіх 


91. 9,400. 22. 2,800. 23. 570,000. 24. 60,800. 25. тоо. 
26. 1:6. 27. 20. 98. 2:874. 29. 3-2. 80. о:5571. 
81. да? - b* +abe - c. 32. 44? - 9b? - 

88. 25a! + 20ab -- 4b* – 94. ont -17x* +9. 

85. 4x* - x? — 10x - 25. 96. t* - 21? +4. 

Exercise 46 C (Р. 194) 

1. (a +2b +c *-d)(a +2b -c - d). 

2. (gm +21 +2х – y) (am - 2n - 2x +y). 

8. (a-b +c -d)(a -b -c +d). 

4. (4b -3c +2m +n) (46 -3c - 2m -n). 

5. (sb - c +m -2n)(5b - c ^m * 2n). 

6. (m +4п +3% - y)(m +4n - 3x +y). 

7. (a -b c d)(a -b - c - d). 8. (a -b -c-d)(a*b - cd). 
9. (a+b +n) (a+b -n). 10. None. 
11. (c+y+z)(c -y -2). 12. (a -b +x) (a -b - x). 


лы 


. (4c -3d +21) (4c — 3d - 20). 
. (3c +2d 4 4D) (3c +2d - 4I). 
e (5% +y -2)(5x —y +2). 

. (151 - sm -- 4r -- 8s) (15l — 5m — 4r — 85). 
‚ (5c +4% -2y)(5c - 
‚ (2k +7m — 14n) (2k — 7m + 14n). 


. Not a square. 
. 512 –6. 
. 5c-- 11d. 


. a4. 
. 35 -2. 


и. 
16. 
18. 


4x-2y) #1. 


(3a +b - с) (ga -b +0). 
(ox — 4y) (3% — 10у). 
(4b — c) (26 — 79. 


(зх +4y + 82) (3х -49 — 82). 


(121 - өт + 6r — 25) (121 — 9m — 6r +25). 


« (8¢ + 10x + 152) (82 — тох — 152). 
. (71 - 13m) (l +m). 
- (zx - 59) (x +59). 
- (3х +y) (5х –у). 
. -3x(sx – 8y) or 3х(8у - 5x). 
‚ (17c - d)(od - 130). 


EXERCISE 47 А 
2. a-5. 8. 
6. 34--5- 7: 
10. 5/+2m. 
18. 5m +37. 
16. 2а? - 11. 


а+2. 
34-1. 


4x ty. 
EXERCISE 47 B 


8.2 -3: 3. 
6. зс - 7. ^ 


27. (8х +75) (2х - 79). 
30. 3d (8c – 34). 


95. (7x -1ay) (у —х). 


28. 74 (тос - 7d). 

31. (4a - 115) (76 - 2а). 
38. (sl +m) (1+ sm). 

85. (ot -4) (7t +4). 


(P. 195) 


2a 1. 
3х - 4». 


4. 2a - 7. 

8. 4x - 1. 
11. Not a square. 
14. Not a square. 
17. Not a square. 


(P. 195) 
2a -3. 
за +85. 


4. 2а+5. 
8. Not a square. 
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9. 4x +3. 10. 4x - sy. 11. sc - d. 12, Not a square = 
18. sm -8n. 14. Not a square. 15. 5x2 - 4. 
16. за? +10. 17. 4x -оу. 18. Not a square. 


Exercise 48 А (Р. 196) 


1. (х-у+а)(х -y - 2). 2. (x +y +2) (x-y -2). 

3. (x -y +5)(x -y - 5). 4. (2 +y -z)(2 -y 2). 

5. ((+Ё—3/)(т -k 4 3I). 6. (2a +b +8)(2a +b -8). 

7. (21+3m +9) (21 +3m - 9). 8. (a+b +2)(a -b -2). 

9. (6 +3y -2)(6 - 3y +2). 10. (c -4 +3d)(c - 4 - 34). 

11. No factors. 12. (x? +x —4) (x -4 -x?). 

18. (x +y +1+m) (x+y -01-m). 14. (1x -2c- x - y) (1 4 2c - x +y). 
15. (a -3b +p - 29) (a — 3b -p +29). 16. No factors. 


17. (а-7+1-зт)(а-7-1+3т). 18. (2с =3 +x +3y) (20 -3 -x -3) 
19. (21 -3m +x +y) (21 - 3m -x -y). 1 
20. (21 +m + зу - 42) (21 +m -зу+42). 21. 7(а-6 3c) (a -b -30. 
22. (3a +4%  2y) (3a — 4x — 25). 

28. (2c? —3d* +a? – 5b?) (ac? — 3d? —а? + 563). 
24. (2m -7n + 5t) (am — уп - 51). 


EXERCISE 48 в (Рр. 196, 197) 


1. (x +y +2) (xy -2). 2. (x+y -2)(x -y +2). 

8. (x +y - 4) (x +y -4). 4. (7 +у +2)(7 -y - 2). 

5. (x +y +5)(#-y - s). 6. (s +k +30) (5 -k - 3D. 
7. (5 +y 72) (5 -y - 72). 8. (2a -b 1) (za -b - 1). 
9. (c -3 +2d)(c +3 -24). 10. (2y - 32 - 6) (2y - 32 - 
11. (x° +x ~3) (x? -x +3). 12. No factors. 


18. (c -d +% -y)(c -d -x +y). 14. (7a +2b -2) (7a – 2b). 
15. (x -5--2c *3d)(x - 5 —2c - ad). 

16. (21 +m +p- sq) (20 m -p + 59). 

17. (Б-а+а-8) (p -q -a +b). 18. No factors. 

19. (3x? +y - 32) (3x? — y +32). 20. (x? zy - x) (x? -2y +2). 
21. (2x +7 +65) (2x +7 - 6y). 98. 5 (x-y +3) (x -y - 3) 
28. (3c +2l —4т) (3c — 21 4- 4m). 

94. (x? — 52 +22 +m?) (x? -y2 —[° -m?). 


ExercIsE 49 (Pp. 198, 199) 
1. ox (2x? — y3), 2. (3x +1)(x +2). 8. (да +7%) (aa – 72). 
4. (y - (y +5). 5. 3(5%+4) (5х -4). 6. (t-+13)(t - O- 
7. (за-1)(а-6). 8 t(q -:41) 9. Qc td +1—т)(ас+4-1+% 


ANSWERS. PART II xli 


10. (31-5) (2n -1). 11. 2a(a-- 5) (a - 5). 

18. (2y - x) (y 4 6). 18. 8m(3l - 2m). 14. 7(1 +26) (1-26). 
15. (11 a) (то - a). 16. (за -4b)(a+b). 17. (cx —yd) (2c +30). 
18. (4x +5) (2х -3»). 19. 25? (9? -3yz 2). 90. (3 -D( — 150). 

91. 5x (492 + зму +=). 99. (3x 5)(x -2). 23. 3(a* 4-10) (а* - 10). 
24. (за — 56). 95. 13 (1-22) (1-22). 

26. (5x +2) (x +3). 97, x(x? +5)(x*-5). 28. oa(a* -ab +305). 
29. (х-єтзх?)(ї —5x%). 80. (+1307) (1+2т). 31. (° +s") (P-o). 

82. (1-7а). 88. ab?c(c — a). 84. 20) (sx +5) (5x —»). 
$5. (s —92) (s - 5t). 36. (sx +6) (х-1). 37. (c - x) (x t 2c)(x -20. 
38. 3d (3d - 1). 39. (74-3)(48-3). 40. (4x —5) (x +1). 

41. 4(5а-5)(4а+5). 48. (2d* +7). 43. (c1) (à +1). 

44, (y +12)(y - 3). 45. (тох - 7) (x +3). 46. «(5x + т) (3х +7). 
47. (121+ 5). 48. (у *x)(x - 1). 49. (7) (22* – 3). 

50. (1-7) (t — 1). 51. 3(a-- 1) (a - 1) (b +1) (6-1). 

52. (a -b- 3) (a -b - 3). 58. 2(37° + 25°) (37? — 259). 

54. a?(3 - a) (2 - a). 55. 2(2x -7)(x – 5). 

56. (2L -m 7) (2l m -7). 57. (3t +2)(t - 1). 

58. 2 (1oc - 21) (c - 1). 59. 4(ax -5)(x -2- 

60. (4-+а+35) (4 -a - 3b). 61. (x ty) (x =y +24). 

62. (7x +2) (7х +3) (7x +1). 63. (a +b +136) (a +b +60). 

64. (x+y -4)(x -y +4). 65. (3x? – тоу — 102) (22% +y +a). 
66. (5x +29) (x +9). 67. (gx - 1) (3x +2) (3x —4). 

68. 322 (c* —т). 69. (за—5с+3)(а—с +t). 

70. (a ~ sx +5y)(a +x -y). 71. @+з)(4+1)(4-3)(4- 1). 

78. (х +2) (x + 6х +4). 78. (x = 5L-- sm) (x — 21+ 2m). 

74. (x--y)(a--b с). 75. 49x(3x - 2). 76. (| -m)(a -b - o). 
77. (L- m) (1-т - 1). 78. (x +3) (x - 2) (x* - 2x +3). 

79. (х+у+)(у +e —х)(х+у-а)(х-у+а). 80. (+y) -y). 

81. (a - 2b +1 +3n)(a —2Ь -1-3п). 82. (1+1) (1+2) (1-2) (1-3). 

88. (4 +a —1)(a*-a +1). 84. (2х — 1) (ax +1) (2x = 5) (4% +1). 
85. 2 (x 2) (x -- 4) (x +5). 86. 6lmn(6l - от 4- 8n - 3Imn). 

87. (2a +b - c) (2a -b +0) (4a? +b? — 2bc +). 

88. (a — sc - sd)(a -c =d). 89. -s(142)(142(7 —50- 

90. (31 -n - 4k — d) (3l ^ - 4k +d). 91, =x. ' 92.16 

98. -3. 94. 2. 95. 4. 96. -3. 27. 32, 316 
98. 6, o, 12, 13- 99. 2, 5. 


100. +2, +7, +14, +19, +26, +37, +58, +119. 
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Test Papers IV (Pp. 199, 200, 201, 202, 203, 204, 205) 
тоох 8 32 


. @ 25, а 2. (1) =з » (ii) MET 


$. (i) - 32? - 16m, (i) 9* у" 08) олы" 


= 


pr оро н 


(i) 27 (3Р- 2), (ii) Gs — 6) (x +4), (1) (5c +44) (sc — 4d). 


. 4' 10". 


. (i) юм, (ii) ДА (s +5). 2. (i) 7:5, (1) х= - 165, y -83. 


0) am - am? (i) 2402€. 


+ (i) ((+т) (5 +m), (ii) (sx +1) (3x — 7). 5. 34 m p.h. ; 2$ hrs. 


6:5". 


100% 


Bebe is 
© то бо 


- chon 23. 


2. өс 


>, у 224 


. (i) 3, (ii) х=3, у= -os. 
» (i) 24 (4° -2d ~1), (ii) (c - 1) (c* +1), (iii) (3 - ab) (т – тоа). 


44 m.p.h. 6. (i) 7a*bc?, (ii) боа*. 


- @ £(a-p), 9 um] о 


„ G) -45 (i) x—127, y= -8, 
* @ es (ez 3), Gi) (5x +12) (x - 1), (ii) (2x +y —2) (2% -y +2). 


© –125, Gi) oc — 6a, (iii) = Я 5. 48 ft. 


. 442 min. from А, 331 miles from A. 


: ® (eZ). 2, а) 287. 


‚ (i) 7, Gi) х= - 1'25, y= - 1. 
- (i) (2d - 3a)(c + sa), (ii) (x - 35) (1 480), Gi) (2ху – zy. 


8. (i) 5x* - 12x - 43, (ii) о. 


2; 3°41, 0°59. 


(тоо +) (160 +y) (тоо жа) 


= = -12. 
уаз 8. ( 32) (i) x524 y 


» 0) эх®у(х* - 2xy +39), (ii) (x — 3) (rox — 7), (à) 2( +12) (x = 12). 
- (i) atc’, (ii) 14a - 13. 5. 32 Ibs. 
» (i) 19r*5*, (ii) тах2у2:488, 


лү 25(24ae +1) 
(e +) sq. ft., а 
(i) 29x* –16х+14, (i) —5+у+3у%. 


————ÉUÉÉ|Á'À 


ANSWERS. PART И хїй 


8. (i) 145, бух-29У р 4. () е2, @) 0-08-27, 
5. @ (а +b) (и — 5), (8) Ф — d?) (3p — 100°), Gii) - (56 +9) ( +50). 
6. 3. 

lk 13 я as 
1, Im lb., 223 lb. 2, (i) 13, (ii) x 20:6, y= -03- 
8. (i) 16x* - 2x? —21K* -x +11, (ii) 6x3 + 8x? – 9x — 12. 
4. (i) (-т)(-т-8), (3) (2+) (1 4-x)(1 —x), (iii) (2Im + зп)". 
5. 34 m.p.h. 6. Loss of £19. 
1. ho Ib. 2. (фо, (ii) 4-8, y= - 15 
3. (i) 4146) 0-7), Gi) (4 33) (S — 2%), (8) 6(за® +20 (за? – 20). 
4, (i) 2K*, (ii) 1. 5. 18s. 6. 5:6 m.p.h. 

AB 4 бо! = „ү art —25t — 
1. рр des 9. (i) нен, Gi) ee 
8. (i) -r83, (ii) x—10:5, Y= —2 
4, (i) œ +y)? (x-y), (ii) (а - 6b) (10a — 30). 5. 63. 
6. (i) 2х5, (ii) 24х%у°г. 
1. аг years. p 2. (i) ёр (ii) w= -6, y= -0'25. 
3. (i) taxy, +xty, (iii) тго тэй. 1 
4. (i) a (x +7) (x — 9), (1) (х + my) (nx +ly), (iii) 9(7с - 4d) (ad - с). 
5. 11$ sec., 12 sec. 6. 1$; 1-62, -0-62. 
1. 108 -A per cent. per annum. 
2. 153%, (ii) 3-3, y 7 +. 
3. (i) таа! — 160% – 274% + 46ab* — 1505, (ii) 3х —х —4- 
4. (i) 2 (182), (ii) 256K — sroL. 
5. (i) (a? 4-3) (4+1) (a — 1), (ii) (а + xy) (т -Ю, (iii) (2% +2)(2y - 52). 
6. 3. 

Exercise 50А (Р. 208) 

(i) то, (ii) o, (iii) о. 9, (i) y —o, (ii) nothing, (iii) y =0. 


(i) Nothing, (ii) x —o ifaz:5; otherwise nothing, (iii) x —3 if y4 ; 


otherwise nothing. 


5. 5. -3, 6. 6. -6, -7- 7170; 6 
-2. 9. -13, -13, 10. 13, twice. 1$ -и. 
-i 13. 1,2,3. 14. o, twice. 15. -2, -3) -4 


16. о, -7,4,% 17. st, 2%, 4. 18. -31 twice. 
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1, 
2. 


EXERCISE 50B (Р. 208) 
(i) 63, (ii) о, (Ш) о. 
(i) x =о, (ii) nothing, (iii) x =o. 


8. (i) Nothing, (ii) y —o if cz -6; otherwise nothing, (iii) y= -7 if 

x+ —2; otherwise nothing. 

4. 3,8. 5. -9, - s. 8. т, -2. 7. о, 8: 

8. -41,$. 9. o, -4. 10. -14, 4. 11. 12% twice, 
12. $, =. 18. —1,2, -3. 14. 3, 4, - 5. 15. 4% twice. 
16. о, three times. 17. o, -0, 54, -13. 18. 32, -2l &. 

EXERCISE 51 A (Р. 209) 

0205502. дс. 8. 8, 8. 4. -5,-н 5. 4,5. 

6. 3, 1. 1. —2, -rk 8.2, 4. 9.194. 10.4, -5 
11:5 4. 19.5, 3. 19.5 -2 144-4 18. 7, -3. 
16. -5 -b 1.4 -L 18.4 -5. 19.8, -5. 20. -4, -3% 
21. -3, -27.  89.$, -1. 28. 5, -7. 24. 2,3 
95. $$ 26. -3 -% 27.5, -4 28. 2,3. 

29. 4, -1. 80. 5, - 35. 81. 1, -2 32. 3, +. 

38. 1, -E 34. -,-& 35.5 -а 36. 3, 7. 

87. а? –тох +21=0, 38. х 44x -32—0. 389. 3x2 -25% - 18 0. 

40. 4x? + их бо. 41. х? ох? - 2200. 49.x? - sx? - 4x +2050, 
ExERCISE 5тв (Р. 209) 

I. =i, -4. 8. 2, - x. 9. 2, -5- 4. 2, 2. 

5. -6, -&. B. 1s; т. 7. =2, 5. 8 3 -Ё 

9. 2, $. 10. 4, -6 11. 9, -10 тоя 
18. -4, -4 14, 2,4 15. 1, -55 16. -4, -7 
17. 12, -3. 18. $,$ 19.4, -£ 20. 21, -$ 
21. т, 2. 22. -6, -7. 98. 3, 15. 94, 18, -4 
25. -7,-4 26. – то, 2 27. 48, -4 28. 2,7 
29. -3,-1 80. 5,5. 81, 5,3. 32. 3-3 
88. -3, ds. 84. $, -$. 85. №, -6 36. $, -4 
37. x! — rox +9 =o, 38. x? -x -20 =0. 89. 3x* - 17x - 6 =0. 
40. 6x* 7x +2 =о. 41. x? - 4x —o. 42. хз - бх? =o, 

Exercise 524 (Рр. 214, 215) 

1.7, -3. 8. 215. 118. 2,--% 4, x, cm 

B. —т$, -28. — 6. 44, 28. 7. 28, — rl. 8. 73, -83- 

9. -$, -3. 10. 1,1. 11:54: 12. -14, -1% 


18. 445, -0:45- 


ANSWERS. PART II 


14. 1-47, —7'47. 


xiv 
15. 2:87, —12°87. 


16. 14:83, 3:17. 17. 14:89, -2:89. 18. —3'68, — 10°32. 
19. 4:92, -0'92 20. 1:74, – 3:07. 91. 1:906, —0:32. 
22. 3:36, -0:56. 23. 0:66, —1:99. 94. 1-40, —o'55. 
25. 1б,х—4. 26. 9, х +3. 27. 64, с-8. 
98. 121, y+. 99. 1$ x -$. 80. 35, х +1. 
81. d y -5. 89. тїз, y +5. 83. 133, 2-7. 
Mio E Б. у sc ne 
I21 II 25 5 9 3 
37. 15, -3. 38. -6, —2. 89. 3, - 6 
40. 14, —7. 41, 3, -2. 42. -3,3. 
43. 3%, -3. 44. 1, -3. 45. 4, 13. 
46. 3, -11. 47. –34, 2a 48. 42, -ас 
4 3 3 
49. 4°41, 1:59. 50. т'то, —9'10. 51. 4:30, 0°70. 
52. 0-30, —3°30. 53. 2'69, -o'19. 54. 0772, -1112 
55. 1°32, -0:57. 56. 2:87, 0°46. 57. 1:40, -0:24 
58. 0°62, —0:32. 59. 1:26, 0°45. 60. 0:27, —о:82. 
EXERCISE 52В (Pp. 215, 216) 
1:753: 9, т, -15. 8, -3, -2. 4. 2,1 
5. rs, түр. 6. 58, 38. 7. 38, -28. 8. 84, - 9i. 
Door 10. -à, -14. Ш 12. -3$, -1 
18. 12:09, –6:09. 14. 5:63, - 7:63. 15. 1:92; - 9:92. 
16. 10:45, 5:55. 17. 14:20, -371. 18. 10:94 -6'94 
19. 2:06, –0:39. 20. 1:04, —2'24. 91. -о:35, —1'21. 
22. 2:26, -0:55. 23. 0:67, 0:06. 24, 1:29, -2'29. 
25. 25, x +5. 96. 4, x -2. 97, 21,уУ-1. 28. 201, 544. 
99. 25, x4 80. 5,5-5 31 dy ytit (88. fo 2-4 
81 6 6 а? за ос 3c 
33. EEUU 34. а 35. а. 86. ЕН ҮС] 
87. 12, —4. 38. -3, -9. 89.12, -7 40. -13,4 
41. 5,2 49, -3,-а2, 48. -3b4 44. -15,3 
а 4 
45. 2 -3 46. ЗҮ BT 47, 295; а 48. -95 44. 
49. -o27, -373. 50. 7°47, 7147: 51. 753, -0:53 
52. —0-23, -877. 53. 0°37, —2°70. 54. 1'30, -0'13 
55. 2:28, 0:22. 56. 1:53, 0'19. 57. о'44, – 0:57. 
58. 1:37, 0°40. 59. —0:36, -r39. 60. 0'12, -0'82. 
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EXERCISE 52С (Р. 216) 
1. -4,3. 2. 3:73, 0-27. 3. 55, -3 4. -2.37, 0-70, 
5. —2-58, 0.58. 6. 5.58, -ro8. 7. -3,8. 8. 1:27, -047. 
9. $, -2. 10. 1-26, - 0.16. 11. -33, -1. 
12. 1.84, -0-41. 18. 3, -4. 14. Ф, -3. 
15. - 1°17, 0°47. 16. $, –5%. 17. 214, -2.64. 
18, 11, 23. 19. 4, -1. 20. 3:06, 1:27. 21. -3$, -& 
29. 0-27, —0.37. 98. 391,095. 24. 1, -1. 25. 1.62, —0.62. 
96. 2,4. 87.14, -28. 98. -0.32, —1-15. 
STENI 
29. 0:52, 0:25. 80, 21,1. 81. (= reas). 
PE alia gu Е 2 
на НА 4-Мт05 
23:25:16, 83. a (15, ga, 357155, 
о ЕЕ 
3 20 8 
ав, LEN -39. 3915 а р @ ЗЕМ =з, 
то 4 4 
21 28:433. 42, 2217 43. 365, 
32 ? 2 (ТР 
Уст A821 -34N3 
44, TEN т. 45. a (= 57"). 46, 23533, 
4 82 12 
A EIEN TiS, ав, =t+V19 
12 б gro 
EXERCISE 53 А (Pp. 218, 210, 220) 
1 7,11; “туу -7. 2. 13, 11: -5, -7. 8. 11, 12. 
4. 120r - т. 5. 14. 6. тт, -118. 7. 42 уеагз. 
8. 6. 9. 41. 10. ro. 
11. 26 yd. by 3o yd. — 19. 28 yd. and 13 yd. 
13. 21 sec. After 41 sec. 14. 72 years. 
Д5. тт, x2, 13, 14, 15, 16. 16. 3:66 cm., 6:34 cm. 
17. 12 yd. by 96 yd. or 48 yd. by 24 yd. 18. 18. 19. 18 ft. 
20. о”. 21. 7" by 7" by si", 22. 360 ft. 
:93. зо yd. 94. 26. 
25. 3$ m.p.h., ro m.p.h. 2nd solution not valid. 26. 2. 


ANSWERS. PART II xlvii 


EXERCISE 53 B (Рр. 220, 221) 


1. 8, o. 9. 17, 19. 8.4135 1713, 74 4.7. 
Б. 7,10; -4, -L 6. 3, -23. 9: 295, 2272 

8. тз years. 9. т7 yd, 6 yd. 10. 25. 11.21. 12. 5. 
18. 3. 14. 11 sec., 54 sec. 15. 15 ft. 

16. Each part 4”. 17. 22. 18. той. 19. 9 cm., 4 cm. 

20. 19:1 ft., 16'1 ft. 91. 6o yd. 22. то, 2 

23. 8" by 7" by 5". 24. 12 ft. 95. 20 ft. 
96. 31 m.p.h., 14 m.p.h. 2nd solution not valid. 


| ExERCISE 54 А (Рр. 226, 227) 


| 1. (2, 1). 2. (13, 4). 8. (2, - 5. 4. (43). 
| 5. (25, -39. 6. (-№2). 7. (2,3); (1% 19). 
8. (o, -4); (-1 –22). 9. (2, - 1) twice. 
10. 2.73, -0-73. 11. x?-x-2=0; 2and-1. 12, 43, 2. 
18. 4, -1:5; 2y - 5x — 12. 14. 1:78, -0'28 ; 2y -3x 7-1. 
15. 2, -2:4; 5y +2х=24. 16. -1:72, -1:28, 5y t 15x +11 =0. 


17. 16, - 17 ; 10y +% —272. 

18. No solutions; Ілу -18х +8 =о, 19. -3, 6:84, —1717. 

20. 3:87, о'тз; except between x—1:38 and x =3:62. 

21. (a) 3:13, —0.80, (Б) - 1, 18. 

22. т, -1}, Find the values of x for which y zt 

93. Find the values of x where y=1}; 2:6, -21. #4 2,06, - 2.6. 


Ехкксї8Е 54 8 (р. 227, 228) 


L ($3) 2. (11, -2). 3. (-2, 2). 4. (5, $). 

5. (3:2, -24). 6. @, -2). 7. (аа, –0:05); (70:36, 7 1:28). 
8. (5,3); (72, -4- 

9. (0,1): (1,9); (071,072; (0771, 9171). 

10. 3:30, -0°30. 11. 2:38, -0:66. 19. -1, 0, 3- 

18. -r3r, -0'19 ; 4y +6х+І =0. 14. 3, 1:6; 23х=24 * 5Y- 

15. 1, -08, 5y -x—4. 16. No solutions ; 4у=Х-1. 
17. -2, 1}; 3y +2% =8. 18. 2, -2 ; 5x 46-4». 


19. бо. 20. (1) zx -x - 12 =о, (2) 49-339 +62 =0. 
91. о, 06, 3:4 ; x? - 4x* t 2x —0. 

29. Find the values of x where y 21; 2:6, —2'1. 

23. 2:85, -0:35. 24. 1:68, -048; а= - 18. 
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EXERCISE 55 A (Pp. 230, 231) 


1. у=2х+3. 2, 2y 25x + т. 8. 2y +3% =0. 
4. y +3x=8. 5. 3y =x +7. 6. 2y +x — xo. 
7. s=100t - 2527. 8. s=2 +2t - 2. 


5 Exercise 55 B (Pp. 231) 
1. y23x- 1. 8. 3y 24x. 9. 4y +x — 11. 


4. 5y =3x - 8. 5. 2y 25x +3. 6. 7x +8y =5. 
7. ya 5x, 8. y=4x?+5; (6:3, 16) is probably v 


Exercise 56A (Р. 234) 


2 a 2x 3a 
4. хуст’ 2. b 8. зу? 4. 2а +8’ 
5. 44539. в. 2557 7 (a —т)(а+2)_ 
2x (4x — 3y) 27 i 241 
2 
RM 22-00) mem 
ак 9. een 10. -2 
aN 3 pone 
zb 4a 1 38. 25 18. x46 
(a 42)(a +1) х-т а+6 
14. И". 15. СЕЕ: 16. Ber 
10, fimt 18:25) 19. 2c? 
t 2-5 
т 
20. G -DeD 81. x +2. 


EXERcIsE 56B (Рр. 234, 235) 


PEA Pi c *-3y. 
fH wee 2.7 3.5. ees 
5. 32-25. ($591 „у (+) 4 c gia». 
за! за-т ` (e -2)(x +7) Ca 
9, 3*3) E -(2224 7 ER 
т 10 5 1. ы ыб; E 
18. -1. \ шин га (а -3) — 
в 14. 1. 15. zu 152225 
17. 2x -2. 18. Ass. 19, 5x20. 
3х —2y — sz. MNA 


20. ь 21. 5203 +y?) (c =d). 


ANSWERS. PART П 


Exercise 57A (Р. 235) 


1. (*-2)(х+5) (3% —1)- 9. 36 (x —2)*(х +2). 

8. (а +26) (а - 25) (а +30). 4. 3(х+3)(х-3). 

5, (44+ 3k) (4t - 3k) (2t - 3%). 6. 3x? (x -- 2)(« —2). 

7. (x - x1) (« 3) (« - 2). 8. 12(x —7) (2x * x) (x +3). 

9. (x - a) (x +a) (x – b. 10. гох (x +4) (3x – 1) (2x - 3). 
11. Н.С.Е. 2(x -2) ; L.C.M. 2ox(x - ay (x - 5) (x — 1). 


(ох + 1) (x - 4) (3% +2). 
‚ (x3) (x +4). 


à (a — г) (a +1). 


- (3x s) (x +1) (7% - 6). 
. 30 (2x — 3)* (x +5) (х - 5). 


2х 


* (о+а)(х—2)` 


2a -3b 


* (a +60) (а +30). 


2а-1 


* @+3)(@=3) 


ME ТУ 
CESCE 


дад +27 


* 6(zx -3) 


9a* 


. о. 


_ @х+7), 
2(x 3) 


14 


EXERCISE 578 (Pp. 23 


4. (zx + 


. Н.С.Е. (x +1); L.C.M. 12x (x + 1) (3% — 1) (5% — 2) (2% + 1). 


5, 236) 


2. зо (7х — 2) (x +6). 


5)!2х - 5)(% – 3). 


6. 2(3с+44)(3с —44). 


8. 24x (x +29) (x - 2y) (x  6y) (x +9). 
10. 2a(2a +b) (a — 35) (за - b). 
. Н.С.Е. (а - 55) ; L.C.M. а(за- sb) (a +26) (2a +36) (2a – 3b). 
Н.С.Е. x(2x +1); L.C.M. 4x* (zx + 1)(5-1)(5-3). 


Exercise 58А (Р. 237) 


2 
8. сле’ 
5 13% +20) 


3 25:14 1 
* (x-3) (x1) 
2ab —3ac 


(4х — 35) (3х +25 
а? + 4% 


8. (a — 2b? (a + 2b) i 


Ep: и 
П. CES CES 


12 (2% +7) 1 

* (х +3) (+4) (+7) 

(х +3) ? 

17. к —8)(®—3) 
х 


Е 
20. (х --0) (2-2) 


Л 6. (4-29(4-39) 

-9 2Xy ў 
* @ #ay) (к = 29) 

ИСКИ 

12. G Fy) (@ —29) (& 39) 

2(21х +8) 
15. Sax ay 8-2) 

I 

18 EIS 


Mest 
x3 


20 
24. 27-48" 


21. 


xlix 
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Exercise 58 в (Р. 238) 


1 3 i ETE 4x 2 3. —3¢+13b 
` Gx + 5)(3х +8) ` (2+7) (2% -7) * (aab) (а +38) 
4 3с +34. . 3ху – 5х2 в 1--17т 1 
* (c-2)(c +3) S os 6y) (x – год) ` ` (5l - 2m) (71+ 3m) 
7 x-9 " 9x +тоу 9, . 52D M 
* x(2x —3) (zx +3) ACE 75) (3х +2у) ` (a+b) (a =b} 
I I 2x +1 
Mapes Dg 18. естеп)” 
gx? er 7x -6 3% у 
18. 3x 4, UD 4*3) 15. (x -1)(x +1) 
x а-4Ь 42779 
ML Ш. 08 = 1 NEST. 
20 2(х-8) 84 ЭЛЧ 
C (x-3)(x -2) (x42) * 3c ad" “ахаа 


14722127 TERT г 

4с*-оу% (за – 4b) (за +4b) (3a 2D) ` 

EXERCISE 58 с (Рр. 238, 239) 
lut. 2. o. 3. шээг 4. e 
5. - I 6. m 2 es 8. о 
9. o. 10.21. п. 1. жар 
Вены. саатта: 
EXERCISE 50А (Р. 240) 

1 lee 2. х-2у. 3. i 4. 2 
5. ma, 6. zH, 7 акс осы 8. т 
o ED. lo stseen: 12, 26-2. 
2 » 18 “ГҮҮД эр 
18 deer) 17. ze 1, 18. som. 
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EXERCISE 59 В (Р. 241) 


в 2 tou eed 
ЭРЭЭ 2р у 21 
Ч уушиг. 

18. a 14. x+y. 15. о 
mov EIE. 18, т 


Exercise 60A (Рр. 242, 243, 244) 
16Х 


1. = 9, ab 3. a 4. —— weeks. 
3 3c 3 
5. 254 "um ants 
BS ays. 6. 18 miles. 7, 2h(l +d) sq. ft. 8. 4 Pence. 
9, (i) (4 4-0) m.p.h., (ii) (4-0) m.p.h., aes hours. 
10. (i) (s -2) (> -2) sa. ft. (i) er d sq. ft, 
(ui) Ze EO) (бай ey m) pence. 
27 
a 
11. (i) 249 pence, (ii) 199 *" pence. 12. 47% sq. ft 
n n 4 
18. £(y- 5), цас 14: екш 
240/ 240y —& 3% 
Ax A Az aA 
15. — y „——— 5 
Es Se В” итуе Р 16, © — ont 
17, 559, БЇРТ ey Pre ME EE. 
7. vemos 18. Е shillings. 19. 100 -a-b -c; P 2 
20. жар J) 222 =зоуу=оо, 8 45i 
100 (1 Я 21. в 99. x =30, y 799, #=45 
bA PB lp B(C -D) 
25; тоо" 24. Ка’ 22 zm 26. £ 100 


о 
88. = years.' 29. z=% +y. 80. (180 -х-У), c - -») . 
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Ехевсіѕе бов (Рр. 245, 246, 247) 
Мы 3. x 
1. У 2. p 8. 5 weeks, 4. 2b. | 
рада) 58. 225 shillings. . 297. в, ЭЁ 
и 2 то 4 
9. (i) 6d, (ii) (и+4)а., (iii) 16. It must be sent otherwise than by | 
10. 5-2 in, n3. 12. боз, 
18. k(x -25) shillings, 22 — 2 shillings. 


15, 2р 43q ^ sr. 16. zie, 

18. "ES. 1g, 5128 shillings, 

21, £2, gue. 22. дэх. 88. 2: min. 
23 20. 25. a+b +с=36о. 99, BE. 
28. a (2-2 . $9. х(с-х)-5(а-5). 


30. 2°, (x - 3)? [or (180 =y -2)7]. 
Exercise бос (Pp. 247, 248) 
1. (= 55) ft. 2. £x (s E 5у. 


сое) 
zo 28 shillings ТҮС D shillings. 


2a 
3. x (qo - 1) 


5. 30999 tons, 6. 21, mh. 7. станд. 
шэн 

А $69) 10. (i) £ one › (1) тоо @-:) per 

n ema ав abe ( -2) (6-2) (2) ]1 ^ 


14. (i) 122% _ зру гра shillings, @ + 42% _ ру shillings, (iii) nothing. 
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EXERCISE бї А (Рр. 249, 250) 


1. 88, 22:5. 2. 120,123. ‹ 8. 1840, 42. 4. 9, 24. 
5. 84. 6. 0°6, -Ео:25. 7. 3:5, 6 or 455. 8. 20. 
9. т, 298%, —6o. 
10. (i) x:5 m.p.h, 22:5 m.p.h., m 176 yd. per min., 616 yd. per min. 
11. 100 cu. ft., 1 ft. 
12. (i) 104° Е, 32° F., 167? F., (ii) 5° С., —40° C., тоо? C. 
13. 125,250 ; 240,200 ; roo. 14. 18,496 ; 41,075. 
15. 4 percent. 16. 22:5. 17. £882, £500. 18. 26 cm. 
Exercise 61B (Рр. 250, 251) Š 
1. 15, -35. 2. 38:808, 1:4. 8. 70:05, 19. 4 122, 5. 
б. 2:1, 2. 6, 331:5, 4'5. 7.156, 12. 8. 35, 12 or -9. 
9. —5, -20, 10. 98:56 sq. in., 3*5 cm. ў 
11. 18 miles, 45 m.p.h. 12. 400 ft., 30 sec. 
18. Yes. Nearly r$ tons. 14. 2870; 12,685. 15. 72. 
16. £210. 17. 37:5 lb., обоо Ib. 18, 15 miles. 
Exercise 62A (Pp. 254, 255) 
L 
L п=2114, 2. naa. 8. n= Se 
dcr 5. [232997 ЭЭ 28950. в, cut 
7 4r т 
QR-PV В - 27 9 р 
7. БУТ-ОН8” Стае : - EL 
3-34 [ети 
iu 24a. n. = Tr 
4 (2x +3y)(p +a) pn Oty = 209 -3V4 b eed 
12. оаа Gi) EE ER 18. — pt -ms 259 
a(b? -p°) т Уу E b 1,092. 
14. Bidca 15 (a) "(05 (с) 
2 
273 (pu = cd) BAT 18. 455. 
16. a 5 17. Fa} 2:1. gi - бл? 
t ане 
9. и 27 v-ft;v ал!" 
90. (i ОЗ 1887, Ais Ig 
(1) 5875, (ii) 5 TUB (iii) 349, 
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Ехкксї8Е 62B (Рр. 255, 256) 


у Bena Vie. 8. c=2s -a -b, 
4 -Ë ве enp- 

9 r8 rt 
KO ба -o Jez. 
K+2a 5 за-2 9: ү 24 

_&-Ё 2by(1 + 3 4 ax(r -9, 
20 aC 2 d^ eae во т 21, 2y(1 +0) 
ets -9*] Bn 4 SOLES 
a “0-0 СО ЛОТО 1^ “orem 
18, — шон +2; 3727. 19. 36. 


20. (1) = » (ii) 2 geet (iii) 3y? +2y +1. 


А. 1. 


2. (i) 2x (3x +8)(х — 9), Gi) (s +2) (£ +3) (t - 3). 
: E x : пүү «Үү! 
8. (i) x-4, (ii) СҮРЕ) 5 4. (i) —30, (ii) 1, " 
5. 5, 6, 7. 
6. They meet at (-2,0) and (4, 18); -21, x? -2х=8. 
29-2, Gi — 2 +15% +99 
В. 2. (i) 5 (ii) ЕЕ = 
3. (i) х= -0'5, y—4, (ii) 4, -31. 4. 918. 
5. 3(2x — 1) (2x +5) (x + 1). 6. (1, 4) ; none. 
С. 1. x=180 - zy. 
2. (i) (œ -y)(x -y + iei X -1), (ii) (7 +29) (5 — 2), (iii) 2(7а - 5)” 
с(5-0) : = E tats 
3. (i) E » (ii) (CES CET 4. (i) 9:0, (ii) - 027, 7 e 
5. 215, 477. 6. Between 72 and то miles. 
D. 1. T: cu. 2. (i) x—1, y= -o6, (ii) 09, -1'9 
3 x zm. 
8, х(2х —3)` £ DEED! ш 
5. 12(2x —3)! (x +1). 6. тоо miles, 2 hr. 32 ши 


Test PAPERS V (Pp. 256, 257, 258, 259, 260, 261, 262) 


x (bq +ar +rp) 108pgrn 
ео ER 


shillings, 


2 моњ ao с юы 


ere н 


ANSWERS. PART II 1) 


. (i) x(3x +2у) (3x —25), (8) (5% — 3y) (зу - 9). 
. x(a — 2x) (b —2x) cu. in. ; (ab – 4x?) sq. in. 
On» Ware 4 (i) «32372, (i) 060, - rf. 
. 69-5 gallons, 20:7 cm. 6. 16, -34. 
. X Zy +Z. 8. -h -i 8. (i) 2-67, (ii) 4, - 5. 
. 12(2x - 1)* (x 4 1)*. 5. 12 miles. 
. The roots are the values of x for which y 23. 3:84, —2'34- 
«(0 (8? +9) (2+3) (s —3), (ii) (a +b) (a +2b) (a -35). 
. C Йй 8. == -i, (ii) 2:3, -0'9. 
4. (i) = D » Gi) 5 =. 5. 1770, 470. 6. ү 42, -25), 
1200y 2b 
12a *b' 2. 0 c ce Эн ка. 
- (i) (0-98, 2-38), (ii) 8, 3. 4. $ mile. 
. (за - 2b)* (3a +25) (2a — sb). 
a=1},b=81. y pos. if x> —54, x pos. if y 781. 
. He spends sd more. 
2. (i) d (c-- 2d) (c +за) (4c +134), (ii) (sc +34) (3с - 54). 
8. (i) 23:10, (ii) o'18, —o'09. 4. т. B.4(r-x) 6. 44 
1 = per cent, gain. 2. 33 years. 
7(5-1) Ч e 
O gagar) 0) Grata 
‚ (i) (-4, D (ii) -1:31, 051. 5. £50. 6. о-18. 
‚ (i) (х +1) (x +3) (5-3), (8) @+т)(Г-т) (d +c) (d ~c). 
8 
598 days, 8. (9G, -0°8), (ii) -22, -37° 
СЕЕ шу ste бе 
ao N 2. £36. 3. x’. 
a+b 
4. (i) -2, Gi) -30r 28. 5. 224. 
6. 6(2x +05) (ax - 99) (x У). 
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EXERCISE 63 A (Pp. 266, 267) 
L 3h 2. -19g;. 8. –о.06. 4. d$. 
5. 4. 6. 1:76. 7. 6:20. 8. 0°86. 
9. -3. 10. 3:30, 0:30. 11. # 12. 5$ 
18. 4, r. 14. 13, -4. 15. -44, -21. 18-18, $ 
17. o, -23. 18. =2, 34. 19. -3$, -:$. 20. -4, 3. 
91. 13, -& 22. 7, i. 23. —о.8т, о.зт. 24. No solution. 
25. о.65, —o.81. 26. 13. 27. 2. 
98. Any value except x =o, 29. i. 80. -142, -2:58. 
31. 0-39, —0.17. 82. 1$, o. 88. 3 or 63. 34. 2. 
85. —1.30,0:59. 86. 221, 37. 0-13, -о-88. 88. 4, тї. 
89. 4, —$. 40. 111. 
EXERCISE 63 в (Рр. 268, 269) 
1. 2133. 2. — 282. 8. 5-5. 4. 2. 
5. то. 6. 5-17. 7. —1-35. 8. 3:33. 
9. —13. 10. 2; 11. 7-15 ого-5т. 12, 1:22, -072 
18. 2, —2. 145-1, -33. 15. 114, то. 16. 23, 43: 
17,235, д. 18 -2,2. 19. 357, -37. 20. 22, &. 
21. -14. 22, No solution. 23. 1.42, 0:27. 94, 4$. 
25. -$ 26. 2$ twice. 27. 1, - 14. 
88. Any value except x = — 11. 99. o. 80. - 
91. -2:28, —0:22. 32. 2:69, -оло. 88. –17. 
34. —2, -45. 85. 51. 86. 146, — 5:46. 87. 6 
88. ior -i 39. 43. 40. -5, -1. 
ExercIsE 64A (P. 270) 
За + 5-6 п 
1. 31 - 2m +5. 2. о Е: 4. wem 
5. 6c 1. 82228 7. за. 8. -d. 
3-a 
2-а-5 l ac +b? -abd 
9. са 10. шоо 11. тте 
гав 2 
12. 20 18. ©. е 15. 1. 
16. 5 +2¢. 17. a - b. 18. 51 — 4m. 


ANSWERS. PART II lvii 


EXERCISE 64B (Р. 271) 


1-3n 247_ bc +аа 
230 8. ГИЙЕР 8. 2c - 3d. 4. E EN 
h а? m? -mn -nè 
b с+34` 6 Wc 7. 277 8. о. 
acd с-а 56 12-5-1 
9. Bord 10. AR п T 12. ү ? 
в. mee ipet 16. Imn 
a+b 3 
17. a-b 18. 3! 
Exercise 64с (Р. 271) 
1. 2а. 2. 25. 8, -L 4. —5а. 
5, 8528, 6. m-l, З, 8. -81 
2 2 2 
9. mn+nl+in, 10. т. 11. m-n. 12. 4 (а? t ab +09), 
Exercise 65A (Р. 273) 
The values of х are placed first and the values of y second. 
EZZ 2. р, 24. 8, 3l+m,3l-m. 4. 0,0. 
: gl-4m, (4-7) шер ОЕ 
5. a+b, a-b. 6. IW Е 7) а На 
2c(a+b) зс(а—&) Lh 2 
8. - dap ГАП 9. 6l, -51. 10. -2a, -2а. 
11. a-b, a+b. 12. 5a, 4b. 18. 14а, 22b. 
14. 39-50, _(3а +106), Е 
52 a 15. p=1 
Exercise 65 в (Рр. 273, 274) 
The values of x are placed first and the values of y second. 
1. -3b, 2a. ө; ial “ая UE Пе 
b. т, =r 6. 70-48 +30, 90 — 5и +30. 7. at+b,b-a. 
8. 3141, -2т-т. 9. зза, -400- 10. 407, -1. 
= - b 
Пе ie 2287 ues 18. a* - b°. га. 
2а+т 2(2а +1) 12, a+b, 7,15 


a+26 
ООН 


›а-26. 


c 
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Exercise 66 A (Рр. 275, 276) 


2c заа va l c4 
17:51:12 pea avc. . 51, 37. : - (29). 
E 4С 2. 2 3 8. 5/, = 4. с, Е 
5. -ax E. 6. 1, етв. 7. 4с, 54 8. = -1 
9. 3l+m, m-3l. 10. 2a, Е 11. a+1, ё-р 
12, т 13. -2mxN4m +k. 14. -1-т-1, -т. 
15. c, -c- zs. 16. k—1 (twice). 4740, ant 
18. a, = 19. 2a, ===. 20. о, m - 7. 
21. a, mesh | 22. сез КЫЫ 28. 21--т, -(1+2т). 
a=+2b 3 3 
асы. 25, 100208, oro, 
64N216 85 
26. аи; ог -0:48. 27. 25138 гэ ог —0'37. 
93 N18: -3tN-3 
28. Fer =225ог -0'45. 29. 232123, 
Е 
30. = 17 — 3-56 ог -0556. 


Ехевс1зЕ 66 в (Р. 276) 


1.2, -2. 2. ug 3. z, E 4 Ууган 
8, $4, 5, 922222 10:22:55, 32:88 
5с за С 

1. m-3, m+3. 12. 195, 2. 18. 2a+1, -38. 

I за? 4b? = 
14, жле ҮГ 16. p, - (3-5). 
1. 5. 207 18. -, ын. 19. о, за. 
20. 251 a+r, а-т 21 2+3с 2456 ab 


ТЕРТ „536,255: $2. -b ©. 
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1' 2 lim 1+т 
з. - (745) "re MT mal 
25. EA ог -0"72. 98. в = -2'79 or 1°79. 
27. Z62236 M ог -214. 28. 1127. 
29. — er =0:55 ог -o:68. 30. там гуй or 0°72, 
Exercise 67 А (Рр. 278, 279) 
1. (1, 9), (2$, -4.2 (5, -4 (-ь -1). 8. (3, -2), ( -24 35. 
4. (1-3, (4, -3. 5 (-31,8-5. 6 G, 2), (-% -9- 
7. È, - 3, G7 - 39 8. (1, -5), (41, 58). 
9. (3, 1), (1% Ф). 10. (3, -1), 6, -№. 11. (-4, -3, G 8). 
12. (3, 4), (-1, -2). 18. (-5, -7), (73, -4). 
14. (1, 1), @, 3). 15. (3, 2), (13, 28). 
16. (3, 2), (25, 21%). 17. (-5 14), (75 18). 
18. (7, 2), ( -315 -1219) . 19. (1,3), (-14, -19. 
20. (-1, 1), (-3 19). 21. (2,2), (-3 12). 
22. (4, -1), (18,2%). 28. (2,4), (6 2). 24. (4, 2), (715 3). 
25. (о, о), (20, 24). 96. (35,2, (-15 -3). 27. (3,5), (^15 т). 
28. (-о:02, -0:38), (- 1°14, —2'62). 
29. (1°31, 0°41), (о'то, — 1:08). 80. (-т-7т, 0°22), (-о:20, 1°28). 
Exercise 67 в (Рр. 279, 280) 
1. (2, 1), (25, 2). 2. (6, 23), (- 5, —3). 
8. (-6, -4, (-% 78). 4. (5,2), (12, -9.  &G-3 
6. (т, -3, (14, -9. 7. (6-1) (15, 34)» 
8. (-8, -4), (-14, 12). 9. (-2, 4), (5, $9. 
10. (2, 2), ($, -Э. 11. (1,2), (- 8, - 9. 
12. (т, -1), (5, -7). 18. (1, 2), (115, 19. 
M. (1, 1), (-% - 19) 15. (1,2), (2, 43. 
16: G3 3: GERE В: 17. (1, 1), @ 1D. 
18. (1, 5), ( - 5, - 480): 19. (-5, – 30), (-Ъ тЫ). 
20. (12, -1, (-11 2). 91. (1, -1), (4 -5). 
99. (14, 4), (-25-9 98. (14, -5), C7 15 - - 
24. (3-89, 0.93), (-2-35, -324- #6. (2, 1), (715 - 
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96. (2, - 1), (64, 13). 87. (2, 1), (-o:5, -1). 
28. (1, о), (o7, -0:3). 88. (0:68, 1:11), (-о:02, - 311). 
80. (0-45, -0:70) (-0'45, - 1:39). 


Exercise 684 (Р. 281) 


І. x=1, y=-4 z=5, 8, х=2,у=з3,з=-2. 
3. x—9, у= -2, 2 —4. 4. x=1, y=0, z= -3. 
5. x= -1, y=2, 2=3. 6. а= -4,b=-5,c=-6. 


7. х=8, y=4, x2 — 1. 

8. No solution. The equations are inconsistent. 

9. x=6, у= -9, z=1. 
10. Any number of solutions. The equations are not independent. 
ll. x=1, y=3, 2= -14; x=5, y= -І, z=0. 
12, х=1,у=2 2-0; 4-3, уа, а= Мз. 


EXERCISE 68 в (Pp. 281, 282) 


1 x-3,y-24,2- -2. R. x=5, y=8, z= -5. 
8. x=1, y= -2, 2 -o. 4. х=2, y= -1,2—0. 
5. x=2,y=-2,2= -4. 6. x 212, y= - 12, 2 - 12. 
7. х=3,у= -2,2= - 8. х---11,у-6,2--15. 


9. No solution, The equations are inconsistent. 
10. х=Бу= р х= -2; x=2h, y= -3, 2 =0. 
П. x=4, y=1,2=-1; x2], y xo, 2 =0. 
12. Any number of solutions. "The equations are not independent. 


Exercise бол (Р. 283) 
1. (1$, -1, (-14, 1), @ -3, (73, 3). 
2. (3,2), (73, -2), (о, 4), (o, -4). 
8. (2, -1, (-2, 1), (3, -2), ( -3, 2). 
4. (4, 1), (74, 71), (то, 3), (-10, -3). 
5. (1% 1), (715, -1), 0,3, (-5, -3). 
6. (2, ~3), (-2, 3), (3, -4) (73, 4). 
7. (2,14) (2, ~14), (-1,4), (-1, -3. 
8. (2, 5), (2, 28) (2, -5), (-2, az), 
9. (1,3), (-1, 73), ($, 2), (-4, =2). 10. (6, 2), (-6, -2» 
11. (~4, 5), (~48, 58), (~3, 4), (785 7). 
12. (0,0), (1, 1), (#4, &), (о, о).  . 


13. 
16, 
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(6, 5 C 8) ee в). (eu 

- (2, о), (3, -6), (o, о), ( 2119, - 3H). 15. (2, -3), (72, 3). 
. (1, -2), (-1, 2), Gb D, (-зЪ - 3. 17. (s, -9, (-59). 
‚ (1, 28), (-1, 28), (14% –4), (-14}, 4). 


Exercise бә в (Рр. 283, 284) 
(3, 1), (73) 71, C7 1, 1), (1-1) 8. (2, "1, (72 0 


‚ Gb -4), (-2%4), (1, -3), (-1,3). 
(2,3), (-2, =3), (7 712, (77, 12). 


(5, —3), (-5 3), (68, — 2), (-64, af). 
(2, 1), (-2, —1), (1, 3), (71, -3), 
(6, 4), (76, ~4), (то, 9, (- 10, -6). 
(s, 14), (s, -1%), (- 15 №), С -№. 
= Ри Бүүр 


ч » (E B 16 Ууу Ут 
. (14, зр, (13-30), Gb 3), (-№39. — 11. 6,2), (-5 -2). 
- (©, о), (3, —2), (о, 0), (14, - 139. 
- (o, о), ($, 2), (o, o), Gl, ун). 
‚ (h -5), (- 5), (16, тоф), (716, ~ 10]). 


e 
. (th, -2, (-14, 2), (Ав), -%). 

. (23, – 5), C723 5). 17. d, -93), C-b9D (5, 4), C^ 5 7 
. (-7, = 34), (3, 14), (5, - D Con 2D. 


Exercise 69 С (Pp. 284, 285) 
(т, 1), 9,5). 8. (7, -Db, ayy -3). 8. (-2, 3 05-20. 


ву, 3) С-зуз, 2) (XS -859),(-18,49 


»(-2,1) (5, 3). 8.0, nite IN E 7. e =3), (-6, 48), 
. (1, -2), (-1,2), (1:40, 181), (-1:40, 71:81). 

. (8, -3) G$, 144). 

. (75,2528), (-, 27r ^ (2, a), (-4 2). 


Ф.Ф), (-14, -35). 12. (3,9), C- 1b 3). 


3, -11, -2. 14. -2, 14, -1. 15. 2, -2, -10. 
(3, -194), (-2, –33). 17, (-1,9), (1,7). 
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18. (3,5), (-3, -1). 19. (а, - b), ( -2b - a, 2a +b). 
20. (62, 9), (44, 13). 21. (8, -3), (32, - 54). 
22. È, —2, 1), (- Бан -$1. 28. (21, 17, 10), (32, 28, - 12). 


24. (1, 758), Cf -2i). 


с. 


Test Papers УТ (Рр. 285, 286, 44 288, 280, m E 
тоох 


1, ASSUM shillings. 2. (i) DE (i) -2 ai oi i 

8. 44. 4. (i) 1%, Gi) @ $, (1%, -1%). 5. 20. 
md - nb 

6. ———. 
"a -mc 

1. Gi) 1-13) (1 - 12), (ii) (m -2n +32) (m — 2n — 3ln). 

2. (c —b) of the 1st to (a —c) of the and, 
AE: n 2 

Шш с=т Eu) 


4. (i) 4, 1$, (ii) (71, 1), G$, 55). 5. 72 miles. 
б. а=таїбо› b =з55, с=з%; 2-773- 


120) z, OAS _ab(3a +2b) _@6 (36 —2a). 


у= 


ETT ETÀ 

эс 21 8. (i) -n26)G2:(-L -5). 

8а? i 
£m 5. 326, £2. 6. 175, 139 yds. 
1. a(a +b) =c(c +d). 
2. () (x +y +4) (x - y» - 4), Gi) а+а+ а -4a - 4b). 
8, (0) x=2, y= -3, 2-4; (ii) тамхиа, 4. 48, 12, 2 
5. erem " 6.22102. Ds shillings per Ib. 

100 (х -y) пу 
соте 2 (x (i) 3.0); (-2 ЕЕ 


$ cita. 4.0) +24; à) 3°5 or -rs y=1 628+ 
5. 0:27, 2, 3°73. 6. 3.6’, 3:2’. * 
1. (i) (5 +a -B)(s -a +b), (ii) (1+т)(1+3)(# +41 - 3). 


34-4 nb n /(а45с a+b 
2. 220 8. 0 657 09 (Se NS p 


& 13,17. 5. 0) -4, 5h, Gi) (45, +2); (4V3, Езу). 6 198. 
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я 52 2 
в. хр +уд ха +уг —yq 8. ЕН *mu 24 2Ps- mui 
x+y x m m 
a 4: I 
3. (i) 2745 Gi) (ь 6,(-1,-4) ат, 
6. а--4,5-4 c=4. и=у=3:37 01 2:37: 6. 8, 9, 10. 


Н. 1. (i) (a +b)(a+2b) (2a - D), (ii) ана -а-1). 
2. арг шог 8. = 4. (i) (26 Е а), (ii) (2-3) twice. 


(а- D 
5. 10-223 a.m., 11 miles. 6. a= -0-68, x= -0o:2. 
Д + 
b то 2. (0) -4», 22000), 
8. 5. 4. (i) 17; (ii) (7, 23), (43, -1%). 


5. 2:2", 372", 3793", 457, 5. 6. 8:4 ст. 


1.1029. Ye, (0 (2, -©). 
2. (i) (5b -c +2) (56 -c - 2), (ii) 12(т +а)(2+а)(т-а). 8.1. 
4. з. 5. (i) 3, –3, (ii) (1-7, 0-4), (0:3, 2-6). 
6. 145 yd., 67 yd. 4 
К. 1. м. 3) LUE }К=-зк=-ьу=о;. 
8. (ie ; 4 20 -1) (-2.3). 
à fiery 
8. (i) cse апош 6 (ii) 12. 4, и 5. 3 3 6. 4 82 


pa +pb -nb _ [It -2 „ 
p 1. tA, 2541 Е; =. 


4 G) (ха -- sx 4-1) (x? — sx +1), (ii) (a + 1) (a -2) (aè -a - 3). 
4. (i) х=3% y= - 19, а =1%, (i) (47, +5). 


5. ee. 6. 4°57", 657". 


EXERCISE 70 A (Рр. 294, 295) 


1. $x! 2x4 42x? -ix-1i. 2. x* Ha - Fax? +x - 

8. iade +. 4, тен - Mn -26 43 8. 

5. 12x5 — 25x* + 133 + 30? — 83x +35. 

6. 245% — 2x* — ух? + 2x. 7. 5х5 + бд фата? - 24° —18х +10. 
8. 14a^--ga* —22а%-3а%-3а+9. 9. 35°-34Ё +25Ё 181 то. 


m 
e 


8с4 + 6c*d? — 33243 + gc*d* + rocd*. 11. г - 6x +130 - 142°. 
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12. 4 - 4x +21х° - 18x? +29x4, 18. 1 -c - 4 +4 + са. 

14. 10 +15 — 47 +, 15. -г. 16, —3..- 17.22. 18, 34. 
19. a? -- 4b* +90? — даь + бас — 12bc. 

20. 25a* + 4b? +c? — 20ab — тоас + 4bc. 

21. да? +250 + 9c* +d? – 20ab + 12ac — дай — зове + xobd — бей. 

92. а? +166 --25c* + od* + 8ab — 10ac — баа — добе — 24bd + 3ocd. 

23. 16x* – 32x* +2452 — 8x +I. 

24. Bra? ++ 540a*b? + 1350a'b* + 15004768 +6256, 

25. а? +b? +c? — 3abc. 

98. тод? + x* (28y - 192) +х(тоу*- 18yz — 192?)-123? - $у®гз + 17y2? 4-102, 


EXERCISE 708 (Р. 295) 

1. фаб 5x9 +5202 ix - 1. 9. pede ! 
8. fat +1 а?Ь +3507? sab? 4218. 4. 16-152 +2212 - 38 e t 
5. 8c* — 26c* + 2963 +320? — тоос +18. 1 
6. то - 9x t 21x* – 8x? + 6x4, 7, 6х4 — 18x? — 13x? +27% +6. 
8. 3545 - 43a? – 14a* — 36a — 8. 
9. 2445 — 14d* — 30d? — 7d? + sd +20. 

10. гох? – 25х*у + 1143? – 2xy? + 24xy* — 18y. 


11. 16 - 40a + 17a" + 34a?*. 12. 25 —20x - 4x? – дох? + 16% 
18. 62° - 4? - gr — 15, 14. 2 5x - зә? - 2x?. 
15. 13. 16. 22. T2. 18. 41. 


19. 4а? +9b° +c? — 12ab + дас — 6bc. 

20. а? -+ 166? +45? - Bab + 4ac — 16bc. 

21. а? +962 - 4c? +254? — бар — дас + 10ad + x2bc — gobd — 2ос4. 
22, 25а? +b? +c? +494? — roab + тоас — Joad — 2bc +1484 — 1464, 
23. 16x! —160x? + боох? — тооох +625. 

24. 16a‘ + 96a?b +216a%* +216ab +815, 

25. ga? + 3a* (2c — 5b) +а(36* — sbe + су + 263 — 6b*c — bbc? +200. 
26. 28 +P (7n – т) - 21 (8m? — 3mn +212) — 15m* – ут?п + дтп. 


Exercise 71A (Р. 297) 


1. c-cd +34. 2. 1х5-41ху уз, 8. $P - m cim. 
4. 18-1:44. 5. 2 46d +942. 6, 21-32 -5. 

7. 8 7x + а. 8. y? +y -7, rem. -y -3. 

9. злу? –4ху +. 10. 2 -3844c-5.— 11. x? boxy t2y%, 
12. а +b? +c? ab — ac +фе, 18. 3a +4b - c. 

14. -a-b -4c -аб+2ас -2be, 15. 8c — 40343 + 2cd^ - 4%. 
16. a5 at фа +b, 17. за + 16y +852 +493 +24 +у% 
x 25-50 +25. 19. 1624 — до; +10022 — 2505? + 625%. 


a xy! + хуб — ity yh rem, - 210, 
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Exercise 71B (Рр. 297, 208) 


1. a* - zab – 45%, 2. ga? - Say +49". 8. 91 + 21m +ү тї. 
4, 331 —3. 5. c 43c- 5. 6. sa* + ттар + 110*, 
7. 4*+3с-2. 8. 55! -3p * 1. 

9. 45* —7y +5, rem. 3y +5. 10. 82-41. 11. a+b -c. 
19. 2-ой -4-34-2е+64. 18. 44° +45 +5 +4ху -Ó6x + бу. 
14. ab -ac - bc +e. 15. x! -x* фай - x ext АНІ. 
16. 81 +27а + ga? + 3a? -- a*. 


18. - [81х* 4 135x"a +22524 + 375ха° + 625a*]. 
19. 4* – a*b* + a*b* —b*. 20. а - ab +0%, 
EXERCISE 72А (Pp. 300, 301) 

1, at, 7; 1. 2. 35, -5\ 28, 3a* - 2a - 5. 

3. 24, o, (4a -* 5) (3a — 2), (ax* + т) (3x° — 5). 

4. 465, 1 (n - 1)n, 21, n 1. 5. 63, - 1, 2a" - 1, 271 - 1. 

6. 19, o, а - 03, a? -b° +3 (a* - 09) +3(а - b). 7, 3. 8. -202. 

9. -35. 10. -295. 1. 8. 12. -of. 
13. 15. 14 - 15%. 15. 47. 16. 1. 

17. o, x -3 is a factor. 18. o, x +3 is a factor. 
19. о, 2x – 3 is a factor, 20. o, 2х +1 is a factor. 
91. 25. 99. 3. 28. 4. 24. -65. 
95. 25-5. 96. -ax41. 2%. а= -7,0= -2. 
28. а=т,Ь=о. 
EXERCISE 72 в (Рр. 301, 302) 

1. до, 2, 2, 2b? -b - 1. 2. 4,34 T5 т. 

3. 70, 42, o, (за - 7) (5a - 6). 4, 2, 26, 39 7 1, 3 - 1. 

Б. 95, 55, (3n- 1) (an - 7), (3n +16) (2n +3). 

6. 9, 16, (x -)*, (2a - 3D). 7. 17. 8. 11. 

9. -35. 10. -9. 11, 9. 18, -8. 
18. -2$. 14. -7%. 16. 214. 16. -20. 
17. 0, +4 is a factor. 18. o, x - 3 is a factor. 

19. o, 2x +3 is a factor. 20. o, 2x ~ 1 is a factor. 

21. 3. 28. -75 98.5. 94, -16. $5. x - s. 

96. -5x-2. 27, a=1, b= - 13 98. a=4, b= - 8. 
Exercise 73 А (Р. 303) 

1. &(a-2b-c). 2, + (gx 4y - 22). 

8. +: (21 - 3m t 4n). 4, +(5x* -3y* - 25). 

5. + (2а - a^ 1). 6, + (2а* - 3ab 4429. 


. 32a* – 16a*b + Sa'b* ~ 4a*b* +2abt - b5. 


c 


Ixvi ESSENTIALS OF SCHOOL ALGEBRA 
7, 4(5х9-х%-х+3). 8. = (453 —5х%+3х—2). 
B. -5(7-2354). 10. ::(4x* -3x*y t 2xy* -y°). 

а: Тт 

11. (3/2 -2m +3lm? 4 2m?). 12. ЯС БА +з) . 

ЕХЕВС1ЗЕ 73 B (Р. 303) 
1. +(a+36 -c). 2. (ax -у- 22). 
8. = (21 - sm - n). 4. X (233 -47° +524). 
5. (а -3a +2). 6. = (2 -Im +2m°). 
7. X(2x? -x* 3x – 5). 8. +: (339 - 2х2 -x +4). 
9. +(x – 4х?у + 2xy* — 353). 10. (5 +2x -4x?). 


11. + (а? - заб? - 703). . (2 -3x + Э) 5 


(Р. 305) 
(x +1) (% -2)(x – 3). 
(x +2) (x +2) (x +3). 


EXERCISE 74 А 
5. (х-1)(Х1-х-4). 6. 
7. (x +1) (3х2 — 3x +5). 8. 


9. (а+2) (а +3) (а - 5). 10. (1+2) (21-3) (1+6). 
11. (c - 2) (e +3) (c — 4). 12. (1 1) 1 - 2) (I? - 21 +2). 
18. (x +4) (2x - 1) (xà -x +1). 14. (x +3)(5х 4 1)(x* -x -1). 
15. (x +2) (3х +25) (23 -xy --y*?). 16. (21-1) (at - 13) (at +1). 
17. (2x 4 1)(3x - 1) (sx – 1). 18. (за -2) (2a 4 3) (sa - 2). 


Exercise 74 B (Рр. 305, 306) 
5. (x 1) (x +1) (zx - 1). 6. (x-- 1) (x +2) (x +3). 
7. (x —2) (x +2) (x +3). 8. (x - 1) (x? +x - 5). 


9. (1+2) (1+2) (21 – 5). 10. (a x) (a 4- 2) (a — 4). 
11. (13-2) (0-4) (B. -21 +5). 12. (c - x) (2+3) (c +6). 
18. (2x -- 1) (x - 4) (x! —3x + 1). 14. (x 5) (ax — 1) (x3 - 2x - 1). 
15. (t -1) (2t - x) (at - 1). 18. (x - y) (ax +y) (x +37) (3% - 2 
17. (за - 2) (sa +2) (2a +5). 18. (2x +1) (ax - x) (5x — 1). 


EB 


ExERCISE 75 А 


‚ (а+1)(4#-а+т). 2. 


- (x -Im)(x +lm + т?). 


- (7 =n) (49 +71 +»). 
. (2x? + 52) (4x4 — 10x*yz -- 2523). 
- b(b +4) (63-46 +16). 


п. 


(Р. 397) 
(2a — 1) (aa? 4- za +1). 


4. (т +2lm)(1 – 2lm +4Ёт?). 
- (y - 3) 0? +39 +9). 6. 
8. (b - sc) (b? + sbc -25c?). 


(2y +3) (49 — бу +9). 


(3l — mn) (91 4- 3Imn + т?т). 


ANSWERS. PART II Ixvii 


. (7х? – xoa) (49x* + 7oax? + 1004"), 

. 2(1+5т) (P — slm 4 25m*). 14. 10(7 4 t)(49 -7t 4 ?). 

. 4(2c - 2) (4c* +202 +2”). 16. (8ab + 5) (64a?b* — 40ab +25). 

. (&+1)(&-& +1). 18. (1 т) (1+) (È +1т +m?) (I - Im +m’). 

. (3c? – d?) (gc* + 3c*d* +d’). 20. 8(t — 5x?) (t - stx* +25“). 

. (x + 5y) (373° = 5oxy +2597). 29. (7! - 3m) (19/2  24Im + 9m"), 

. (ax -3y) (094? + x11xy +395"). 84. (20% —5) (688x? –724ху +2173"). 
EXERCISE 75B (P. 307) 

(к= 1) (x? x +1). 9. (ax t x) (ax -2% +1). 

. (1+0 (1-с+9). 4. (2 - (4 2c +0). 

. (2a —36) (да? + ба +96°). 6. (z +3)(2* -32 +9). 

. (а-4) (а? +4а +16). 8. (за bc) (9a* – 3abc + 0°). 

. (a +5)(a® – 5a +25). 10. (7 +2х)(49 - 14x +42). 

. (3x +1057) (gx? — зоху? + 1005). 

. (5 ~2mn) (25/4 + то!#тп + 4m*n*). 

. 3(2a - b) (4a? +2а6 -- b*). 14. 2 (x +35) (5%  3«y +95). 

. (8-3xy)(64--24xy -9x*y*). | 16. 1o (c 4- 4d) (è - 4cd +164). 

, (a-- 1) (a — 1) (а +a 4 x) (а-а +1). 

. (х +72) (xt — ху? +79). 19. 4(p? + sr) (p* - 56°" +2572), 

„ (ax? — sy?) (424 + 1ox*y? +253"). 21. ola - b) (13а? + gab + 35%). 

. (зау) (25x? -35xy +1951). 28. (6x +y)(84x*  1022y +379"). 

. -x(631x* + 87оху + 3005). 


Exercise 764 (Р. 309) 


1. (x - 1) (2ax — ба - 5). 2. (x +1) (3bx — 9b - 2). 
8. (2x – 1) (aax —2a - 1). 4. (x - 2) (сх - 4e —3)- 
5. (2x +1) (26х +56 — 3). 6. (3x - 2)(3xy +49 - 2). 
7. -(a-b)(b -o)(c-a). 8. (a b) (b c) (c +a). 
9. -(x*y)(y -2)(z –%). 10. -(a-b)(b - )(c- a). 
11. -(a-b)(b —c) (c - a) (d* +b? +e +аЬ +be + ca). 
19. —(l - m) (m — n) (n — I) (Im +mn * nl. 
18. (х+35) (x -- 2 +5). 14. (x +y) (x +59 - 2). 
15. (zx +9) (x +39 – 1). 16, (sx -3) (x *» +2). 
17. (2x —35) (ax +29 +4). 18. (3x - 25) (4х - 33 +1). 
19. (3x - 2y) (2x +3y - 4). 20. (ax - s)(axy – 5y +2х). 
21. (5x –1)(3ху +25 - 34). 92. (sx - 2) (3X - 59 - 2- 
28. (3x -2) (5% -2y +4). 24. (ax +39) 7X -2y - 9 
95. (7x +55) (2х -5y - 5). 26. (4x +1)(2 +39 ~4%)- 
27. 


. (7x —2) (2% -2y +3). 98. (sx +3) (2lx —31- 5). 


lxviii ESSENTIALS OF SCHOOL ALGEBRA 


Exercise 76B (Рр. 309, 310) 


1. (x +2)(5ax -a -3). 2. (x —1)(4ax — sa - 1). 
8. (x - 3) (2bx – 7b +3). 4. (2x —3) (sex +2с — 4). 
5. (3x +5) (2xy -3y - 2). 6. (2х +7) (3xy - 5y - 1). 
7. (a-- 5b) (b +o) (c - a). 8. -(a-b)(b —c)(c—a). 
9. (a-b)(b-c)(c-a)(a--b--c). 10. (x -»)(y +2) (= +x). 
11. (|—m) (m —- n) (n - D) (Im +mn +n). 19, (x -»)(y - 2) (z - x). 
18. (x -3y) (x +y -3). 14. (x - 49 (x 5y +3). 
15. (3x -y)(x +y - 5). 16. (4x - y) (x * 5y - 1). 
17. (4x +35) (32 +2y - 1). 18. (2х - 55) (ax +39 +7). 
19. (5x —4) (3ху -y 4x). 20. (3x +55) (5x +29 +2). 
21. (7x +2у)(2х -3y +3). 22. (5x +6)(5х +5у – 2ху). 
28. (5x +6у) (3х -4Y +6). 24. (3x —7) (2х — бу +3). 
95. (sx +7) (x -5y — 9). ’ 96. (zx - 59) (2x +59 +5). 
27. (ох —2) (5х -3y —2). 28. (ay - 8x) (zy +2% +1). 


ЕХЕВСЗЕ 77A (Рр. 313, 314) 


l.(5x-9)(ox-5). 9, (ох +16) (8-7). 3. (4x +3) (8x +9). 
4. (5x +275) (тох — оу). 5. (3x – 20у) (9% + 55). 
6. (20x -9)(ax -21). 7. (ax -25)(25x -4). 8. з(х - 55) (6x - 25- 
9. (6x — 11y)(sx +36у). 10. 3 (7a +6b) (7a — 8b). 
11. (6x — 5) (9x +25). 12. (12x + sy) (2x +255). 
18. (тоа - 9) (25a - 21). 14. (41 - om) (271 — 7m). 
15. (5x* — 11y) (16x* +25у). 16. (24a – 7b) (4a + 35b). 
17. (20x - 21) (8x - 49). 18. (35x – 4y) (5x + бу). 
19. (30x +495) (10x - 21y). 20. (ох —16y) (16x —9y). 
91. (9x 25) (25x — 9). 22. 3(sx - 2y) (21x +45). 
98. (32x +27) (3x – 5). 24. (16x — gy) (ax — 15у). 
85. (a° -Fab – b?) (а? — ab - b). 98. (x? +зху +357) (2? — 3ху +3У°). 


27. (a° +ab + sb?) (a? — ab +563). 
28. (23* + 2xy - 3y*) (2x? — 2ху — Зу). 
99. (c + зса +44”) (с? — 3cd да). 80, (a? +да -- 8) (a -4a +8). 
91. (ax -3y - 2) (x +2y - 1). 82. (3x -y +4) (zx +5y — 3). 
88. (ax +3y - 5) (3x -2y — 4). 94. (sx – зу +2) (3х +5у —3)- 
6. 
38. 


85. (2x -7y - 3) 2x sy — 4). 86. (6x -y -2)(x - sy +3). 
87. (3x +y - s) (2x - sy -2). . (2х +3y —2) (x -2y +1). 
39. (5x -3y - 3) (3 +59 +2). 40. (4x -3y — 6) (3x +29 3) 4 


Exercise 778 (Рр. 314, 315) 
1. (3х -8) (9х - 8). 2. (ох - 8) (8x — 9). 
8. (10x +219) (15% — 145). 4. (ox +45) (4х +95). 


ANSWERS. PART II Ixix 


B. (5x +49) (25% +245). 6. (14x ~ 45у) (7« + оу). 

7. (14l * 5) (212 +25). 8. (4c - 9d) (27c 47а). 

9. (6x +255) (9x - тоу). 10. (9x — 16) (qx +5). 
11. (27x - 55) (9x +259). 12. (18a +356) (за +75). 
18. (32x +15) (16x —3). 14. (5а? — 7са) (164? — 25d). 
15. (4x - 9y) (40x - 21у). 16. (4х +275) (27x — лу). 
17. (14x +255) (21x +5). 18. (5x? -6) (35° +4). 
19. (8c +74) (49c - 15d). 20. (дох +215) (16x — 49%). 
21. (16x - oy) (ax + 15y)- 22. (32x -27) (3x - 5). 
28. (32% + 55) (16x — 33). 24. (16x —7y) (40x - 21у). 


95. (а? --2ab – b?) (а? -2ab -b?). 896. (x? +ху +4) (x° -xy +4"), 
97, (xi +2ху +359) (x! —2xy +392). 98. (х +2% +2) (x! -2% +2). 
29. (а? + 2ab +463) (a? —2ab +4Ь%). 80. (х®+зху — 397) (x? = gay = 353), 


81. (2x -3y – 1) (x +2y -2). 88. (3х -y -3)(2% 5y +4). 
88. (ax +39 —4) (3х - 2y — 5). 34. (5x +39 - 4) (3% -5y - 5). 
85. (2x -7y — 4) (zx + 5y - 3). 36. (6x =y +3)( - 59 -2- 
87. (3x +y - 2) (2x — 5y — 5). 88. (ax +3y + 1) (x - 2y - 2). 
| 89. (sx +3y — 5) (3х -5y —4)- 40. (4x - 39 -3) (зи +2у - 6). 


Exercise 78A (P. 317) 


| 1. (а+Ь- c) (а? +b? +c — ab + ac +be). 
| 9. (>1-г-5) (42 +1 +y? +2l+2ly -y). 
8. (2a - 3b — c) (4a? + 9b? - c? — bc + 2ac +6ab). 
4. 9(a - 3b) (b — 2c) (6c — a). 5. -3a(ab +36) (a +25 +30). 
6. 3(3a - b) (36-6) (3c —а). 7. -(a-5)(b -c)(c - a 
8. (a+b) (b 4- c) (c +a). 9, -(4-0)(0-0(с-9) 


10. -(a -b) (b - c) (c - a) (a +b +e). 

11. -(x-y)(y-2)(z =x) (xt +y? +2? tay +yz an). 

12. -(x-y)(y -z)(a =x) (xy +y% +2). 

18. -2(a-b)(b -c)(c -a) (a+b +c) 14 Soabe (ай + 49. 
15. -g(a —b) (b —c) (c a). 

16. -(a -b)(b — c) (c —a) (a? +b? + c +3ab + abc +300). 


Exercise 78 В (Рр. 317 318) 

» (a+b + 2c) (a? +b? +402 — ab -зас-280) 

. e =b +6) (да? +b? + c! +be - Зас +340). 
- (@-25 +3) (a? +42 +9 +226 — за +65). 

- ~3(5a~ 48) 4b~30)(5a -з0. 5. la СО н) 

- 3(5a — 2b —с)($Ь — 2с - a) (sc - 2a - D) T (PI bc) t 
ее оу 9. (a-b) -9(c- (a +0 +0: 


Q omo юны 


Ixx ESSENTIALS OF SCHOOL ALGEBRA 


10. (J -m) (m - n) (n - D) (Im +mn +nl). P 
11. 5(x -y)(y -z) (z x) (x? +y? 2? -xy -yz — zx). 12. 24abc. і 
18. 5(a +6) (6-6) (c +a) (a* +b? + c* -- ab +6с + ca). $ 
14. 12abc(a+b +c). 15. о. 
16. 3(b —c) (c —a)(a -b) (a - x) (b - x) (c - x). 


Exercise 79 (Рр. 318, 319) B. 
« (x2 -y)(5y +2) 8. и 8. (7a – 6b) (ба +55). 


1 

4. sa(a -2)(a* +2а +4). 5. (a —13) (a? +5). 

6. 2(5х +3)(3% —5). 7. (за? +1 - 2m) (за? -l +2m). 

8. (1 - ac) (x +b). 9. за +45) (2a — 9b). 
10. 3(x -»)(y - 3) ( - x). 11. 3xy (x +25) (x - 2y). 
12. (x + 1) (4х —9). 18. (х--3)(х-1)(х-2). 

14. (х+т)%(х +2). » 16. (а? +4) (b? + c?). 
16. (зу —х)(7х® — бху + зу). 17. (2c +2а- 5) (2c -24-5). 
18. (17x -3)(х +12). 19. (-0-х-1)а-9-х-1) 
20. (2x – 3) (3x - 1) (x — 2). 91. (3x +45) (6x - 55). 
22. 2(4a* 4a +5)(2a+1)(3 -2a). 28. 2(2a — 1)(a 2) (2a -3). 
24. (да — 9) (12a +5). 25. 5(x - y) (7x? - x1ay +79"). 
98. (x +1) (x +3) (x* -3% +9). 27. (a —2b)(a — x) (2b — 1). 
28. (8x — 5) (ax +9). 99. (х --2a)(x – 35) (« +36). 
30. (6x +7) (18x — 25). 91. (2x + 1) (2x? +4% — 9). 
82. (3x +y -2) (3x -y - 1). 33. (x -- 5) (e - 4) (x — 5) (x -4). 
34. (y +3 -3x) (yv +3 +34). 85. (x - Ay) (ax +2y +2). 
96. 36x? (ox — 2). 87. (ax -y) (2x -y -1). 88. (a- b) (2a -b 
39. (за -4b)(a -2b). 40. (a - b)(a -b — 4). 41. (a1) (ab -3). 4 
42. (т +п)(1+т -n). 48. (y —x) (xy +4). i 
44. 4x (x - x) (4 +1) (4x +3). 45. (x -25)(2x — 35) (2х +35). 
46. (3x ~ т) (3x +1 +a). 47. (a - b) (a 2b +1). 1 
48. 2а?(за +2) (за - 2) (да? +1). 49. 9 (3x — а) (3x +2а) (x +a) (x +28). 
50. (х-а)(х-1)(а-1). 51. (a-26)(a +b - c). 

52. (x +y +1 +m) (ху -L-m)(x -у+1-т)(х -y - 4m). 

58. (2x - 3) (3x -2y +5). 54. 2 (x* +5) { (д? +b)? + за}. 

55. (7x +3) (7х +11). 56. (b -- c) (c - a) (a +b). 
57. (x -3) (2% —5)(3х -y) (zx +y). 58. (4-х -y)(1 -x -»)- 1 
59. (ха +ya -x — s) (xa — ya -x +2). 60. (x? + ах t3) (0? - ax 43). 
61. (a -b +1) (2a -b +1), 62. (x -3) (x +2 +45). E 
68. (1-46)? (x +40). 64. (x - 55) (x +y +34). 

65. (x -2)(3x —7) (x +5). 66. (x? +2) (sx? + 4xy — 55. 


67. -3(y-2)(z-x)(x-y-22). 68. (x -2y)(x -2y — 3a). 
69. (y - z)(2v — 52) (2у +72). 70. (за +45) (sa -3b - 2). 


tx tox +4. 


ian 


"x(x41(x42)(x-1) 


* (зх 29) (3% =). 


ANSWERS. PART II Ixxi 


‚ (ax +y) (3x — 49) (4% +35). 72. (3x +25) (ax +2y - 1). 

« (6x - 3y +7) (3% +37 - 8). 74, (2x -3y) (3х —45) (ax +35). 
« (5x +9) (ox – 5). 76. (9x +45) (ax - 95). 

« (ax 49) (5x — бу - 6). 78. (бх +y -2) (x +5y —5)- 

. (4a +27) (27a +4). 80, (тос - 3d?) (25c — 630°). 

‚ (2x +79 - 3) (2х - 5y — 5). 82. (2х - 7у) (8x +3y - 1). 

‚ (xy - 3x —2) (x +y +2). 84. (xy - 4x - 5) (3 -y +3). 
. (6x +y - 5)(x + 5у -2). 86, (4x +9) (3mx -m +8). 

‚ (xy 5x —3) (x +2у +1). 88. (axy - 2x - 4) (5x -2y - 3) 
ЗУ 90. (ax + 5)(х +3); 5.61.103. 91. 4. 

. —12, - 650. 98. а= -2,6=6. 94. p= -7, а=т. 


ЕхЕВСІЅЕ 80A (Рр. 321, 322) 
а? + ab +% х? + 2ху +4y" 
а. 9. TINS 8. ие: 
9 — 4,2) 52 
ае o 6. x! -xy +у?, 
3x 
х+4 бх +1 ү 0340) 


а? + sab + 55% 1 т a 


* @+ab—25" ` " “zœ +y) 25 Gra») =a)" 


= yey, 220. 15. о. 
1206 2 18. 44 


* (Pa) (160 - a!) o RS -4d 


6 Undc e 
%. (осту -3)8 73) 
з 4 
5; 22. aoto. 
a(m =n) *b(n -I) *c(L- m). 


88, o. MA n-han- 
Exercise 80B (Рр. 322, 323) 
т-х а ab +B 
1. 2x. 2. a. 8. Groat а + ab +b 
y 1 8 а tab +b 
Б, 2с. б. ZUR 7 2295; * "a(a -9b) 


lxxii - ESSENTIALS OF SCHOOL ALGEBRA 


&-2 I “-y 2 ! 
M aisi jets db TU xy Чу (¢ +2) (t+3) (£4). 

xt ab 1 

18. x Lys 14. (a3 — Б®)(а 5) 15. т-а? 
pense eur кы T Бу? ARCUP 
18 3(25x* =y?) 25 (x y) (x +25) (x +39) (х +45) 

т 185° 2 
С. 18. 28-28) Би) 
91 an +4y ро, 2097 +7 +р4-1° -P т) 7 

* (®-у)(х —2у)(® +55) " — (р-4(а-?)(?-р) ў 
у-х 
23. о, : 24. т. 
EXERCISE 80 с. (Pp. 323, 324) 
1 8a (a? - 3) aus 18c ў I+” . 
* 3(@ -9)(à -1) * — 2561-90 5 (0-2) 
4; 168023 p, — 2446 6 (х—т)(2®—1), 
(9x? — 259") (493* — 25у?) ` * 16a! - 813^ * (x-1)(x-2) 
а -3 6 
. (a4) 8. i-us 9. x. 
abc а+Ь 210-204 7 
10. abc ^ п. @=Б` 12. (xt — 25) (x - 9) 
° 
18. бүлэн, 14. 2(a +b +0). 15. о. 
x? +x- I 
16. 3. 17388271. 18. 5. 
y -3y-1 Ё 
19. DENT 20. PECES 
i Exercise 81 А (Р. 328) 
1. а +35 +2. 9. 8x* - 2x +3. 8. с®+зс+ў; 41-5 | 

Y 18x? + 14x -6 | 

5. 402 — 6x +5. 6. a(2a? -3a — 4). f EHE 
SIS 9. 2x - 3. 10. 1-8 -c*. 1 


да? -8a41 
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Exercise 81 в. (Р. 329) 


1. 5? +25 +1. 9. 42 —26/ +5. 8. x? -2x - 1. 4. 3x - 5y. 
4 -2x-8 
2 il RE MIS 

5. a(@ — 4a +4). 6. x? 3x43. үй а 


жмём тиб 

ан) 9. за-2. 10. x? -2x x. 
Exercise 82А (Pp. 329, 330) 

4.23: 2. 8. 8. oor 73. 4. -1}. 6. +. 

6. -15,-25. тва вы Юя По 


ExercisE 82в (Р. 330) 


1. 2. 9. -14 8. 1, -2l. 4. 7. 

5. -i -w 6. X 7. о, -41. 8. 7h. 
3(c+1) 3(с--1) м. 2 

9. aou) NEN 10. -6. il, i 


Exercise 83A (Рр. 333, 334» 335, 336) 


1. Cloth 18. 3d., Canvas 6d. per yd. 2. 20 ft., 14 ft. 8, 97. 
4. 300 yds., 100 yds. 5. £3. 6. 3.39 p.m. 7. 12.30 p.m, 
8. 5 m.p.h., 16 miles, 9. бо yd. by 48 yd. or 66 yd. by 42 yd. 
10. 12 a shilling. 11. 50 m.p.h., 25 m.p.h. 12. 1650. 
18. 2 hr. 2 min. 14. 20 ft. 16. 36 min., 45 min. 
16. 24 days. 17. 89-7. 18, 30 (7) should be rejected) m.p.h. 
19. 15. 20. 144 yd., 42 yd. — 91. 180 m.p.h., 300 miles. 
22. т yd., то yd. 28. 50 yds. 24, 12. 25. 5 m.p.h. 


Exercise 83 в (Рр. 336, 337, 338) 

1. Figs rod., Currants 4d. 2, 733, 3615. 8. тоо, 6d. 

4. 960 miles at 32 m.p.h. 5. 16 yd., 12 yd. 6. 12 noon, 

7. 3.26 p.m. 8. 4 m.p.h., 14 miles. 9.3. 1052 
11. 25. rod. per tb. — 12. £2 ros, £2 28. 6d. 18. 32 yd. per min. 
14. 48 m.p.h. 15. зо hr., 50 hr. 16. 15. 
17. 8000 ; 15. 6d. 18. 36 m.p.h. and 48 m.p.h. 
19. 150 yd., 8o yd. 20. 83, 38. 
91. s and 2, ог - 8: and -6$. 99, 18 cm., 5 cm., 24 cM., 5 cm. 
23. А of secs, B то secs. — 88. 1230 pm. — 85. та m.p-h. 
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Test Parers VII (Pp. 338, 339, 340, 341, 342, 343, 344) 
А. 1. (i) (à* -3b +%)(a* - 36 —x), (ii) (7х - 8) (2х — 7), 
(iii) (x +2) (2х — 1) (ax +5). 


(4% + 5a) (2х — a) Е, 
5: 4(x +2a) (2% + за)(х a) Sun Жу” UT 
Д m I 1 
4. (i) —, (ii) 22, EYE 5. 4 m.p.h., 3; m.p.h. 


6. x? +5x+5; —3:62, —1:38, each twice. 
Bak Иа. 
го пазы ре 
2. (i) (9x +2) (18x — 5), (ii) x(x + x)(x +2) (x +3), 
(iti) (х ша? —4¢ +2сх). 
8. ApS — days; Bo“ days, 4. (i) = 
5. 2х-3: Os, -3) (x --3)(x -2); (2x -3) (2х -1)(x -3) ; 14,2; —3. 
6. 8 m.p.h. 
©. 1. (0 o(x - 3) (3x? — 12xy + 139%), Gi) (x* -33° +22") (2-3) — 287) 
(iii) (тох —y) (1 + 5x — 35). 


-d ,. 
‚@=зәу=- 


3 (2а? + ах — 6х?) | ЕН 
2. x3 4 3x* - 4x +2. 8. Geodon 4. 24’; 16’ 6". 
5. 2, - 2h. 6. x=1, y= —1, or x=}, y=}. 


D. 1. (i) (x +7y) (6х +355), (Ш) (x +2) (% +6) (x - 2) ( -4), 
(iii) (х+3) (x? +x +1). 


у(с-х) = -24. 

8. (a) тоз, (b) о. О (b) 1-24, 2 
4. 1? —-q(p +0), qt =rv. 5. 45 m.p.h. 
6. х=1,у=3; 8-3 y= -фух=ьу= -2. 

к 

ЕЛ; ду 
I4— 
100 


9. (i) (6x +5) (ax - 5), (ii) (2x —1) (x +2bx - 50), 

(iii) (x +a +b - c) (x +a - b +0). 5 
8. x(3x -2). 4. (i) 5, Gi) x—23, y= -20rx— -25 V Fi. 

.auv и(о-и) v(u-v) p.h. 
UL ate "ue л 6. 14 m.p.h., 24 тр 

Е. 1. 2(4x — 35) (a* - бху +957), (ii) (9x +25) (6х — зу +4), 
(iii) (2х — gy 2) (x +6y +1). 
2. ж = gat +60 —4 
254 
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935 $5 поро ЭМ SI 
3. Q7 pO x-2y- 1; “= ine . 


9 
4. EDS 5. 10 m.p.h. 
6. From x= -3 tox=-1}; -2:86, -o'14 ; the line is y=}. 
G. 1. (i) 45 (3l — m) (19l? — 36Im + 21m), (ii) (x +4) (4x — 3) (x? — 2x — 1). 
g 5E 8. a- NE Ts, a=b 10. 4. 8o 
5. (i) x 22, y =3 or x —o, y =0. 6. (b) а? +b? +e. 
Н. 1. (a) | к z Wo. 


2. (i) a im (7а? +8), (ii) (x — 1) (Sax - 10a — 1), 

(iii) (a — 5b) (b +c) (c +a) (à? +b° +c? +ab -bc - ca). 
8. x? -2x +3. 4. 3. 5. £36. 
6. 175 sec. and 52% sec. after the start. 


m 


1. (a) «a, (b) a=31, b= -12. 


2. (i) (za — 5b) (тода? ~ 23ab -- 75), (ii) (7x — 2) (2x -6y +3), 
(iii) (2c +4+зх - 2y)(2c +d -3% + 2y). 

8. (i) 4, -3% Gi) x—38 у= -2h or x 15, y 15$. 

4. (1) qm S4 a) per cent. ; 


(2) 488229), 18057229) per cent, ; (3) o. 
5. 4 miles, 14 Wl 
ОЕ a+b d M nas praebe 
ER а) Е 2  2(a-b) 2(a-b) 2 


J. 1. (b) a-17, b= -12 ; Gx - (ax +3). 
2. 3x! фм +45 7, A= — 56. 
3. (i) (зох +7y) (20x —95), (ii) 24(3х +7) (2x *3)(« - x) —4), 


(iii) (4x —7) (1 + Oxy +55). 


ХЭ» у, . 120, 
4. (а) И (b) 5 5, 120, 


К. 1. (0 (4 +c +2d)(4 -c - 2d), (ii) 8(зх -2y) (2% У), 
(iii) (9x +2)(5х.—3у +2). 
125%? -40% -24 — 
` 5%(5% +3) (252° —4) 
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Ig иын D ow 
3 @$- 2527 ЕН 56 116 + 
(b) с +с(2 -a +b) +a? +Ь%+аЬ-а+Ь+т. 

4. (1) Bee (1) «= “y= —1, or *=2, у=1. 

5. (a) 04% +3a* -- 33a — 26, (b) a=6, b=13. 6. 
І. 1. 5x -3. 

8. (i) 7 (ax +37) (x +3), (1) (2% +1) (2х –1) (х +35 +1), 

(1) (gx +2у – 4) (ax -зу-5). 
8. а? tab - 36%, 4, 20, 16 or 1, $. 
5. (i) a*b,a-c:; (ii) x 210, y= -7, or x= - fp, y =H 


27 


1; аб, b, 8, i hi, [Sm n, xd, ›%, at, $5, c, d*, 8-9, rt, m, nu, 
ху" 
2. The си Au of a*, the ath root of x^, the square root of с", the 
seventh foot of уз, the sixth root of 18, i.e, 03, the sth root of 
238, ie. 23. 
3. a, a, а?, b, ats, o$, yt, й, г, 273, a7, a, аа, Б^, хав, c$, ул, 
di, r$ x 
Жэй ЛТ 
4. at, 65, = 
ui Ч ten 
5. VE, B, s Уй, Fo hs 57 ты. 
6. ua а, А ge asit, 
7. 8, 32, rhs, 4, 0:008, d, 8, Jn 158, b -an 26,055, Ы rhe, 32,1, 
—7, 1000, 9, 072, i ah, 8, 1,25 5 5 2% 1,4 
3. 5 3 за". ! ent 
8. 2 9. ES 10. 72°. Lc 12. 3 
2 
i 8 8 х 
iene 14. ph 16.5. 16... 17. =. 
4 i x T а 
aiia ута" 24, =. СЭРЭЭ 
18. E 19. —-;-. 2. 2 21. A i 
a b 9b? ЖЯ. , 895, 
23. a 94. = 25. “als 26. = 4 
a 
28, xi. 29. 2у? 80. Z. 81. 27. 8.5. 
2 $ 
93, 12 В 35. 27) 86. —- 87. 24%. 
ai m ЗУ Г 
2 а 
88, Sr. e cy 40, =. 41. = 42, ^ 
43. 8® 8, 80, 8-3, 88, 81. 4.10 -bi А. 


РАВТ Ш 


Exercise 84 (Рр. 348, 349) 


f Ixxvii 
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Exercise 85 (Рр. 350, 351, 352) 
1. ө цай +3 +3 samt -45x7?. 2. аЬ -a- S55 -2a “15-8, 
8. 2x xi text +1. 4. a за 6 +58. 5. За +уа_% +6. ОИ 
6. qx8 — ax +1, 7. x8 4x78, Тита, 


5 q 
9. (3x -2 +x). 10, + (2-43), 11, + (+: -эй) . 


3. rj 
12, (355-2 -a-$), 1801530: ил, ES 15. зай 
yt Ч 
28 S. D x Р 
16. zb T7; aedi 18. 81ix*y. 19. eS 90. 4 
1 
2L 1-х 22.1. 98. 1. 24. P 25. = 
3 
26, 22. 97. да. 28. att, анг 
81. = 32. 2-0. — 838.7. 84 Mm tytn, 856$ 4 
bs at bs гъ ТШШ 
36. 6. аў. 0. 38. E 40. шуэ. | 
e zi ii Ah м 
a5 42. k ula Lu NE UE 
45, x=", y -atbpis, 46. 5 47. -4 48. 3 
49. x +x? — 20. 50. 12a - Va - 6. 51. х дай +16. 
58. 1-507? +2507, 53. a3 -6+ даг, 
54. х+8х® +24 432072 +1601, 55. 415 ы 12 
а? -2 x* +3 | 
57. : ын. 58. xe — 2483, 59. 3 60. x? +343 
3 5 [ 
61, xtyiz, (5j 6 63. 2. 64. =z 
D 2 : Г 
з 4 f 
es, 5. 66. »1 OSA ue 68. 1. 
4a 3 


8925 —— 7 70. 53. NUT . ontan, 
х 71 4 78. 3 Ё 
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Exercise 86 (Pp. 355, 356) 


1. V72o, 3916, Хдо, Nai, Na“, Муул, 

9, (i) 4/9, Vs, 5/24, (ii) Алт, N6, Мз. 

з. @ Ул, Woe, Gi) Yat, Уаз, (iii) Yas, Nas, (iv) go, N16, Yo. 

4. 12N2, 3N2, 3N3, 4МХх, КЕР -242. 

5. 7N2, 11N2, 12N5, 24/8, - sx ay, 8o V3. 

6. 2xN y, gay Мху* » —Xy 8 A x5, (a +) Ма, 15d Уэс. 

7. Мтбз, Мбоз, V375, 4/32, М882, Уззо. 

8. Уо, N45, үз. NES NES 9. 14У5. 10. 127. 
11. 24М3- 18, -roNix. 18. 17 Ут. 14. 2443. 
15. 25У3 -42N2. 16. 5/2 +1443. 17. 33N3. 18. 3У6. 
19. 6x?y Nx. 20. (зх?у = зу?з 62) Nx. — B1. 35М2=49:50. 
29. 20N'2 —28:28. 23. 21N3 —36:37. 24. 2М2=2'83. 

95. 10N6 -9N3 —8:91. 98. 64N2 - 60N3 +25\/5 42:49. 
27. 156 236774. 28. 40M3 —69:28. 99. уо\/2 — 98:99. 
= E N6 

30. 60V3=103'03. 81. 110У6=269445. 82. 2 = 2/20, 
J 
33. 238 хө, 84. 5N2=7-07. 85, 277 =11:34. 
36. ДЕЯ 37. 125 =26°83. 38. 8/2 211731. 
9 Л 
89. УИ 40. 3^7 –о:63. : 
20 21 
Exercise 87 (Рр. 359, 360, 361) 

1. гох -12Nx. 9. 12 NI +21. 8. 7o -20N 10. 

4. бх 47 N xy – 20у. 5. 18 +1910. 6. -17. 

7. 111 +60N3. 8. 320 -70М15- 9. х+2у мй - 44у". 
10. 4-2N4 - x. 11. 2435 - 8. 12. 12 4 12N2. 

13, 9543, 14. 15N3 +18%2. 15. 5-1. 
33 
+143 
16. ын 17. 7N2-2N7. 18. жез, 
2 = +x? +8V16 Ай 
19. 27 V2 +22%3. 20. a Na? - b. 21. gr c 
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22. x 98. 7-43. 24, 1. 85. 282. 96. 1:34. 
27. omy. 98. 19°80. 29. 0°50, 80. 7:15. 81. 0:04. 
32. 0:29. 35. (i) 2, (ii) 24, (iii) 568. 37. -1. 38. -24. 
39. т. 40. о. 41.У5-1. 49. V54W3. 43. 2N2-2. 
44. 46-Уз. 45. 3N2-2N3. 48. 3N7 -2. 47. 3N5 +2N3. 
48. М NS. 49. М6 Ex - Ма -x. 50. N3x -2 - Nx -3. 
51, М2+1. 59. Му+т. 


In Nos. 53-80, 93-100, roots which must Бе rejected are given in brackets, 
53. 15. 54, 3. 55. 22. 56. 126. 57. 2. 58. 13. 


2 1 
59. 0. 60.5. 61.9. 68. 10, (-22). 63. E) 
64. т, (61). 65. 8. 66. 6, (134). 67. 8, (4). 
a a * d 
68. (=). 69, (11). ^ 90.1, (33) поа 
79. 7, (-s?)- 78. 441. 74. 4. 75. 12. 
76. i 12, (o). 77. 6, 1, (55:23) 5 78. т, 9, twice. 


79. 2, -8, (0, -6). 80. 2--2^/2, їе, 4:83, —0°83, (6, —2). 

81. 0:22. 89, 22'18. 88.30. 84. о24. 85. отт. 86. 5:80. 
87. 0:27. 88. 038. 90. (i) т, (ii) 34, (iii) 108. 91. 2. 92. о. 
93. то. 94. -3. 95. 7, (2). 96. 9, (-4). 97. 21. 
98. о. 99. –2, о. 100. -3, 5, (-12). 


Exercise 88 (Р. 362) 
1.3, —2,6, =3, (=; 0 2. 2,4, —3» 0:5, —2°5,1°5. 
3.2,5 -%%% -1. 4. 2,05, —1, 15, 3, 25. 


Exercise 89 (Р. 367) 
1. 0:5315. 9.06812. 8.07709. 4.07924. 5. o'8451. 
6. 04518. 7. o'9552. 8. 0:9763. 9. 08274. 10. o:8639. 
11. 0°5337. 19, 06883. 18. 07733. 14. 07065. 15. 0:8478. 
16. 04527. 17. 09545. 18. o:9767. 19. 0.8275. 20. 08640. 
21. 0:8539. 22. o'9870. 28. 0°5308. 24. o:9297. 05. 0.6442. 
26. о-8052. 27. 0:8578. 28. оо800. 29. о:1058. 30. 0:3238. 
31. 1-440. 82. 2:850. 88. 8:580. 84. 2:654. 85. 7:090. 
36. 3:409. 37. 4990. 38. 6-147. 89. год5. 40. 1798. 


жеты а жь 


ANSWERS. PART III lxxxi 


41. 1:460. 42. 2:800. 48. 8:520, 44, 2:564. 
45. 7:908 ог 7:909. 46. 3:904. 47. 4'969. у 
48. 6:715 or 6:716. 49. ro53. 50, 1°784 or 1°783. 


EXERCISE 9o (Р. 368) 


‘The answers are, for convenience, given to 4 figures. Ifantilog. tables 
are used the answers so obtained may differ slightly in the last figure. 


1. 9:333 (or 2). 2. 9'056 (or 7 or 5). 8. 8:351 (or 2). 
4. 7:263 (or 4). 5. 7:541 (or 2 or 3). 6. 7:970. 
7. Igor. 8. 1:599. 9. roig. 10. 1:618. 11, 1454 
12. 1:526. 13. 2:395. 14. 7:635 (or6). 15. 7-621 (or 2). 
16. 5:696 (or 7). 17. 5:219. 18. 1:397. 

Exercise 91 (P. 370) 
1. 1:5315. 2. 36812. 3. 1:7709. 4, 2:77924. 5. 2:8451. 
6. 3:4518. 7. 4'9552. 8. 1:9763. 9. 1:8274. 10. 3:8639. 
11. 1:5337. 19. 1:6883. 13. 2:7733. 14. 57065. 15. 2:8478. 
16. 2:4527. 17. 1.0545. 18. 3:9767. 19, 28275. 20. 1:8640. 


21. 1:8530. 22. 2:9870. 28. 2:5308. 94. 19297. 25. +6442. 
26. 2.8052. 27. 1.8578. 28. 2'9890. 99. 31058. 30, 53238. 


91. 144. 39. 28:5. 98. о 0858. 34. 0-002654. 35. 7090. 
36. 34090. 37. 0:0004999. 88. 614700. 89. 1045. 40, 01798. 
41, 14-6. 42. 0'028. 48. 8520. 44, 02564. 

45. 0:007909 (ог 8). 46. 30040. 47. 496°9. 

48. 0:6716 (or 5). 49. огото53. 50. 1784 (ог 3). 


EXERCISE 92 (Р. 372) 


1 Гат. 2. 4.61. 8. 2°79. 4.04. 5. 12. 6. 2. 

7. 703. 8.373. 9.2.87. 10.3538. 11.61. 12.074 
18, 2:8. 14. 4:76. 16. 1:94. 16.272. 17. 1-4 18. 9s. 
19. 31:9. 20. 3. 21. 1:47. 99.2:29. 99.2:97. 24. 1:63. 
25. 2:57. 26. 1:59. 27. 1:97. 98. 3:86. 29. 3:42. 30. 1:676. 
31. 1:61. 32. 1:58. 88. 99. 34.3 35. ix. 36.04. 


Exercise 93 (Pp. 373, 374» 375) 
(Зее note at head of Ex. 90.) 
1. 981-0. 2. 10640. 8. 5991 (or2). 4. 251800. 
5. 2:675 (or 6). 6. 30:73 (ог 4). 7. 3003. 8. r819. 9. 1875. 
10. 751600 (ог 751700). 11. 5:339. 12. 7870. 18. 2653. 
14. 9'078 (огу or 9). 15. 19:40 (or 1939). 16, 131:6. 
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17. 13778 (or 9). 18. 7345. 19. 4:132. 

20. 1:337 (or 8). 21. 342:9 (or 8). 22. 14-01. 

23. 0'1917 (or 6). 24. 0'1934. 25. o:01363. 26. 16:57. 
27. 005207 (or 8). 28. ого6851 (or 2). 29. 0:2183 (or 4). 

30. 3:926. 91. 178-5. 32. бодо. 83. 003582. 

34. 13:07 (or 6). 95. 21:24 (or 3). 86. 31-80. 

87. 04290. 38. o:1212. 39. о-9242 (ог 3). 40. 0:05224. 
41. 0:06163. 49, огсобобо. 43. 0:4775 (or 6). 

44. о-68тт (or 2). 45. 352:0. 46. 4:207 (or 8). 

47. 0006354 (ог 5). 48. o:1606. 49. 129'r. 

50. 1:953 (or 4). 51. 62:18 (or 9). 52. 34:42 (or 3). 

58. 1003 (or 4). 54. o:1869 (or o:1870). 55. o:3104. 

56. 5:335. 57. 17:88. 58. ог2064. 59. 6:160. 860. 5:236. 
61. 5:568 (or 7). 62. (i) 35:62 (or 3), (ii) 35370. 

68. (i) 18:21, (ii) 17:43. 64. (i) 4:353 (or 4), (ii) 8:838 (ого). 
65. (1) 5746 (or 7), (ii) 3-782. 66. (i) 2°158 (or 9), (ii) 90-42 (or 3). 
67. (i) 28-42, (ii) 2'177 (or 8). 68. (1) (57355 (or 6), (ii) £317°6 (or 7) 


Exercise 93C (Рр. 375, 376, 377) 
(See note at head of Ex. go.) 


15214117 2. 01034. 3. 000906. 4. 0:09990 (or 1). 

5. 3:244. 6. 0:06576 (or 7). 7. 2:193. 8. 1:860. 

9. о:2199. 10. 11:57. 11. 0004325. 12. 01634. 
13. 07667. 14. 39:66. 15. 0:5878 (or 9), say 0:59. 

16. 7:962. 17. 2:2772. 18. 6415. 19. 1:375. 20. 03183 
21. r'145. 22. ог2201 (ог 2). 23. 2:452. 

94. 4:536 (or 5). 25. 2120. 26. 28:73. 

27. o'5958 (or 9). 28. 1-634. 29. 9-067 (or 8)--10!. 80, 43:68. 
31. 1:681 (or 2)-+ 10t, 32. о-7248 (or 9). 

33. (1) 66:24 (or 5) c.c., (ii) 12:03 cm. 34. о-т545.... 
35. 0'3962. 86. 22:99. 37. 1:353. 88. о:531о (or 1). 

39. 19:97 (or 8). 40. o:998o. 41. 926:4 (or 5), say 939. 
49. 2021 (or 2). 49. 3:363. 44. 7-053 (or 4). 45. 004404 — 
46. 26:54. 47. 104. 48. 10:37 (or 8). 49. 10% х 9:880 (or 1): - 
50: 147:94 (or 5 or 6). 51. 260-0. 59. 9553 (or 4). 

58. 2:815--10*. 54. 3-721. 55. 47:84. 56. 3508. 

EXERCISE 94 (Рр. 382, 383) 
Tux 2. 2. 9. 3. 4. 2. 5. 3. 6. 12. 
aa -3. 8. о. 953: 10. 2. 11. о. 12. 3. 


т. 14. 1. 15. 2:5. 16. 0-75. 17. 9. 18. -0:32 
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3 20. 1-71. 91. 080, 22. 0-69. 23. т. 24. 2:91. 
А-а УЫ 96. х=3'23, у=1'52. 97. х=2'76, у--2:28, 

x=], У=З. 29. 0:43 or о:68. 90. 3. 81. 6:34. 

13:5. 98:58: 84. 3:3. 85. 284. 86. 6.6, 87. 2:86272. 
. 1.70927. 89. 0518658. 40. 1:20775. 41. 0:62518. 
‚ 0910796. 48. 1.81259. 44. 1.84679. 45. 023754. 46. 1:973606. 
. 2°53530. 48, 2-433895. 49, ху? =7. 50. x* —115*. 


. x Ny — 10. 59. х*=у°. 53. 2ху%=5: 
. 5° =36/ (or 629). 55. «=з. 2Ў. 56. х? 2100 . 5". 


ey Sens, 58. ax =a — by. 59. x? —995*. 

‚ (х +y)? = 1000 (x — y). 61. 1:26. 62. 1-05. 63. 3:24. 
. -1:32. 65. y 21x. 66. xy?—2160. 67. x*y! —312:5. 

„ ух0"86 =41'4. 69. у= 63х1"78. 70. ух" 5 = 480. 


ExERCISE 04 С (Рр. 383, 384) 


2$. 8, -14. 8, т. 4. 0:003981. 5, т}. 
573 8. 01770. 9. о1850, 10, то. 
.x-4-1$1g2-22:39; У=31082=0'40. 12. х=г17, Y= -041. 

х=5,у=4. 14. 93. 15. (i) г2, (ii) 57. 16. 16. 

12. 18. 236. 19. (i) 1-2 log2 -log 3, (ii) 2 log 3 +1052 -3- 
үйл) 21. © log 55. (ii) 75. 89, зо. 

« (1). хо0:5908,:(31) х 015587: 27. 4°61. 28. 8-66. 


. (i) тгд965, (ii) 3°883. 30. 32-1590, 81. 0585. 82. -05. 
35. 1 


. 0:693. 34. 2:15. 21. 36. —4°75. 87. 5°82. 

. 1724» 39. x—11, у=25. 40. х=Н,у=Н. 41. т or 0°63. 

4 48. Ух.у%=$5. 44, x! —13y. 45. xyN x — 100. 

. x3 =75, 47. 3% =8" (or 2%). 48. 5x —2»*. 
49. то. 4" =, 50. х=з Vy. 51. у (x? ~y*) =x". 


52. уз =ох?. 53. 2:81. 54, о:67. 55. о'бо. 86. 1-002. 


Exercise 95 (Рр. 388, 389) 
. (i) 2:9, (ii) 9: 1600, (iii) 61 : 00, (iv) 13 : 270, (У) å? : 320°, (vi) 1:8. 
. (i) 4:45, (ii) 12: 175, (iii) 10 :3, (iv) 2:7, (V) 7:5 (D) 28 : 45. 
(i) 4:5, (ii) 9:4, (iii) 5:4 or -5 : 4 (iv) 23:20; 100 +H: то, 
. (i) 24:45:20, (ii) 9:6:8. 5. (i) 1:3, (ii) 5 : 11, (iii) 2:23. 
. (i) 6:31, Gi) — 11 : 17, (iii) 29:74. 
7. (7a *3) : (44 4 2) ; a —13. 8. 1:4. 9. 2:3 0r -5:4- 
10:51:01 11, zr. 
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12. (i), Gi), (іу), (vii) are unaltered ; (iii), (v) increased in ratio 2:1, 
(vi), (viii) decreased in ratio 1 :2. 1 
{| 


18. -г: 20, 14. 2. 15. 24 years, 32 years. 
16. 35, 71. 17, то days. 18, 37:7. 19, 34,2. 20 2:3r4tomm 


EXERCISE 96 (Рр. 394, 395) 


à 

1. (i) 24, (ii) 24 » (iii) = 7 2. (iy 64, (ii) ав, (iii) ЗА р 

8. (i) +16, (ii) +a%b*, (iii) +15ab*. 5. 23, 1, 13. 

вое, Фа 1. en. 

EXERCISE 96 C (Pp. 395, 396) 

lo x:y:z-21: -26: -10. ох узда. 54172145 

8. x:y:2—7:19: -27. 4. x:y:22 —9:2:7. 

д. x:y:xX-9:11: —5. 7 

6. x: y :z=(br —cq) : (cp — ar) : (aq — bp). 

7. x= а y=F4, z= E 8. х--15, y=41, 2-1. 

9. х-22, y 2 -5,2— 214, 10. x=3,y=4, 2= -7 
E ш ЕВС эле: abre 

(a - b)(a - c) (b —c)(b -а) (c — a) (c =b) 
12. задь угласан ал), 18. o, -2. 14. 22, 
15 15 15 я 
15. o, -7. 16. 0, 3, -3. 20. -i 1 
28. The sign of the inequalities must be reversed, unless b+% is aiso 
negative. 4 
Exercise 97 (Pp. 402, 403) 

1. .a=hb. 8. с-АФВ, 8. z=ky?, 4, ab=k. 5. cd? =k. 

6. ху? =k. 7. (а+5)с =. 8. 41-58. 9. с=т. 
10. w=kt. — 1L üWs-k 12. (Рут =k. 18, i-kn. 
11 po=k. 15. x =kw*. ВВ, 17. Цас 
18. =, 19. 2=kd?, 90. 9-54; МЕЯ, -2'5, -4; y 720 45: 


21. pu —40; p=4, 25; v—191, 16. 98. y-áx* ; к= 5,759, 
28. x*y =288 ; х= +5; y —18, 2:88. ; 
21. cd=100; c—10; d —16$, 84. 
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Exercise 98 (Pp. 403, 494, 405) 


1. 81, +3. 2. 3-75. 8. бу=5х, 3775, 3- 4. 45. 5. 27. 
6. 24. y а=т; 6. 8. 3:6. 9. so c. ft. 10, 6 sec. 
11. At a distance of V3 ft. 12. 10147 —101:9 cm. approx. 
18. 12:8 Ib. wt. 14. £21 17s. 6d. 15. зо m p.h, 12. 
16. 1382:4 gallons. 17. 0:226 sec. 18. 1561. 19. 12 years. 
20. 1:8. 21. 25. 22. 4000 x үг miles. 
28. 192, 20 ft. 24. 8 sec. 
EXERCISE 99 (P. 408) 
1. AC - kB, 2. X-kYZ. 8. вуз. 4. z-kx- lx". 
| 5. хуз =k. 6. a=k+b +75. 5) E=k+Ł. 
8. HR=RtV’. 9. p=kav*. 10. л = Као? 
| п. C-kA + gu 12. =. 18. x =hxy?. 
| 14. C=khr. 15. а=. 16. Ул =k. 
| 17. RA —kL. 18. z =ky +x’. 
ЕхЕксїзЕ тоо (Pp. 408, 409, 410, 411) 
1. 482, 1944. 2 4%. 8. 13. 4. 6. 5. 24. 
6. 4. 7. 47. 8. 6. 11. 15. 
12. ГЕЗАЙ, 9%. 18. 103. 14. 1. 15. 4, -2. 16. 16 or ў. 
2. A44 =3'53 cm.approx. 18. 2s. 6d. 19. About 13'5 in. 
20. 18a shillings. 99, £3 os. 6d. 94. 1:62 ft. 
95. ze in. 26. 150. 97. 2 ft, 224 ft. 28, 84. 29. 5 cm. 


Trust Papers VIII (Рр. 411, 412, 413, 414» 415, 416, 417, 418) 
1. 022) 9, х7--ах5 +357; 822 9x +10, 


„ 848 (1728 1,2 
8. (i) гё” (ii) Bo 23. 
4. (i) 0702213, (ii) 67766, (iii) 27185. 
6. 15 min. 20 sec. approx. 


5. (ii) Sand -1Ẹ. 


„гох(2-х+у) p20y(2-x +9) . (i) 5, Gi) 1. 
1. (SS ae 9 2 @ (ii) 1 
з. 0)25:3, Gi) o. 4, 07. 5. 013,0); G) -F 


x-2 
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О: 2, @ 5757 us, (i) V3 -N2. 8. 5. 
xt > а; я 2 ae 
4. (i) у 13 pu 5. (i) 17734, (ii) 116-2, (iii) 0:397. 
6. k=5. 
D. 1. 2-4, 2-15, 225, (1) 2072. 9. 3,-1. 3. (1) 71V3 –57%2, (ii) УЗ. 
4. (i) 1&. 5. x —20 - 42. 6. (i) 5, (-4D ; (i) $or -$- 
E. 1. (3:4, Gi) 5:30r -7:2. 
2 LE 
8. (i) xb tax — 2x3 — ax 4x78, (ii) А, 
8. (i) 1000, (ii) 12, (iii) 35. 4. 45 ft. 
5. (i) 0°6053, (ii) 1:069 +105, 6. (i) 3x85, (ii) +3, £53, +7. 
—- 2ab Va +25 
F. 9. (а) (а BH 8. OTe Е 
4. (i) 2:672 (or 3), (ii) о"9914 (ог 5). ЭГ 18, (ii) 4. 
6. а=1:25, n=0'7. 
G. 1. 2. 8. (i) 14, (ii) 1; р=х-у. 
4. (i) 0°1346, (ii) o-8094 (or 5). 5. £6 14s. 
6. у= тох, 2430. 
НОР. (ус, бу экы шшш; 
8. (i) 0358 айс +61, (i) x + axtys - зуй. 4. тоо ft. 
5. то. 6. (1) 0°80, -0'96 ; (ii) o, -1. 
1. 1. 8d., 15., £48 each time. 2. 300. 8. (i) 2700, (ii) -2, 
4. (i) 03927, (ii) 3:789. 5. (i) т, (1) 1, -2 -N3. 
1. 2, ax? -1 -x75. 8. -1. 4. 1-5 per cent. decrease. 
5. (1) 3-22, (ii) 2:63. 6265 22, 
igual oa 8. (i) x? 21 (ii) a} +25 -а70. 
4. (i) оссоо8о67 (or 8), (ii) 0:5756 (or 7). 5. 4-3, 2, EI 
6. а=26:5,п= -1:32. 3 
І, 1. (i) ab --bc са, (ii) 4x +1108 +6. 2. гс 222 
ёс 
СЕРР 5. 8-8 tons. 
нэ vd : 
6. t=273 ТУР = 1), 16:7. 
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EXERCISE тот (Рр. 419, 420) 
I.I I I 


1. (i) 1, 4, 7, 22, 37-2; (1) 11, 14, 17, 32, 37 +8; (ino reni 


в) d Sup Oo a 6, 56, 78-75 
ее 
3 5 15 27-1 
(viii) -ьь —1, 1, (-1)^; (ix) 14, 10, 6, -14 18-47 ; 
(х) o, 33, 85, 2187315 3° -( -" > 
Я. (i) 10, 13, 16, 19, 10 +3 (n -1); (ii) 10, 6, 2, -2, 10 - 4(n - 1); 
(iii) 256, 128, 64, 32, 25642"; (iv) л, - bb -15 tty х(- 3)" 
3. (i) -2, 15 (ii) 10, 8; (iii) Tr, H ; (iv) 10 x 15, 12 x 15. 
4. (i) 45, (ii) 18, (iii) 45 (or $), (iv) 36. 
5. (i) 19 +37, (ii) nro (iii) A x( -2)^71, (iv) n+10", 
6. (i) (a) Yes, the rath, (b) №; (ii) the 8th. 
7. (i) 5, (0) 40. 8. (i) 3, (ii) 3. 


(vii) 7, 14, 28, 896, 7 x 277 ; 


Exercise 102 (P. 423) 
1. ()4; (i) -3; (у) зх; (vi) -2; (vii) e - d. 
9. (i) 50, 99, 82 +3; (ii) 22, -43, 113 131; (iii) -35, - 70, 14-71: 
(iv) —74, -154,38-16n; (v) —25р, —55b, 17b — бир; 
(vi) 25b? — sa*, 45b* — 100%, b? (an -3) -4° (n -2) ; 
(vii) 20у — 35%, 30у – 70%, 2y (n +3) -7(n -2) ; 
(viii) 18m - 3l, 33m — 81, зт(и - 1) - (n -4) 
8, (i) -12, -44, 16-121; (ii) 12, 15, 121-45; 
(iii) 6p?, 098, (6n —1)p* ; (iv) 4x +29, 16x +5, 4(n - x)x + (2n - 5)». 
4, (i) 54, 61, 68 ; (ii) 92, 87,82; (iii) —70, —66, -62; 
(iv) -32, -35 -38. 
5. (i) 26, (ii) x6, (iii) 21, (iv) 41, (у) 13, (vi) 71. 


6. (i) 235, (ii) — 8:5, (iii) за? - 4D", (iv) o. Я. 14, 17, 20, 23, 26. 
8, 31, 27, ...-29, -33- 9. -39, –36, ... -21, -18. 
10. a-b, a -2b, ... a - 2kb. 11. 3n +19. 12, 14, 22n +20. 


Exercise 102 € (Р. 424) 
1. (i) 41, (ii) 23, (iii) 33, (iv) 15. 2 -53 8. 2, 8, 14 20. 


2x (c - b) +39 (a - o) 
4. 25, -о°6. 5. axle reed. 8.7. 


8. да - 3b, за - b, 2a +b, a +3b. 9. -2,2, 6, 10, 14 


Ixxxvili ESSENTIALS OF SCHOOL ALGEBRA 


ar+b a+br 


10. 35, -3- BOT 
12. (i) 8, 14, 17, (ii) -3, 1,9, (iii) 5,1, -7, —15, (iv) 24, 20, 16, 8, 4 
14. 44, 53, 62, 71, 80. 15. 15, 27, 39. 16. 3, 5,7,9. 


Exercise 103 (Рр. 427, 428, 429) 


1. 52, 567. 8. 250, 10541. $. 411, 5331. 4. 81, 2764. 
Ei ng nino) К 
5. -4, 76; . 6. eae 7. - 1200. 
8. -2780. 9. 210, 10. 2675. 11. 1923. 
12. non 37). 18. па ^ (n$ -n)a. 14. 48b +480. 
15. 6 or 7. 16. 35. 17. 73. 18. 13 or 20. 
19. -26400. 20. (3309. 91. 76 (495 must be rejected). 
88. З цэх +23) - b (12x - 24)]. 88. 167; 8 94. 2109. 
85. "(sn -1). 26. 114, -24 27648. 97. 16 years old. 
23 n(a b), 
28. 2125 ft. 99. 1732. 90. 2. 81. BE 32. p 
6 2 
P @ 4% Gi) Бан 84. (i) омаде IPAE 1 
13; a 
3 2, ын iN 
85. 3, 5 2 5 = os 13. a n6» SA 50- CAT 3 29 
88. 3h. 39. 70. 40. 1,4, -2, -% - i; e 
, EXERCISE 103 C (Рр. 429, 430, 431) 
1. 43, 76, 3268. 2. 16, 549. 3. 116. 4. 3678. 
5. то, 165. 6. 145, 15 апа 16. 8. 500; 25, 250. 


9. 17258. 10. 5, 14. 11. 3500. 12. £8625. 18. 19. 
15. 49 years. 16. 46r yards, nearly. — 17. 21. 18. 120. 19. 36 


+ 
90. i £3390, the first makes the better bargain by 225 in 


21. zi ын 58, 658 2. 22. 570 yards. 28, 12. 24. 20. 
25. 4n — 1, n(2n +1), 250th term is x less than 1000. 
26. (2n +1) (a +nb) ; the (n? --2n + x)th term is zero. 
* 98, 92-3 sea 
и+2у 2и+у` 


1. 
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Exercise 104 (Рр. 433, 434) 
OZ; 09-15 (9 8: (vi) -a 


Py | es) ие лт И. ан) 
2. (i) 57 ai зп} (ii) = imei Пай. (iii) x 2 E 
Y M d nin I (т) юэ 
(iv) 5. aga ge (у) hi а EEIE (vi) ү. 
x18 xima 
ай” x2n-6 
SES S, (— X1) t P 0,172 I ТМ 2 ау: 
8. (i) 4 zu Е » (ii) ЕЕ EVE (iii) Р 
Gps (iv) -9%, = xy? (-1)" xy?" 
xen E 3 . 
4. (i) 512, 256, 128: (ii) - dn oy, -16; (iii) 9, 3, 1, OF —9 3, -r 
5. (i) 9, @ II. 6. (1) 12, ЇГ 1oN 6, (iii) х4у?. 
7. x9,$, 54, $, £26 8. -14, 8, - 95 
п-1 1 И 
9. +70, 140, +280. 10. 3.27. 11. бт» 91 2-8 
12, 455. 
Exercise 104C (Рр. 434, 435) 
17/2,/3) 9. 1255. 8. 217. 4, 15, 45- 
5. 27х11, да?х?, --3a*x*, ах”, зах”, 6. 21 ог $. 
7. a=4, т =1, ora=25,r=-%. 8. E 0:2. 
9. 12, -8, 52, or 12, —4, 1$. 10. = i -2. 11. 173. 
19. 135, -% 18.5. 
1 
14. 40, +20, 10, +5, 2-5, taken in either order. 15. +5: 
16. С.В. 2 Vix атах, T, -xh. 17. 4. Е 
18. 3, 12, 21, ог 63, 12, =39. 20. 12, 108. 
Exercise rog (Рр. 436, 437) 
681 31 22933. 58 
Бог i .32- 4. т 5. 622—- 
pue 32048 » 3144 771264" 81 
20 3I I їүс(-)0 
6. (з ==; Ч, 205142 8,781.25)" Сы 
3 
11:51. 11. 108 (18.0, 146 


хс 


15. 


> 


16(445-1) _зя(т+5) 32 п 201 =") cha - em) 


. . 
11-27 
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27 m Хо # 
8 i 16. pcs 17. 2049. 18. z^ s(s zs): 


ExERCISE 106 (Рр. 443, 444, 445) 
9 
20112057 - 1], 47. 2. = 00780. 8. тойгг27-1|, 30. 


The 15th. 5. 29:778, 14'134. 

£1041 (4-fig.), £1042 (7-fig.). 8. £961 (4-fig.), £962 (7-fig.). 
£587 (4-fig-), £586 (7-fig.). 10. £1833 (4-fig.), £1837 (7-889. 
200 ft. 12. 244,030. 18. 9. 14. 13}. 15. 6:4. 


. 142, 17. 15. 18. 28, -3. 19. —64[1 -(-4)"], 16. 


з. 21. 5 sec., an infinite time. 22. £1,503,160, £2,000,000. l 
8 
23 m mE iM. AE 

6 990 9 
2178. 29. Ereti go, 707-2 +з), 


15 2 i т-с т-с 


Exercise 106 с (Рр. 445, 446, 447, 448) 


+ 242 — x63 
SEC 2. 19 years; £1064. 3. 28558 (a2 — 8) 


9, 2п +7, А.Р. with C.D. 2. 5. in(n 1), {п(п-1)+т. 
25, 28, 31, ... ; 32, —24, 18, ... ; 481881. 


24, 24; 34th term —981, 20781. 9. --- 
CD: =, CR. =, 20th term of A.P. —4th term of С.Р. 

n 
S. S а О.Р. жив СВ.2. 01858559, 18, Н-154. 
Зз 3 2 


3. 18. a=80, r - 1. 19. $ log 3, $ log 3. 

From 27 to 113 inclusive. 

£ (8000 – боот) ; 4400 (2)"-* ; the 13th. 

4—1,7—-2; a=9,r=3; а= - 7 2N6, г= (46 - 1). 

47? —т. 

113, an A.P., С.В. 10, with the exception of the 1st term. 

nr. 80. -ior4; -81%, 7731. 4 
1-2" rogn 

nat + zabe (£ ные ( y 32. 27. 


56 т-& 
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88. (i) £1197'5 (4-fig.), £1200 (7-fig.) ; (ii) £1203 (4-fig. and 7-fig.). 


94. a=42, r=} or a=4, 7=8, 85. 8 (2 +4/3) =20°86. 
n. 

36. 2n (п +11) A. 87. £7500. 38. 3861. 

39. 241 ft., 67. 40. 26870. 41. 3 {1-5 == 


48. n* -19n +130; n=7 (n=12 must be rejected). a. 112.5 59. ft. 
44. £2159 (4-fig.) ; £2158 (7-fig.). 
45. £17,860 (4-88,) ; £17,850 (7-fig.). 
2 £2613 (4-fig.) ; £2607 (7-fig.). 47. £661 (4-fig.) ; £660 (7-fig.). 
BENN 
EXERCISE 107 (Pp. 453, 454, 455) 

1 апа 2. Rational and unequal. 8. Real, but irrational. 

4. Rational and equal. 5. Imaginary. 

6. Equal in magnitude but opposite in sign ; irrational. 
7. Real and irrational, (ii) unreal. 
8. 


‚@ a Gi) +18, (ii) 3, 2 (iv) $, E 


3 
9. (i) -£ (ii) 231 » (iii) MESE (iv) 31. 10. b-oorb44ac. 11. 36. 
18. 5$; СЕЕ зо. 14. 35-2. 15. x? - 18x +54 —0. 
16. 7x* i +31= 17. 52, 2702. 18, 25x* +234x + 676 =о. 
TRE Hm —2а6) |... 588 -13ac ,.. М дас 
19. @2 ‚ (ii) 2 ‚ (ш) d s (iv) © 
b*c--2a*c  .. bt — 4ab*c + 2a*c* 
(v) 2755: wo . 
21. ах? - p(q  1)x +(q +1)? —o. 
3 4-53 +c — gabi 
22. асх? + 2b (2c +а)х + (2c +а)? —o. 23. a. 


24. Е=а(с-а), l=c(a-2c). 95. +2. 26, 17:5. 

97. (i) 23, Gi) -128. 98. +3. 29. k=8,1/=3. 80. 150, - 5141. 
91. x? + 52x +1 =0. 82. и о. 88. р-1,4-61. 
84. 33* -14х+5=0. 385. (i) ac, (ii) с, (шуа zaa 


ЕХЕВС1ЗЕ 108 (Рр. 461, 462) 
1. Between -5and 4. 2. Between 2} and 6. 8. None. 
4. Between -2 апа 5. 5. None. 6, Between -7 and $. 


7. G) 55, Gi) хас 8. (i) 64, (ii) x. 9. (i) -sro (ii) – 80. 
10. той. 11 -3. 1%. 16, iand - 


17. -1 and 3. 18, (1, 3): (13%, -3). 19. 2 and -3. 
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ЕхевСіѕЕ 109 (P. 464) 
EMEEN 3(1:5У-3) 


2 2 


5 9. +4, +5, 3. +3. 44 
PIANE eV) 


4. +2, +3. 5. +2, +0'5. 6. 1, 3, 


2 2 
ngort. 8. 180125. 9, 4" ors. 10. dor -1. 
pL a9 or 260, 19. 4" or 3^. 18. 4, -2, тг. 
TE REA 4g ENTO 1511 EEEL 
2 2 
2 -3-M6s. n 25 -3:5М-17, 
16. 3, 43075565 17. Зул agate, 3 
piv -3-5У5 
18. 6, -10, -242V =6. 19, 1, 1, 523. 
т ЕМУ -35 М5, IJ I 
90. 3, 3 6 21. 1,1, ^ 93. 2, aio 3 
23. з” E 24. эв HS 
95. ©з, -1, -1 1,1. 26.2, -4,4, -& 97.2, - 5, Ё 
IR. 3228-7. 


ExercisF 110 (Р. 466) 
1. 19. 9. 1. 8. -47. 4. 13. 5. 36. 6. 17. 
7. за?. 8. 3ka*. 
9. (i) таа, (ii) ба, (iii) 5, (iv) 12a? 6a +5 ; (iv) =(i) + (ii) + (iii). 
0. (i) 4a, (ii) -5, (iii) o, (iv) 4а-5; (v) =(i) + Gi) + (iii). 


EXERCISE 111 (Pp. 467, 468) 
1. sat. 2. 8a’. 8. тоа. 4. 480% 5. оа?-2. 6. 82-1. 


7. 16a’. 8. 8a -4. D. 22. 10. 2а+ за-?. 11. a. 
12. -10a -6a-4, 18. 9a! - s. 14. 8а° + ба. 


15. 
18. 
21, 


10. 
12. 


4. 

8. 
10, 
13. 
15. 
16. 
19. 
20. 


21, 
92. 
24. 


. Max. 


. 125 cu. іп. 14, AP-PB-4^, 
. 4’ from point of suspension. 

« 9" x 4:5" x 6", 
. ГГ, 


. o:86 ft. 


. 1'25 cm., 3775 cm. 


+ 71775, 0°55) 492. 


ANSWERS. PART III 


ба? + 4a +9. 
Зта? + 54а +9. 
(8, 7). 


19. тбоа’. 


16. 12a +т2а^%. 


хеш 


17. да? -16a +7 - 5a7?, 
20. -—6a-4 +28а-5. 


88. (2, 8) and (3, 7) ; (1, 3) and (4, 12). 24. т, =$, 2. 


Exercise 112 (Pp. 472, 473, 474) 


Min. -2. 9. Мах. ozs. 
Мах. о; min, —1, 
Мах. 14; min. —13. 


. Max. 23; min. 2. 


3 
а А 
22. ; min. о. 


27 


22. 4". 
26. 10”, то”, тт”. 


29. 156-25 sq. ft. 


8. Мах. 7. 4. Nomax. ; nomin. 
6, Min. д; max. 10; min. 9, 

8. Max. 3; min. - 124. 

10. Мах. 53; min. -72. 

12. 


15. 


Мах. 3456 ; min. o. 


N3+3=0'577. 17. x-8,y—4. 
19. 614 c.c. 20. 2:5 sq. in. 
23. 20”, 20", 10". 24. 2. 

27. 2 cu. ft. ; 2:55 cu. ft. 

91. r—3", h —6:5". 32. 12:6 knots. 


Exercise 112 0 (Рр. 474, 475) 


x -Fa* t (x = b) +; (8-6) 
Max. 6+4a°; min. b - 44°. 


2. Mid-point of АВ. 


6. Е (a -- bad). 
11. (i) At C, (ii) 2:5 ft. from B. 


4 ft. from the position of lesser C.P. 


EXERCISE 113 


—0'5. 5. 1:9. 
3'5 ; 2x? — 12x? + 21x — 12 =0. 
From o to 2:87. 


From x =o to т, and when x< - t. 
Read off the values of x where у=а. 2:3, 61, -16. 


11:05. 
0'08 to 1:89. 
3032-42-08), 2°65. 


17. 2:5. 


(1) х=-Е2 give the same min. value - 4%. 


(4) (а) +, 


(3) х= +1, +4 


2. -30,11, 2:8. 
6. 3:84, 0:56, ~= 1°40. 


11. 29; -28,о, 2°8. 


(Рр. 478, 479, 480) 


8. -r13, -0'26, 1°65. 
7. 2:6. 

9. у lies between 6 and — 10. 

18. 25. 

14. т. Yes, when x — 5. 


18. то, 14. 


(2) About axis of y. 
(b) +. 


Max. х=о, y 26 ; min. к=ЕМ2з,у=-0'25. 


(3, -4), (—1%, 48). 
(о, 3), (1% -28. 


23. (1, -3), (~ 88, 3%). 


xciv ESSENTIALS OF SCHOOL ALGEBRA 


Test PAPERS IX (Pp. 480, 481, 482, 483, 484, 485, 486) 


PRAM DN 0) zat (29 20-2). BEG OI: Ире. 
4. 3, 2}. 5. 16x8. 6. 64 їп., (2 + 259) за. in. 
2 P 
B. 1. -8o. 8, -190. 8. (i) 18 Ib., (ii) 2:4 cm. 
4. ptg, 1—2, 3b +4, тї. 5. ab sq. ft. 


6. (1) 2. ie. 4:62, 2:38. (The other roots must be rejected), 
(ii) 3130 to 3 sig. figs. 


a d VT 
C. 1. 2483 8. (i) 5, т, (ii) me г. 8 142. 4 n(10-n). 
5. £468-559; £1000. 6. 58:4 per cent. 
D. 1. 25241, (4, – 5) or (-4, -№; two 
2. Ь% = дас; a has the same cine as c, but b has the opposite sign. 
8. (i) 2:50. 4. (i) тт, (ii) £410. 5. 19:83. 
6. 1$. The graphs touch. 
„n 22-р-1 ,438?-c68?-c4a 2 ад 3. 40:37: 
Е. 1. O Raper 00 pea ROLES. 2. ЕЕ 493 
4. ()-2,-2,-24-М15(16.-587,1987):(Н) 13:4. 5. 6864. 6. 67. 
Е. 1, x? -х-20=0, x? - 12x +46 —0, x* +10% +35 =o. 
2. (1) 404,250. 8. £8 175. 4. 0.5224. 
5. 06. 6. 3x? -8x ^ 5 ; 1, 15. 
G. 1. 64x. 9. (1) 22722, (ii) 12 years. 8. 1:983. 


dt 

4. 0-002 too small; 1:800 ; o'69r. 
Н.1.4--1,»,7--3ог4--13,у-21 

2. х=2%у-їбдї, у=2 07426 ; 1:45. 4, x? -27x +51 =O 
5. 0 35 У7 Ge +56, -о-56), (ii d. 2 ft, Ht. 1 ft. 
. = .е. 3:56, —0'56), (ii) 3. 6. Ва » 


: ab (a +b) (b —a) тоол (1 - А) ‚(ЖЛ E 
Ч: L Gann Ка 2. ЛЭЭ 3.2; 3 E) 
4. (i) 03357, (ii) 2:157. 5. 3 6. n- BS cay 
1. 1. (ii) x=}, y= +5 or +3,2=F3, F5. 8, (i) 27718, Gi) 9 
8, 1501 ; 752,000. 4. асх? 4-2b (a + x +(a +0) = я 


5. Aen ; nearly 33 years. 


ANSWERS. PART Ш хсу 


1. х=а Toa is ; y 20498 ; 2 -12:6. 

2. 8 hens per week and 48 during the last week. 8. 6420. 
nti 

4. 2 ^ , the rsth. 5. Max. (5 3) ; min. ($, 124). 6. 2:8. 

1. No pt. on 2nd graph lies between the lines y — -342W2; no 
such restriction in 1st graph. 

3. (1) 1, rd, tk, Gi) 402 - ("^ -(D").— 4. 45 m. p.h. 

5. (i) 1, - 1:32, (ii) 04557 ог —9'8614. 6. (i) 1:245; 3 to 2. 


